HY B mDPLERRERE & Stirling DA

2016 4£ 5 H 1 HAER *

https://genkuroki.github.io/documents/20160501StirlingFormula.pdf

B R

0 FL®IC 3

1 AVIPHICEAT Z2HOEREENSD “EH” 4

2 AUIoHOEMERBERWAERRNSDEH 6
2.1 Stirling DAXDGFEH . . ... 6
2.2 IEHULI N TV~ DA DIERBERBOL DR ... 7
2.3 N AEDRMERE L Fourier KEEARZHWARWAEE ... ... . 8
24 HHEEVPKERIA2EOMGVPERDAETELTERLZ 0K .. .. 9
2.5 —ROGEOFMEIEEFIZ BT S RMEE A 10
2.6 ZIESAOFMEEEI .. 11

3 Laplace DHEICK 2EH 13
3.1 HUTEED Gauss BT KB 2728 E .. L. 13
3.2 HUSHBON Y <EEEHWNEMCHIEIEZEE TS 5. ... 15

*BHRIE PR URL 225 X7 v 10— RTE 5. &2 £ TRkGIICER LT E2 K 2 TETH 5. 2016
#£5H 1 H Ver.0.1. ((h%)) 2016 & 6 A 30 H Ver.0.22: Min7aslIELER. 2 9.7 fiz KigicHEH
U7z. 7H 1 H Ver.0.23(89 B): B 98 HizEMU. 7H 4 H Ver.0.24: 2 7.3 HiDOMNI AZFTIEL.
7 H 4 H Ver.0.25(91 H): AEAOELRERIZ L ZWM BT 25 96 fiz@mL7z. 7H30H
Ver.0.26(94 H): ZIH/M & Pearson D711 2 Fefiat 8 & LROTER DB 55 9.3 fizi@hl 7. 8
H 27 H Ver.0.27(94 H): fI2WEIEZEM. 9 H 11 H Ver.0.28(96 H): 25 3.1 fiOiR b 2EELZ. 9 H
12 H Ver.0.29(96 H): Z OHEHalHkZ KIFIZHI > 72, BEHDOELIZOWTIEARML ZEH W ikE SR U Tk
L\ 9 H 12 H Ver.0.29a: &, 10 H 4 H Ver.0.30(97 E): (8 9. 12 fi#HEE L. 2017 F 1 H 22 H
Ver.0.31(98 X —2):  [Taylor DEHUCFEHDE ) Lo TW=D%E L (5 11 ). B % &
# 1ZHi— U7z, Riemann-Lebesgue D EM DI 23 L < U7z (38 5.3 fi). 1 H 23 H Ver.0.32(98 <X —
V) B iR BIEE. 72 & ZIXEHIORN T 2 EKRS 2 ' ARITTW=D%E/. 5 H 5 H Ver.0.33(98
R=V): FI6HEWELE. ZOT7 71 NDV) I 5%E GitHub IZZ X 72. 5 A 18 H Ver.0.34(99 <X —):
mathtodon 12317 & %2 55 8.5 i & 25 8.6 HilZIEk U7z, 6 H 11 H Ver.0.34a(99 H): V v 7 k22 R 7-.
7 H 20 H Ver.0.35(101 H): Dirichlet #5312 B 9 55 5.5 &z 31T 7. 7 H 21 H Ver.0.35a: fEE. 10 H 1
H Ver.0.35b: #EIE. 10 A 22 H Ver.0.36: £ 8.7 i TD Euler O FROFEH DB Z D LFEL <
U7z. 11 H 20 H Ver0.37: #7 > < /34512 B83 2 8i (56 9.5 fii) 2B/ U 7-. 2018 & 2 H 3 H Ver.0.38(102
H): MEE. Wallis BOARICE T 2 a2 8% U7z (55 8.4 ). 4 H 26 H Ver.0.39(103 H): E5ZEBD
SEPR TR FH AN LB O AU A DO AR DOMIIRIZ 72 > TW5 Z & Offgai &8 L 7z (25 8.3.3 #i). 6 A 30
H Ver.0.40(103 H): #fEiE. 7 H 8 H Ver.0.40a(103 H): #{ZIE.


https://genkuroki.github.io/documents/20160501StirlingFormula.pdf
https://mathtod.online

2 H &

4 WWEHIRD S L\ Stirling DA 18
4.1 XNEMDZ L\ Stirling OAXDOZ UWGEERR .. o000 18
4.2 KEFEARFE~NOIFE . ... 19
4.3 NBIRDZ U\ Stirling DARXDWE . ..o oo 20

5 {14%: Fourier ® KA 21
5.1 Gauss DA DIGE . . o o 21
5.2 —HRDGE .. 22
5.3 Riemann-Lebesgue OEH . . . . . . ... 24
5.4 Fourier ZHDI A HIDOINFIZ BT % Riemann O AT EE . . . . . . .. 25
5.5 Dirichlet B8 . . . . . . 26
5.6 Riemann O RFPEEIOMRELISHE . ..o oo 28
5.7 Fourier §EX DT FIDUNE . . . . . 30

6 178%: Gauss 2% D Fourier Z# 31
6.1 EHRERXNEMSHIE .. 31
6.2 WHAMNE—DHEMY HER 2L TWAZ 265 KK .. ... 32
6.3 Taylor BEADIEHBIR D CEHET D HIE . .. . . o 32
6.4 Cauchy OFEDEHZMHES HGIE .. . . . . 33

7 {I8%: GaussFEDDEE 33
71 [FA—ORED 2EY DESRRERCEE .o 34
7.2 MREEAEAHUZ X BEME . 34
7.3 Jacobian 2O TIZT OO EOBHUZ X AEE . . . L. 34
T4 HYTEHBER—REBOBBRERAWZEE . ..o 35
75 MMDTGIE 36
7.6 BEMLLOFESD .. 36

8 f{Igk: HYEHH 37
8.1 HUNEEEIEEBOBIRA .. 37
82 HUTEKEOMRERER . . . . ... 39
8.3 IEKEBOMRIERER . . . . .. 42

8.3.1 HUHBOEREREHD S O EKEKBOEREREHOEL . 42
8.3.2 Fourier fE % f#i - /- [EiX O EREHEEMOELY . . . . . .. 43
8.3.3 IEKHKBDAEUGA DN %o - MRFEREMOEL ... ... 44
84 Wallis DRI . . . . . 46
85 B(s,1/2) OMIER . . . . ... 47
8.6 Fresnel f8%) & Dirichlet @ & AV <& . . . . . . . . . ... 48
8.7 Stirling-Binet DA (1) . . . . . ... 49
8.8 Stirling-Binet A (2) FEF . ... oL 54

9 I8k RLABERSHICOVWT 54

9.1 IERIDE . .. 54

92 HUNHAENA 2O . . . 54



9.3 ZIH4346 & Pearson D1 2 FhfiGtm & ZLRouiER DA . . . . . ... 56
94 BIREN—ZGAE LA . . . 59
9.5 EHURDAE . 63
9.6 AEAEDEREHUZLIDEDFENZOWT oo 64
9.7 BB IOE_FER—ZNME F 06 . ... o 66
98 HUIPMHLEFMLE _FMOR—XHMGOBFR ... ... ... .. .. 68
9.9 n— 1 {RILERME ED—#24m & Maxwell-Boltzmann 8] (1) . . . . ... ... 70
9.10 n — 1 {RouBRE £ D —kD 4 & Maxwell-Boltzmann 8 (2) . . . . . .. . .. 74
911 THHAMEE M=K .. 76
9.12 Poisson 0 & AT Y ROAE .« o o o 7
9.13 FEARMREBAHEORMARTIH . .. .. 78
10 {18%: EE 74 Tauber UEE & Z DA 80
10.1 AEMTO Tauber BUER . 000 oL o 80
10.2 Laplace 20D Tauber BIEM . . . . . . . . .. .. L 81
10.3 Wallis DAREHERDG . . ... o 86
104 x —x24 x4 —x84x16 —x32 ... CTx N1 2957, ... ... ..., 88
10.5 Laplace-Stieltjes 228 . . . . . . . . . ... 89
10.6 Laplace-Stieltjes Z#10D Tauber BEM . . . . . ... ... ... 92
11 {38%: Taylor DEEDIEEADEA 96
11.1 EARREM Taylor DM . . . .. ... 96
11.2 FEIRIEOMED ED S OFHM & Taylor IO E R . . . . . . ... .. 99
11.3 B EMD ARROME ..o 100
11.4 WA FIARIER Taylor DEHL . . . .. ... 102

E]

WiR 2D/ — bDEHEWRPBIRDGFFCA I T WS

https://genkuroki.github.io/documents/20160501StirlingFormula/

D Ver.0.1 X3 R—=I Uo7z,

iR 20O/ — bOFRIIROG R TARINTWS:

https://genkuroki.github.io/documents/20160616KullbackLeibler.pdf

Z Dy T 1 Kullback-Leibler & # & (= > b ¥ —D —1 £%) & Sanov DEH %2> T
B0, Sanov DEHA 5, Boltzmann K1 (e PE:), Gibbs 7346 (1 ./ =)V, e PFiq; /1 7)
DR L UTHRIZEHDNS Z A2 RLTWVWS.

0

L &HIC

Stirling DA & 1%

n

n! ~n"e "V2mn (n — 00)


https://genkuroki.github.io/documents/20160501StirlingFormula/
https://genkuroki.github.io/documents/20160616KullbackLeibler.pdf

4 1. A=z Bd 2 HOBRER 5 O “EH

<‘_’.L\5|§%‘%®iﬁ@{/\f@ ZEeTHhHD. ZIZTa,~b, (n— o0) & lim, ,(a,/by) =1 %
BT 5. kORI
n!=n"e "V2mn (1+L+0(1)) (n — o00)

12n n?

DI LTWBL ZD )/ — b TR ETRIIIH >~ 0GB 5 FulBEBRE B A 5 Stirling
DARD EH” SNdZ 2T 5. ZD%KIIM % 227515 T Stirling DARZEHF
B KSR DB I I L,

ZD/ — b DRADAEREECIXBED MR DMH 21772 5. 2D/ — b DOEEKIFT
AT D Gauss FE AT, 4V < BBUAM, RX— X &AM, Fourier fiffr AFTIZ725 Z &
EEMUCEINZ ML LEHOFEEDTH S, §iDOHDOETHED O THA L 725
BEMSZ DL 0WOTHREIFIFEELUTAL W, FHARWZ GEE UTH LU WVEEL kb

129 5.
2 0.1: Stirling DA RUT & 2 BEFE DL
| n n! | Ay =nre™V2mn (8%/nl) | A(1+1/(12n)  (8%%/n))
1 1 0.92--- (7.78%) 0.9989 - - - (0.10%)
3 6 5.836 (2.73%) 5.998 - (0.028%)
10 3628800 3598695.6 - - - (0.83%) 3628684.7 - - - (0.0032%)
30 || 2.6525--- x 103 | 2.6451---x 103 (0.28%) | 2.6525--- x 1032 (3.7 x 1079)
100 || 9.3326- -+ x 1017 | 9.3248--- x 107 (0.08%) | 9.3326--- x 107 (3.4 x 1077)

0.1 Z2ENIEDRB XD, ne™™V2mn 12L& 5 n! DELDFEEE, n =3 ODEMET
ENG 3%%%0(%07%%0@&%111%%@01b5 X 502 1/(12n) THIET
% L EIZBIMNIZNEI KD, n=1 OB TS TITEBDIRAED 0.1% FEE & FY 12/

X\
NG 1
T <1+- ) — 0.9989--- ~ 1.

e 12
Z D & 51T Stirling DARIIFERDIEL AKX L UTIHERITERZTH 5.

1 AVIDWICET 2HOBREENS D “BH”
W2 h R ORER BB TR E S W B D 2 L Th 5%

e—x/Txa—l

foar(z)= D)o
0 (x £0).

(z > 0),

13 HiE R &
2Gergd Nemes, New aymptotic expansion for the I'(z) function, 2007 (ZBEFEDRE % Z2E A R D IR
MH 5. 7-& Z1E Nemes DA

1 " 1 1 n
<n+12n i )1 \/27Tn—n"e”\/27rn(1+ ++~~'>

nl =
— Tonr o e 12n 2 144On4

(D TEFREMARNTH 5.
SHYREBIL s > 01T LTI(s) = [ e "2 Hde LEHIND. HEOFHFIZE-oTI(1) =1 %,
WAEFIZE->T (s +1) =sI(s) ZREDDT, 0 LALEDEE n I2D2VWT T(n+1)=n! £725.
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ZZTar>0 A0 ~YnfmizlkdbNTA—R—=ThHd* UTNEHEDZD a=n>0,
T=1DGEDHVIBHDAERD 2DIT f(x) = fui(z) B

e—mxn—l

[(n)
TERB LI f,(z) TEBRSNDMERLEHE X, LHE I LITT 5. HREH X, DV
fn EFE o2 W n 127257

fulx) = (z > 0).

= = Oox x x:F(nqu):n
= BIX) = [ afa)de = < =,
E[X? = /o 22 fo(z)do = F(?(Z)Q) = (n+ 1)n,

oy = BIX7] — py, = n.

B ZNHEELR Y, = (X — 1) [0n = (X —n)//0 DT E A ZTAZNO0 & 112
750, % OReREEEHL

e~ WA ((friy 4+ )]
L(n)

\/ﬁfn(\/ﬁy +n) = \/ﬁ

127250 ZOMRBELEHHTy=0 2L

e—nnn—l nne—n\/ﬁ
5. >0 EREOLET(n+1)=n BDOT, Z0A n— oo T 1/V2r IZHKHT S
Z & & Stirling DA RO IXFMEIZ R 5.
Hy NP BEENZZLTWAZ LD, FULBREH 2Z2EHATE520T, R LD
AT HEREEE o(z) ITHLUT, n > 00 DEE

Am@(ikf)hwmx:Amw@h%ﬁ“ﬁ@+mdy_f[:ﬂwi;;@L

o(y) T IVREE 6(y) \TEMITEZLITEoT (TROBMEREBERD y 12 0 ZRA
F5Z LItk

e "™t nleT"/n 1
15%. ZOFEEIT Stirling DARD KA 2 =K T 5.

A ED <85 Otk CTHEREBERBD y 12 0 2RATEAT Y FIZIEEwmEMIZF vy
ThoD. ZOX vy TEMD B 7-OICIEFIMERER %2 75y 7Ry 7 AL UTHAT
5D TIE7Z L, FUOBIRE B DR Z W 23EIHIC R 2 BB H S, £ D K S 72GEH
DSFEFHZDWTIIRDHi %2 B TRL .

4o 1% shape parameter &, 7 I scale parameter ZIEENTWS S LW, H VI OMEDEE & HEkiEZ
NTh ar & ar? 125,

SHERBE B f(x) ZRFOMERLE X 128 U T, MIFHERKED Elg(X)] = [ 9(x)f(x)de LERZ
N, PN p= E[X] EEHERIN, NN 02 = E[(X — p)?] = B[X?] —p? LEHINS.

CHERZR X DMEERDHEBD f(z) DEE, HELHY 2Y = (X —a)/b LEDD L, Eg(Y)] =
Jr9((x—a)/b) f(z)de = [, g(y)bf(by +a)dy RDT, Y OHERDMELUL bf (by +a) 12785,




6 2. HUNHA DR E W2 RKRED S DEH

2 HUIDHEOBEMER#ERWVEZRINSDES

HIE I OMBRREHL 2 R 7 7 Z v 7Ry 7 22 UL THWT Stirling DARE <& H”
U7z, UL, 20 S8 I3 vy Tb o7z, ZOX vy 72D B7-0HD1C
1, A DR R B A Vi R 5 R B A0 R B (TSR 5 P B AL D ¥ Fourier Z8#1t) O Fourier 28
TCRRTEILIZE > TIHEHEINA Z L 2B VWHTHEDNH 5.

Z DHITIEA ¥~ 5370 DWEREE L B 2 Rk B D Fourier £ TR LT AXZHWT,
E T Stirling DARZFIHT 57

2.1 Stirling DA DEEEA

77V A DHERE LRI f,,(z) = e 2" /T (n) (x > 0) OEEERE (¥ Fourier Z5#1)
F,(t) I 3RD &S IZ5IR I N5
F (t) — /00 eimf (x) dr = L /OO e—(l—it)zxn—l dr = ;
" 0 ! I'(n) Jo (1 —at)™

ZIT, FEHPEDEZEE o 1T T

1 o 1
- / efattnfl dt —
T'(n) Jo an

B efliotz. TORAIE Cauchy DFEDEH % > TR 57,
Fourier D s A & 010,

e Tyl 1

T(n) 27/ .

00 ) 1 00 —itx
e~ B, (1) dt c

S 0).
o | (T —it)" (z>0)

fn(z) =

ZDNAZT ZFRHTU F 2L Stirling DAXDFERHIZ S L.
ZORARED t=/nu LE#THILIZL-T,

n,—n oo —itn 1 00 —iuy/n
Viifu(n) = nre Vi _ vn € dt / €

Tn+1) 2 ) . (1—it)" 2« MO—¢WV%de

Stirling DARZFEHHT 5 720121%, 2D n — oo T 1/V21 IZPHRT 5 Z & 2 REIX &
W, Z DTz DIZHE D BB DN DR 2R K S

1 e log (1- 2\ —iuvm
og————— = -nlo — — | —iuvn
S0 —iu/n) T

U u2+ 1 . u2+ (1)
=n|l—=——+o0o|— —tuy/n = —— +o(1).
vno 2n n 2

THEF T Z OFFIHE % https://www.math.kyoto-u.ac.jp/ nobuo/pdf/prob /stir.pdf % & THl-> 7=.

SHERDMMN T A=K — n (IZDOWTHENE 2D Z & RN D 2 H D n BOFIZHREZ LI
HETH 5.

9 Cauchy DD EHZ LR TERES. A% fla) £EL L, f(1) =1 ThOHABENITL-
T fl(a) = —(n/a)f(a) £72B 2 DO BDT, ZDRABBFONS. EDOFEH o XT3 ZDANIE
t=x/a LWIEBHEIIZE > TEBITHEAINS.

YFourier ® IR A DFEHI DBEIFIZ DWW TIHE 5 #iz 2 e &
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2.2, IERMEE NI T > < AT DR LKL D A IR 7

UL7DoT,n—o0 DEX
efiu\/ﬁ

(1= iu/ )"

—_— €7u2/2

INED,n—so00DEE

n"e"yn 1 [ e~V Y
Vah(n) = 0D I'(n+1) 27r/ (1 —iu//n)" R / =

BN EHY REBEDEFESTMRIZTIEDEE o 12X LT
/ e vy = var

LB Z W2 2T Stirling DAXAFEH X 7z

2.2 FERIESNEZAVIDHEDERZFERBDE UK

MERBL L fo(x) = e “a™ ! ZROMERE % X, L ELLE, Y, = (X, —n)/vn
DI EITENETN 0 & 1 IZ25DTH-o 7z (Hifiz R &), Y, OMEREL I

iy ) et e ()

2785, LT, n 300 DEE

mg(exMy<1+g§%)n>::nbg(1+~§%)-—v%y
—n(é%—g;+o(%)>—v%y——%3+dD

BOT,n—o00 TeVWl+y//n)" —=e V2 X512 1+y//n—12k5.
ZAT, IRDIEANL T B Z & & Stirling DANIKIEEIZ 72 5

e~V (/ny 4 n)" ! . e Y?/2
['(n) V21

TROD Y, OEREE KD ER 20 OMERE BRI K RIS 5 Z & & Stirling
DAXIIFAMETH 5.

AV BANT DN THERE LD & R D L~V THUMRERE AL LT WD Z
& & Stirling DARIFFRUESITH 5.

NpgZ 2P L 72 10 g, 7z e 20E Lebesgue DI HE I %2 21X L.

2Z DARIF Gauss A DAR [T e ' dr = /T T & = u/ya EEOERELHTNIESNG.
Gauss MADOARIFUFO LS ICUTaMAE NG, £l% [ LB 2= [ [% @) dedy TH
b, 12 1% z—e@ﬁﬁ DY'T 7 LFHIE 2 =0 THENE DMNIPROFER) ORBZE LIRS hs. 20N
DET 0< 2z S 1ITBTSWHMIE —7log 2 12725 DT, ZDFREIX fol(—wlogz) dz = —w[zlogz—z|{ =7

2725, B AT I = /7. Gauss MO DARDAREH R L ZAIIMALRNHTREL L ZATHY, Lb T
@qzﬁffﬁfii‘tﬂf%éz‘: A2THD. LPLEDFTHUNUDEETH 5 Z e brhiL, TDEE 2 TOW

HAPFEDIIZ D Z e o AR 7 B TRIHEHA DA 5. EHRIZ E%@i]%@%o)%ﬁ%;fﬁ
L7DTIR%L, P DS %2358 LEr56THD.

\/ﬁfn(\/ﬁy + n) = \/ﬁ

(n — 00).




8 2. W= OREREE AW RR D 5 DEH,

Y,, DSR4 A BRIV E T S50 O TSR B8 BRI % AUDUR S 5 & D LB E A 13
Jf(n) OUROFEH & A AT D £ 512 LTRSN:

S »f_ ‘”tvﬁ@+">d L [® L, e
n - t:_ —U
JalVy +n) = / (1 —at)" 27?/_ c (l—zu/\/_)
1 [~ _ 2 1 2
—_— — e~ WU /2 dy = eV /2 n — 00).
2m J_ \ 2 ( )

REDE ST, Cauchy DFEDEH L D13
/Oo e e 2 gy = /OO e~ Wt W) [2=2/2 gy — o072 /OO e 12 dy = e V2 2r

o o0 — 00

BT AW

DK DIT, V=3 OWERE LRI DR D Fourier 2117 & 2 Rm % A 13X
MR LD IPORD L ROV TOHLMEIREM 2 A Z RS 2 N TE, T OFRIZ
Stirling DAR & [FfEIZ 7L > T\ 5.

2.3 HYIHHEDEHMEHE E Fourier REEAR A A WA WAE
HYREHBOEZEL D,

n!zF(n—l—l)z/ " du.
0

A2 E v =n+ny=n(l+y//n) IT&oT y ITEMHT L L,

l=n e_"\/_/ (1—1—%) dy.
W ZIZ
Lol holy) = {e—ﬁyaw/ﬁ)“ (v> Vi),
bomernvin o (y < —vi).

EBLE, = [T haly)dy £72%. logh,(y) ® y = 0I281F % Taylor BHIZ &L > T
log h,(y) = —y /2+0( ) (n—00) £72B 2 ENDNBEDT, lim, e ha(y) = e V72 272
52 bng. IHIT

e}

lim hn(y) dy:/ e V12 dy

n—o0

WS FES E MR DIERF DA E RS 2 & BT ENEY, lim, oo cn = V21 BESND.
9705 Stirling DA

|
lim S L =1

n—00 e="\/21n,

BRI 2 F DR TERBIHIHI NS, 722 21X, e @ Taylor JER %2R A U THEBIFE S % £A7
UTHREHTE S, & LIE, W82 f/(y) = —yf(y), f(0) =V2m 2L TWD I ehsdbENND (£
W72 LT0E Z EIEHARES T b 5). Cauchy DD EI 22X RN u +iy (u>0) &
v>0 CESMZAIZEHRREN ZEZITUZOLFAU LI IZHAZEHIELONS.

Wy >0 T ho(y) S hi(y) =e V(1 +1y) 25,y <0 T hy(y) < eV /2 B L TWVWB DT, Lebesgue D
IRER %2 2 IXRBITRT Z LD TES. Lebesgue DIHEH 2 b7 < TH, |y| £ M T h, H—HRIX
KB LEHVWTRTILHTES.




24, HHEPKE LA 2EPAEDPER DA TELTE S Z & & ORR 9

PESND. I OfiETH UL Fourier RNt ORIFRIZBHETIE R 48 5.
FE 53 L WRER DIEFF 22 #1 % Lebesgue QIR EH TR 72 HIT1E

ERRIE T TH S (o(y) TR, y> —vn & U, L(y) = logha(y) 2WHT 5 &,

! - \/ﬁ —/n -y
E e A e
1

<0,

" T
" _ 2/\/5

L (RSN
L(0)=0, [(0)=0 I"(1)=—L.

>0,

Taylor DEH LD, K y> —/n T2IZHD0<0<1DPFIELT,

2
Yy 3 1 " 1
=—==+4A A=— = .
ln(Q) v, 3 n(@y) 3\/5(1 Qy/\/ﬁ)3 >0

2
ZNED lim, e ln(y) = —42/2. D ZIT limy oo he(y) = e V2 L7232 3D H 5.
yS0DEE AP <0BRDT I(y) S e V2 2RBDT, hy(y) L e v’/2
y >0 LIEL, [1(y) =log(e V(1+y)) & L,(y) (n 2 1) 2L & 5. £9 1,(0) = 1,(0)
Thb. LTy =—y/(1+y), I.(y) = —y/(1+y//n) DOREEHETZ L, /n>1
$0 1+y 21+y/VnBDT, Ii(y) 2 L(y) (y 20) 745 AL, y 20 DL
L(y) 2 1.(y) &5, ThbD h(y) Shily) =e V(1 +y) &35,
INTRIREZENRINTSE.

24 BHENMKELHA2ELGHVERITTEUTE S & EDER

TS 7 REETE IR AT DHERZEI n I DHERER X,,..., X, IT&oT Y, = X7+ +
X2 LEBINTMERLLY, OMERSMZEHHE n DA 2TDH LT

HHE n 71 23N MME shape 28 a =n/2 Tscale D7 =2 DA VI FAMHITZFEL .
RHZ EHEE n D71 A 2 Fen A DR LRI

e_y/Qy"/Q—l .
Fuas(y) = { T(n/2)22 (y > 0),
0 (y<0).

220, ZDEEBIEENE N 0 & 20 IZ7R5. ThbDB,

o0 —y/2yn/2-1 (@i ++aR) /2
0 T(n/2)27/> WO n(2m)n/? ! "

COREERTEDITE, H VI MioEENLID, n =1 O5EZ2REEX+ATHS.
n =1 DHBEOFHFEIIARENZH Y AFH & T(1/2) OBBRZTOLDOTHS. LB, 2 >0



10 2. W= OREREE AW RR D 5 DEH,

Tuo=y LEDEBZERTLHILIZEST

00 ) 67@3/2 p ) ) e~ y/2 y71/2 p ) efy/Zyl/Qfl p
XEDOEFTI(1/2) = /7 2ffioTz.

MEtFOMATIX, HHE n 2 KELTHE, 1 2ELMHITFEIN n THED 2n D
ERAAEIZP - DM ZENELHONT WS, ZOHEIXH V<5546 D HMBR &
HZEOEDOTHS. T LT, BIEI TR UK S ICIESMLI NI H >~ 5346 DR 5 KA
DIFEHE TEJI AT A IR % &\ S #E R & Stirling O AR FE ([ U S OFER) 2D
Tholz. UERFLDBLEMRDESITHEZERABI LMD

ﬁEE&'%n@ﬁ’f 2 JIIAG e BT 0, 28 L ITIERYET 52 & n — o
T % DT F 2 L BB EEHE TR B4 A8 DSR2 L B BT IDUR 9 5 &0 D #iEHT
IZBWT XSS NTWAHFERIZ Stirling DAXEFMETH 5.

I BI85t % L < HloTWaB AL, Stirling DARIEn — oo THA 2 F/AMHIEHR D
HIEDLKZELRAILZIEZERLTWS B> TIW.

2.5 —MROFEDHOBREEICET 5 AMHL L fFER
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LR DD/ X, % (X —p)/o TEESHALILIZTS. ZOXSITESHMAT
LY, FEDLLRWV. ZDOLE X, OFEHENBITZENTN0 & 11285DT, X, D
PEEE o(t) = BE[e™] 2EL &,

2

Mw=1—%+dﬁy

Vo=(Xi+-+X,)/vn &BLLY, OB ENETN0 & 11240, Y, O
REME A DRBIR IZIR D & 5 ICEHR I NS

n t n
thn H E Zth/\f <_
)

k=1

S ) R

W Z1Z, Fourier D KERAR K 012 Y, OWMERELRKEC f.(y) 1
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oy (IERAR) TP ND Z e 2 HWZEEH7Z 8 F 2 6N 5. Gauss BT
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¢n(y):nlog<1+7) \/_y——2 3?5_ i;%—o(%) (n — 00).

RED o(1/n) DEBFIE n ZDT72HEITn 00 &FT5E 0 ITPURTHETHS. DRI
n 3 4
v (14 L) C e e (Y (L
‘ ( +\/ﬁ) ¢ P (3\/5 4n+0 n
3 4 1 3\ 2 1
— e v2 (1 y Yy (Y —
¢ <+3\/ﬁ 4n+2<3ﬁ To\n
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4 YEAMRD S L L Stirling DA
Stirling D ARIFIR & FMETH 5
logn! — (n+1/2)logn +n — logv2r  (n — o).
INED, ROFOEEEIELN S
logn! =nlogn —n+o(n)  (n— oo).
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Iz f(x)=logzr IZHEMAT S L&

/ logzdx = [xlogz — x|} =nlogn —n+ 1, log1l +log2+ ---+logn = logn!
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4.2 KEAFABEBEANDIGAB
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FR. RLRKTIE 1968 FICHIRDEEZH L TWS K572

lim Lo B, Bk L. (BRI 2% )
n
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n
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1
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n
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BRTIRIOANZIHL & 57

55 4.1 BiCREBA U 726 8K D 5 Lo Stirling D AR E EDOARDE WL (1/2)logn DIH
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y
DR OIE N — 0 T sy(f)(z) — f(z) D0 PR U, limy oo sy (f) () = f(x) DB

NTAHI RS, \.0)7&#75‘55243'%f;@@?ﬁ&#“/\x#@ﬂ?ﬂ%%5.4Eﬁ L [ERkT
H5.

6 1{4%k: Gauss 9% D Fourier Z it
t>0 IR UTIROARDHN LT WS

o —a?/)
/ I = (+)

TONADRENLLTWAZ L E2EBDHETRES.

6.1 BAEXNZ[EIHE
AL u=wu(t,z) ZIRD LD IZED S:
—?/(21)
ult,7) = ——
COWE u=u(t,x) FBHERXDERMBIZ > TWNWD:

e

Uy = um, lim / f(x = f(0).

t—0



392 6. fI&k: Gauss 2345 D Fourier Z #

T f(o) EERBEREETHS. uw=u(t,z) PRGN 229 2 LI3EMS D
BCAEBDIIRIND. BHFDOMBOFEHNIIEERIZE 52 HDORDDIZENTDH 5.
WA, Ut,p) = [ e Pu(t,z)de £BL &,

0 1 [~ . 0%u(t,x) 1 [ 9% p® p?
v B —ipx ’ _ - =
8tU(t’p) 5 /_Ooe D2 dx 5 /_OO 502 u(t, z) dz 5 Ul(t,p).

2OHDESTHAMD Z 274 >7. 51T

limU(t,p) = hm/ e Pyt x) dr = e 0 = 1.

t—0 —0

L7=D3o T
Ult,p) = /2
L RBZENDhE. NTAR (1) RSN

6.2 MU E—DEMOARAEZ/L TVWEIE%=FEIAHE
DEEEZTOEEMS &,

— o —ipx _ —ipx
—8pU(z€,p) /_OO( iz)e”PPu(t,x) doe =it /_Ooe —axu(t,x) dx

= —z’t/ (ge‘”’””) u(t,r) dr = —z’t/ (—ip)e P u(t, z) dx
—oo \ O e
= —tpU(t, p).

2 DOHDEST u, = —(x/t)u 2\, 3 DHDOHES THAED 272, T 61T

U(t,O):/OO u(t,x)dr =1

[e.e]

LB INSEY Ut,p)=e P2 2RBI D05, ZOHETHNE u(t, ) HIE
FiREROEAETHD L 2MDTICTE

6.3 Taylor REDIERRED CEtET 2 HE
LU =1 DBADAR (x)

[ e (s%)
e P ——dor=¢e" Kok
o 2T

DRENZZOE o, p 2XTNTN /i, Vip TEBMTEZ2IZE>T— Dt >0
BT 20K (x) BMEOND. DAITARK (%) Z/R T 72DITIEAR () ZAHTNIX 14T
H5.

T 51T sin(pr) IZFEBZRDT [ P2sin(pr)de =0 &5, PRIC

/ e~ cos(pz) de = e 7P /*V/ 2

o0



6.4. Cauchy OMDEMH 25 f5ik 33

ZREIEFATHS. 5D cos(pr) (2% D Taylor-Maclaulin & % XA U 728212 B &
DT LILE2TIDRARERED.
Hefl, £9 [° e "2 dr BFRLU KD MABMICE ST

/OO o= /220 g0 — /OO (_6712/2>,x2n71 de

= / e*x2/2(x2"71)/dx =(2n — 1)/ e~ %222 gy

o0 o0

W ZAZIAIIZ n=10,1,2,... 2L T
* !
/ e_:”/2x2”dx:(2n—1)~~~5~3~1\/%:@\/%

2nn) ’

2DOHDESIXELD DTN 2n---4-2=2" ZNIFEZ LIZLoTHEONS.
LT LR EHWS

[e%e) 00 e 2n
—x2/2 ( . —x2/2 _1\n (pl’)
e cos(pz) dx = / e (—1) dx
/. SRR P T
X 2\n 0o x© 2 2\n
= Z (=7) / e 22 qp = Z —( r/2) Vor = e P22
— (2n)! J —~ nl

INTRAR (xx) BRI N7z,

6.4 Cauchy ODBEATEEZFED AE

RN 2R > TV D ANTHITFEL WERHHIZRE LW E S DT, BLIFOHBITIEKR
MEZFHKE 23 5. Cauchy DD EH 25 LB p 1T LT

/ e~ @Hip)?*/2 gy — / e 2 dy = \/2r
Bl ek RES. WA
/OO e~ PT =772 1o /OO e~ (@t+ip)?/2=p%/2 1, _ o—P?/2 /oo e~ (@+ip)?/2 g0 _ o-P%/2\ /o

o0 —00

ZNTAN (xx) BRI Nz,

7 {J8%: GaussFEODETE
IRDRNRDER % IRFERH O H %2 e L & 5
I := /00 e_Ide:\/E.

ZOAARDHEEWE ZA (REGERE ZA) IFHERD KRB R A LW OME A JE 2
DYFRIZIR 2 TWBHZ L THS. EEDOIEHTIX

I’ = // e~ @) gy dy=m
R2

ERTI LIRS,
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7.1 FA—O@FED2BY OBRIRTEAWVLEE
I? = [z e @) drdy 1 2 = e @) QNIPRD 5 7 L 2 = 0 IZERE NI
DOUFEERDLTVWD. ZOERREITEE 2 OWHOHE 1(—logz) 2 0< 2 <1 TH
NIBHIEITE>THEROOEND. DRI
1
I’ = / m(—logz)dz = —7[zlog 2z — 2]y = 7.
0

BZOL ZDOAEPRBEHTH 5.

7.2 BEFRERICLZEE
x=rcosf, y=rsinf &ML S &

27 oo 2
I’ = // e~ @) gy dy = / d9/ e rdr = 2r ¢ =T.
R2 0 0 —2 0

2 DHDE S CTHMBFEZELD Jacobian 78 r 1275 Z & 2 ffio7-. £ L I1E

dr AN dy = (cos@dr —rsin@df) A (sinf dr + rcosfdf) =rdr A df

BOT, K={(r,0)|r>0,050<2r} &8 &,

2m 00
I? = // e~ @) du A dy = // e rdr Adf = / dﬁ/ e rdr = 7.
R? K 0 0

7.3 Jacobian #FbhL T ICTLELEHOERICKL ZEE
DUTFDOESIZEHAT B MO DIEF e 1 B O EHFE S DA% H-> T Gauss D %
AHTES.
y=axtanf IZL>T y 26 0 ITHEAERELEMT 5 &,

df 2
2+ y* = 2%(1 + tan®0) = *

dy = cos2 0

00 00 (e ?) 9 w/2 2 -
4 ) dy | de =4 —_ | ———df | d
/0 </o ‘ y) ’ /0 /0 P ( cos? 9) cos2 6 *
5 T=00
/2 o) 2 /2 | exp —%
4/ / SR N w:4/ ——L—ﬁﬁ a6
0 0 cos20 /) cos?6 0 -9

=0

cos? 6’

&0,

12

I
@
b

o

3OHDES THEDDIEF R 2T > 7~.

4y = =@ 40) 12 =22 402 LB L =1(—logz) LB,
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y=at IZX>Ty »o t ITEAEREEIT S LIZX > TAREMIZEUEEZET
THIEHETES:

4/OO </<><> e~ (@ +v?) dy) dx = 4/00 (/OO e~ (1+t%)a? :cdt) dx
0 0 0 0

fo%e) fo%) 00 67(1+t2)12 =00
([ ear) = | [_

0 0 o | —2(1+1t?)

dt
< dt
= 2/ —— = 2Jarctant|y = o — 1.
0

12

=0

1+t 2

3 DOHDES TR DOIER % 775\, 6 DHDE ST arctant OEFEAH 1/(1+12) T
BB EMo TN

74 HYTEHHER—SYHBOEREBAWLEE

HIHi Tl Jacobian A3 TR\ 1 ZE DT DEHR D D A% W T Gauss 57 % &t
B2 AEEBALZ. ZNEBZ XD BRFEICE > T, U B E RX— XK DR
A%z 1 ZHOBES DEHESOAZHAWTIHEHAT 2 Z W TE T, Z0EBRRORH 75
AL LT Gauss MO DIER2FHHETAZ b TE LS. ZOHONEIZHTEIOHNED KA
ThdeEZOLND. faltFTL L fHbN 2 HEREEREOEIRIZTIZNT Y TP RN — X
% 5 2 50 DRSNS (B 9. 7205, Mt Bk, b 5 5k 1k
Gauss A3 DEHAEDO—f b & UTH v v B & R — X g HOM"C%%/\/’C%L\f:ﬁfJ’ 53l
RPRVWEHFEZOND.

5,0, >0 (B U IFEIAPIEDEFZL s,p,q) 1T LT,

oo 1
[(s) = / e "zt dx B(p,q) = / o1 —2) Ny
0 0

SO THY BB T (s) &_— X B(p,q) BEHZINDY.

%ﬁﬁﬁ EoTTI(s+1)=sl(s) THEZLDOMY, T(1)=1722DT, 0 LD
B n iz LT I(n+ )_m YD

Gauss B/ T 1% T'(1/2) 128 L\

00 ) 0o t71/2 o)
1:2/ exM:2/ et <ﬁ:/ e 2 dat =1(1/2).
0 0 2 0

2OHDEST o=Vt 2BV LR >TI(1/2)? = 1 2T E NIE Gauss DA
AHTERI LIRS,
R=ZHBIILLT D & 5 WEHOFRREFD:

m/2 © plgr 1 [ d
B(p,q) = 2/ cos? 14 sin?1 9 do = / I _/ —1u
0 o (L4+tpte  pJo (14 ul/r)pte

WUt =tanh DL & dt/df =1 +tan®0 = 1+t 72D T, = arctant DEEEIL do/dt = 1/(1 + %) 1272
5. ZDI LN S, arctant = [) dt/(1+12) L7552 bn5.
Bz E 72 SADFEEREZEDLF DD 2. DUF TIEMNT R DWW TIE bR,



36 7. ffEk: Gauss B DEHE

r=cos?f =t/(1+1),t=u'/P LEBEMUZ. 3DOHD (BRED)EXRD p=1/2 DEHE
DIERE T B ¢ DA DIER B LB DO LR THH I N, 2 DHOFROWRED BB F
DAEDHERBEHFHBORRCTHAINS. T(1/2) ® Gauss I3 1T & 5 FRROHFE B
X IEMD A DR BEERBO R R CTHAI N, H Y TEBOEZ RO EHEIL £
HOWEPEBOERRTHAIND. ZOXIITH Y IEBE R— ZEBULFEHARIZ & <
FIFH & N2 HERDAG % PR S 2 72 DI I D BEEIZ 7 > T W B (55 9 Hi).

FHIRAIORRED B(1/2,1/2) =7 £RBZeRbMNrb. DIIZ, HLD

L(p)l'(q) =T'(p+q)B(p,q)
DWRENRSIE, T(1/2)2 = B(1/2,1/2) =7 L7225 2o h 5. Lizh > T Gauss i
DOFHEIEHT Y YL RXR—REHBDH W ZOBRREZRT I LIZREINDS.

TV E R— R D H N ORI 1 B OB E S & DR DD A%
ffio CAEHHAEETH S, UFTEDZ L ZfHHITEHIHL LS. &M A ITHLUT, 2,y ¥ A
BATZTEEMEN 11220, ZNYUND L ZITEN 012785 2,y DEEE 1a(2,y) &F
Zrizdg s,

1
e 2Pt gy / 11— )7 dt = T'(p+ q)B(p, q).
0

2OHDESTCy=2—a CEHES L, 4 DHOE S THAODIEF 2L, 6 DHDE
ST o= LEHES L.

7.5 MDIEE

D FIEIZ DWW T I Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 3 & U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 ZZH U TARL .

7.6 FELOES
0> 02T BMOAREIAHL &5

LK:@®<—%<ﬁ+{§)>dx:»@Fe“. (%)


http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
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Fo#iHzZ 2 >0 IZHIRLU, y=2—a/r T2z>0% —oo <y < oo ([ZEMFES T HILE
BTE5. RO yeRD2VWCz—a/r=yldz>0T

1
z =5y + vy +4da)

1 Y
de = - |1+ ——= | dy.
2( \/y2+4a> Y

/Zexp (‘% (””‘%)2) d$=2/oooexp (—% (az—%>2) dx

o 1 1 Y
=2 exp [ —= 2)— 1+—2 )4
/_Oo p( 2 2( \/7y2+4a>

e V2 dy = V2m.

3

SEHDEST y/Jy2+4a By DEHFHBCTHD I L %2fliotz. —F

DT

* 1 a\?2 W [ 1/, a
/Ooexp(—§<x—z>>dx—e /Ooexp(—§ (x +ﬁ>) dx.

8 fItk: AV VEHE

BIAMTH Y SEHBIZ DO WTHHEIZMEHR L. LR TCIXF I TS cE otz
VB OMEIZOWTEHL LS.

8.1 HYVEHHEEXHEBMORARRN
ETARITRUZ T(1/2)2 = B(1/2,1/2) = 7 (ZIROBEH R R RDORRRGBETH 5.

™

[(s)I'(1—s)=B(s,1—s) =

sin(7s)’

ZDORANIZEEHDOIHIENH B, 1 DHD LI sinz & T(s) ORI R

[e.e] 2 . oo 2
sin z = zH (1 — an2) , le. sin(ms) = SH (1 — %) )

n=1

s
I . s(s+1)---(s+n) ~ S\ —s/n
i~ e = I D) e




38 8. ik Ay~ B
2S5 HiETH B 22T v 1 Euler B
i 1 1 1
v = lim (—+——|—---—|———logn)

ThHB INSOARERDD L

r@ﬂ%y—@::r@x—;reﬂ):Stj)Il[@“*%)<l_%>}:Smgw)

n—

2 OHDHIEIIIRDERE D 2 BRI EFHWCEEIT LI TH5S:

[e%¢) ts_l
dt.

F(S)F(l—s):B(s,l—s):/O o1

0<s<1THEEIREL, 0<e<1<RIZNUTEZLROBOREEEZ C £EL:
£9 e O RETE-IICHED. RICEHRTFH EOFMAZFLE T2 R OMAE
LENKKEEDTLETS. TUT R25 ¢ FTE-TSICHED. RBICESZEFH LD
B e T 5005 c OME EEIHED TLHATS. 2oL [ 5d/(1+2) 13
2 Vdz/(14+2) D z2=—1 TOHEBD 2mi FFHZFEL

/ 25_1 dZ - TS
= —2mie™.
c 1+z

e—=0,R—o00 DHRZZEZ LI LIZLoT [ 2 dz/(1+2) & [Tt dt/(1+ z)
SZTNHHD 2™ 57 ZEWEFRHRIZEFELWI L EDh5:

/ 51 _ (1 B 627ris> /OO 51 dt
C 1+Z 0 ]_‘l—t

ED2ODKEREZ]IRTHZLIZE ST

B(s.1 ) /°° t5s=ldt —2mie™s 271 T
5,1 —3s) = = — = — — = )
’ o 1+t 1 —e2mis  emis — e=7is  gin(7s)

ZORARE t=ur 2B 8ICEoTs™! [Fdu/(1+u!?) IZEBTED. DRI, R
DAXB/FONIZZ LITH5:

B(1+s,1—3):sB(s,1—s):/ du =T
0

1+ul/s  sin(rs)

CORARZEBERTZLHTED. R>1ThHde L, BRVEHEZFEMN»S R ETE-
A, RIZKIFEHE D IZAREE 2rs ZIFEHELL T Re?™ FTHA, TIDOHMET
FodQILRDREE C bE L, [Ldz/(1+2Y%) i d dz/(142Y) D z =™ 2B
DR —se™ D 2mi FHZEFE L, R — 0o DMRT [ dz/(14 2Y*) & [J° du/(1+ u!/*)
PO ZENEHED 2™ 52 51\\W2HDIZFFEL WS B AT

/OO du —2mise™s 2718 TS
0

1+ ul/s 1 — e2mis eTis _ o—mis sin(ws)'

D (5)(1 — 5) = 7/ sin(ws) ZLICFEHL TEWT (72 & ZITERMFT 2 HE X IXBRITRE D), H Y IK
B MRFERER A S sinz OMRFEMEMZEH TSI TES.

T2 DAEIZE R DR P % KGRI DI 1 T2 & ™ {52725,

W5 X 2 & 2T fEUTHERELD, dz X 2™ 512725,



8.2. AV~ KD MR R 39

ERD R E U RICHERERN IS EHbN 20O A% 1 AT 2O " 88D
i fFIZTR BN TH B,

BB & WL 7T < BB DB DOWTIX, mAREE TG (EIEE)
DH 5 (201267 H) 2B 3OT 5. HEREHEGH D — w721 Tl <, BARK K
OMEDFHELUWRHEEDTOTHIZB I E>TWADIFERNLLES.

8.2 HYVEHHBOERFEREM

BHEL f(s) (s > 0) IZATFD 3 DDEMETZ L TWE EINET 5:
o EAEME: f(s)>0 (s> 0),
o BN f(s+1)=sf(s) (s> 0),
o XSIBUMME: log f(s) 1X s >0 DTRICMRKHETHS.

Z D 3 DD5AM %72 T EHEBUIIRD TR 2 FiD:

S

_ nn
f(s) = f(l)gl_g)lo s(s+1)---(s+n)

FHZ T(s) MW ED3DDEMEL T'(1) =1 272U TWB I A5, Gauss DA

(s >0). (%)

nlns

L(s) :nh—>r{>los(s+1)--~(5+n)
DRALLTED, ED3DDOEM %2 LU TWBEEIL T(s) DEBLFIIREZ b5,
PAETHRARIZZ EZFEIHL £ 5.
£7, (x) DRDOD T3 8%2 0 - < DIBELU TH S5 MR
lim s(s+1)---(s+mn)

n—o0 nlns

PEIZPOR T 2 Z 8 2RE 5.

s(s+1)---(s+mn)
nlns

s s s
() () )
s<~|—1 +2 +n e

(1) (e )t (14 ) ertelishesdone
n

1 2
1+1+ - +1—logn ¥ n— oo T Euler B v (KT 2. w21 [[;_,(1+s/k)e
Mn— oo TPERTEZ L2 RBITE V. 2 OEZREAHKE (1+2)e — 1 1FHM 2=0

T2MDEHREFFODT, (1+2)e =1+0(2%) (2 = 0) &7 5. WRIT (1+s/k)e k=
1+ O(s2/k?) (k — o0). Tk 0 BIRFE [172,(1+s/k)e /F BUURT B Z e bhb. %

& &: N
e B

n—00 nlns

n=

9 Jo IZHFIFADHERDT, 14+ 1/2+ -+ 1/n—logn = flnﬂ dx/xz —logn = log(n+ 1) —logn = 0
ThrD21/(n+1) < f:ﬂ dr/x =log(n+1) —logn DT, 1+1/2+ -+ 1/n — logn 136 50D B
PED. DAITPHKT B,


http://www.amazon.co.jp/dp/4000051717

40 8. Ak 7V~
EHEAIZIUR S 550 AL OERBED 1/T(s) IZFL W E WS AKX
1 - S
— 7S 2 —s/n
eI+ 2) e

% Weierstrass O L R, AIODHRMEIZTED s c CIzf UL TIURT 5.
PAEIZ & o THCRAR S NMRDOF %2 F(s) LEFHLS Z 22T 5:

nln®
F(s) = i .
&)= B G G
torE
Ins |
F(s+1) = lim —= e = sF(s), F(l)=—"— =1.

nsoos+14+ns(s+1)---(s+n) (n—i—l)!:

WAIZHEETH 5 (x) DRR f(s) = f(1)F(s) (s>0) Zmd72DITF, 0<s<1 DEE
f(s)=f)F(s) &322 RFIET+DTHS.

RIZ, f(s) DIEMENEE WSEMMEZ VT, 2 LD n £ 0<s < 11220WT, f(n+s)
DREZZ fin—1),f(n), f(n+1) ZAVT ETH»S6FHIGT 5 RER

(25) s smra s (L) r) 0<s<n @

fn—1) f(n)
ERT D, —HRIZNITNREE g(s) 1T a<b<clTHULT
g(b) —g(a) _ g(c) —g(a) _ g(c) —g(b)
b—a ~ c¢c—a — c¢c—b

Zhg7z UL CTWBL INOEXED%E g(s) = log f(s), (a,b,¢) = (n,n+s,n+ 1) IZHEHT
L&,
g fln+5) Zlog [() <10 4) — log f(n + 1).
s

FEDE (a.b,0) = (n—Linn+s) AT 5L,

log f(n +s) —log f(n)
log f(n) —log f(n—1) = p :

UED2ODOAREREZREIUET L f(n+s) Dili (#) HEoN5.
f(n+s) OFHM (#) (2 f OHBERZHEHL &5, f OFBEERLD

f(}l(j;)l):n’ f(s4+n)=(s+n—1)---(s+1sf(s), f(n)=(n-1)f1)
REDPBALLT WS, (#) OLENTn & n+ 1 IKEESHAD L,

f(0)nln? <

nnlf(1) S (n+s)(n—14s)---sf(s), s(s+1)---(s+n)

f(s).

NZDMRE 1/T(s) DEHLTHILETES. ZOHETHNERM A, S 1/T(s) BWEZFHEEART
ERINTED, T(s) DA s =0,-1,-2,... DAIZHE I HHMHIZRS.
S % i\ IEEBNZH S 2 725 5.
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8.2.
(#) DEFET LD,
f(s) < f()(n—1)n? _n+s f(1)nln®
“s(s+1)---(s+n—1) n s(s+1)---(s+n)
DbEzgfeHdE
f()nln? n+s f()nln?
= fls) = n s(s+1)---(s+n)

s(s+1)---(s+n) —

INEY, RUEP-T (x) DFEONS.
oGt G o@ﬂﬂc (IEAEME, BB, REE) 272 L CWa Z & 2R L &
e xsldr & D HOPTH D, EERITHOIMHIITE T

logD(s) B &%, ¢"(s) 2 0 &n

5. IEMEPEIREE D(s) = [ e
BIEL f(s) IZX LT g(s) =log f(s) &

A X D, scﬂ;mr%mw_ 21 g(s) =
HIX+oTHBE. L&D ﬁ’“L(ﬁZO)J:Okﬁi’%aéﬂ’bé

B G(s)20 bl 2R D:

f(s)= /b eSo@) @) g
WZBS AR R S E DI A RETZ L ARGE L T

2T ¢(x),Y(x) FEBMERBETH Y, s
<. (a,b) = (0,00), (x ) logm P(x)=—x—logr DEZ f(s)=T(s) &5 ZD
L&, g(s) =log f(s) &
AT =1
Tdsf
AT P—ff" S0 2REIEEV. f(s) DEFEKD,

b
F$)A2+2f ()M + f"(s) = / D@ (N2 L 2g(0) A + p(x)?) da

a

b
= / Y@@ (N 1 ¢ (x))? d = 0.

RIT 2 S0 E75B. BT T(s) HRBINTH B,
\_Z’L’Cﬁ VREKED Gauss DAN & fERFERBASIEHINZZ 21225,
M. LETIHB U0 v ~EHEBUZES S % Gauss DD GEIFL SUJ VEHBEFDOL D
TldZ <, IEMENETH Y < BE & [\ UBREBEE A% 6 72 T U CRER S 2D T

PCERINIZA VERBUZEET 2 Gauss DARZLATD & 512 U THEEMIZ
B n*B(s,n + 1) 122\ T,
i

Hotz. WA
FERHT A2 TES. K

n°n!
s(s+1)---(s+mn)

THhD X
n t n
nsB(s,n+1):n5/ xs_l(l—x)"da::/ 5! (1——) dt
0 0 n
52(a,b) = (0,1), ¥(z) = logz ¢(x) = tlog(l —z) D& Z f(s) = B(s,t) £ 5. B(s,t) B s DHE
ELTHEIMIZR D, WRIZ F(s) =T'(s+t)B(s,t) $ s DEEE bfﬁ%ﬂz& 5. F(s+1) = sF(s),
[(s)['(t) THBZ LA G. ZD kS ICH YT EROEETC k5T H Y

F(1) =T(t) DT F(s) =
Y E R—ZEHBOBARAZIEHT S TE 5.
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2DOHDES T r=t/n BV WAIT, n—>00 DEE,

S ! n t n oo
nn = / 51 (1 - —) dt — t e tdt = T'(s).
0 0

s(s+1)---(s+mn) n

BBEDOAT Y TEPOFIETIHEHT 52 6 TE 5. §Hli (#) %2 f(s) =T(s) DEEITH
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8.8 Stirling-Binet DA (2) EE N T
RAIEIOFRERIIUATOL Do D!
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ar / 1) = itx 737/7— 2% dr = / ztz 72/7— d
Tl = [ e r= et [ e da

—UT >0 itr _—x/T T > —z/T 0 ey
; / 8:1:(6 e M) de = _ / e py dx

Pr,a (t) =

T 1—irt 0 1—art Jy
it OO ite —x/T ,a—1 it «a
= d f— F T.0 t .
1—2'7'15/0 ©c v v 1—2'7'157- (oz)g07 ()

12HDEFTHED LTI TOMD 21T\, 4 DODES TEH DD 2o 7.
RV DI SIROBAEWDR 726128 1N 5.

BAEM MNIBHERER XY BENZT N shape ayx, ay, scale 7,7 DH VAT U T
NS & E X +Y & shape ax +ay, scale Tt DH Y X HAHEIZLTZD.

A 2F]DT A 2N (P 0A0) 1IN I OEDORAISGETH 5. 7205, shape
n/2, scale 2 DA V<3 BHE n O A 2 FHA (X 7710) LIES:

B e—x/an/Z—l B e—:L’/Q(x/2)n/2 dr
P = g T ) e
HA2FAMEEHE n (IZDOWTHEMZRD.

2 9.1 (BEERSHNSNA 2RAGHNEONB T &). WEEH X, X, ... (LI
R DHERERIITH D | %4 LB R LS LHET S, COrE Y =
X2 4ot X2 RE BB 0 DA A 2T LA

EERA. mEREIE S TH B!
B (V)] = const. [ flape 2y dy
ZNERTD. 0
E[f(Y)] = E[f(X] +---+ X})]

1
:W// F@2 4ot a2)e 2 gy
2 /2/ f r2/2rn—l dr
ﬂ-n
2, (n—1)/2, —1/2
_ 27Tn/2/f ey/ /dy

_ 2 /2/ f e —y/2 n/2 1dy
7Tn

3ODDESTr= /a2 4+ +22 £BE R IIBTBMIMEEERED n — 1 IRGTHAL
BRI _EOUNTIRE E ldr @ﬁk&% & 75:@\4\, — 1 ROCHABRI D HiZ A, &
FHW A DDDFEBT r=yY2 dr = (1/2)y 2dy L BV, 0



56 9. ok B4 BRHERDSAIZONWT

EE9.2. L EDEFEIZE T, n— 1 IRGTHAEREOMWR A, IZEAL T,

n/2
A = 2w
[(n/2)

DAL T DI HRINSZILITHRE. ZHIFEIIOHTOFHEMREL —HLTWw5. []

9.3 Z%IED%E Pearson DH A 2FRETEE ZRTIERDH

K = (Ky,...,K,) 3ZHEDHEIHES BB N7 MVEELBTH D LT 5. T40b
Hopi >0,  pi=1THdEU, E k... .k (THLUT, K= (ki,.... k) &7 50
RIE, kb WIRTHEAOBET Y k=nD&ZE

n!
P(K = (k,...,k)) = mp,flpf

THY, T DEE 0 THDH LT 5.

$19.3(4320). 125 6 TOHVPFEUMETHLI YA I0% n B o7z EITi D
HRHZEHE K, 2RbT &, K= (K,,...,Kg) ldr =6, p; = 1/6 DZIENAHIZ L 72
M. —MDLIHSAG D FRIRRICHE T E 555, ]

TMER DM 11275 Z L I3 L IHEH

m!
D = )"
ki+-+kr=m
EHZEMATE S, ZHEHII TIHEH L FAKROZEZX L THEHI NS, & L IETHE
HEHRWE m 2B 2L TREIE 1 5.
K; OYYE py = np; 12725
!
pi = B[K;] = Z n—,plfl Pk = npi(pr 4+ p)" T = np;.

k- k
ki+-+kr=n

3OHDESTLIHEMZ M- 7.
K; DU 02 = np(1 — p;) 2785
|
BIKi(K; —1)] = Z — e Dk (ki — 1)

p
... k|
Rl ]

=n(n—1)pi(pi+ - +p)" ?=n(n—1)p;,
o} = BIK?] — pi = E[K;(Ki = 1)] + p; — 1
=n(n— 1)]77,2 + np; — 712]9? = npz'(l —Di)-

2 OHDE S TLIHEM %2 fi 5 7.

SERAWDFIIT A 202 I BFELLESTVWAEHBLG WEES. RAHRITI T rS I Ics
75 TEE] OZ BB oTE IV, BARDHEEROMREREEZ LT &Ik~ TELE 2525
ZECEUEERE ST I,



9.3. ZIANAG & Pearson D711 2 kiatE & ZLIRTTIEM DA 57

27&] @t% Kz et Kj O);j\:ﬁﬁ =8 045 = 043 = —NP;P; 0:73:%)1

n!

K ko
mpll e pp ik — g

0ij = B[ K] = pipy = )

ki1+-+kr=n

=n(n — 1)pip; — n’pip; = —np;p;.

3OHDOES TLHEH 2 7-.

U7223o TR MIVERERZH X = (Xq,...,X,) &
K; — np;

np;

Xi:
EREDBE, X, DT 0127220, i

np;i(1 — p;

pa= PPy m R
np;

IZRDi£DEE X, ¥ X; OESEUE

—NnpiP;j

pijzpjiZW:—\/P_i\/p_J
2725, Tiabb X = (X1,..., X,) OHEIENBITH P = [py] 13
VPt
P=E+ad", a=|:
VDr

D45, 22T EXHAAITHTH Y, of 1FFIRT ML a DEEETHZ. Y _ pi=1
0, a lFBEART MVIZRS. FIRZ MLy e RTITXH LT,

Pv=v—{(a,v)a

X a DERMZEMAD v DERPHIZHD (r =3 DHEEOMERHVWTAK). 2IT
Euclid NfE % (, ) &&H Wz, P BHALRY ML o DERFHERANDERS Y 2 RHT 5
FHTHBZ DS, PP=P D PO VIR r—112K5ZNRbn5.

E% 9.4 (Pearson DA A 2 TIREFTE). LHAMII U MEREN K = (Ky,...,K,)
MO E F DIRDIERZ % Pearson DA A 2 TfRETE L I

r

YzjiX3=§:gg:£&X
=1

i=1 "pi
INERA 2D BT UV I MEREHTIEZR V. UL ULIROEHDVEILLTWS. [

EIE 9.5. Pearson DA 1 2 FHiitEIZ n > 0o CTHHE r—1 DA A1 2EHHEIZLZDD
TR0 (59) IR 59,

597 DFERIE Pearson D74 2 FlEFIRED 1 — 0o THA 2 JHMIZ U72HY D HEREEUZ (59) KT 2
ZEERTIZODDFXF—II75.

0Z DFFRIF & DN TV S Pearson D1 2 FMEDIEFEIZ 72> TWE. 2D/ — M Z DB
Uk eBo-ghi#id, AMNAREHZOHBIEIZIE In BWRER L E, X5 LT Pearson D1 2 Feffizt
BENA2EMMATELL TEODOD ] ICETIHADR L VLS TR A 2056 TH 5.




58 9. ok B4 BRHERDSAIZONWT

SEPR. ZIRGTHR D HUDMREBS X0 X = (X4,..., X)) &FE 0, 280 8d752° P
DEIRTCIEBIA AT () KT S, Lo T, X = (Xy,...,X,) 2V 0, L5 #K
175 P 2R DL ROCIER DM LTS & &,

Y=Y X}
=1
DHEHHEE r—1 DA 2FENHFIZLEND 2 REBIELV. ZTOZ L 2RTZOITIIR
D — RN FiEE2 R+ TH B, B

RE9.6. N7 MIVIEMERER X = (X1,...,X,) " 0, 2EE S EATH P 2F0%
RTEEBDHIZ LD e E PP=P P2 POV IN s molX Y =3 X2 IZH
HE s OB 2F//AEIZULTZA D,

SEBR. —MRIC OB D BUTY] P IZENFMTANC RS, P2 =P 251X P OEAEHEIZ0 & 1
Wb FAMHE 1 OFEEEE POI V73 —8T 5. IIIHBHERLTH U BFELT,

U'PU = U™'PU = diag(1,...,1,0,...,0).

S

Zi = Zr: Ujin
j=1

B ZDEE X =(Xy,...,.X,) S Z=(Zy,...,7,) ~NOEMBIFEREBRILDT

Y = XT:XE = XT:ZE
i=1 i=1

MRS U, E2ATH U DY &Y,

E[Z;Z) = Z i B1X; X |uw = Z WjiPjkUkl =
gik=1 Jk=1
TR % o 1R D175 £ CRIRHEPILRE B | ZHL5R T2 L L EDOEREZMUTD X 5
WZELZENTE B!

{1 (1<i=1Z5s), ©

0 (ZDfDGE).

[Z1 ZT]Z[X1 XT}U,
Ell: [Zl ZT] —_UTE || : [Xl . x|lu

= UTPU = diag(1,...,1,0,...,0).

S

SLZPOTh U DMBRRAEER S 1 IRTehiHH BB AE B & R D TTIETRE S 15 . T2 BRMERED n — oo
WIERD AR ORFER AU IUR S 5 2 & 2R/ Eid &0,



94, W REXR—=ZNMmME t 940 59

AR (&) &Y, 2y, .., Z BHSIRAD A TH % PEHEEHAAT LD, Zoy, .., Zy
X0 ICAZFRDTFILER ﬁ LS8 (E1T Zyy = =2, =08K5BZ%)

Whrsd. PZITER L XD
ZZZ? =77+ + 72 (almost sure)

FHHEE s DA 2FSMAIZLEDND. TNTRINE I LRI N 0

AR 9I.T(ZRTERDM). JEADEEHEZRFD r IRDENFTH A IZXH LT, R fED
MERER X = (Xy,..., X,) HVFE 0, 230878 A DZVGCERAMIZ LS &
1%, £ ORMEBRBDIRDIIZIRE L THHEEHRTE 5:

B —exp (<50 40) (e R) (*

ZZT{(, ) IR O Euclid AETH 5. ZDARAIVTHIUIDEIEDEATE] A
AW TR TCHLRTIER D AN ERI NS,

BBMIGREAEL LT A=00LE X X (0,...,0) ICBEEFREDTVRDMEIZUIZNS.

op>0,...,0 >0, A= diag(al,...,as,o 0) DEE XX, IS TH D,
i= 1,...,3 X9 5 X, 13 0, 58K of U)IE%E P U720\ i =s+1,...,r IZX
T2 X, 12 0IXBEROTALXOMZUENS.

*W@ BIREREHIZ L > TED LI A ICRET 5. BIERDIEAENFRTTS]
A%ﬁ%%ﬁﬁﬁﬂ RO SBIGTIER DA NFET 52 e hibnd.

A DR 51E, R LA FEFER f(x) 1I2D0T,

1
E[f(X VAT ) | d
1091 = g L F o (5o A7) o
7%, ZZTdr 1ZR" LD Lebesgue HIETH S, ZDEE (x) BELTHI LT A%
EZATHITHALTHZ Itk > TRENS. [

9.4 HB_ERN—IDHEt D

IRDMEREBEHIBM CEBRSNIMEREDHEZNTA =R — ,>0 ZFROEFR—X
5347 (Beta distribution of the second kind % U < 1% Beta prime distribution) & FE.3%:

1 xa—l

Joslt) & = B By oy ©

B>1ROIEEEE a/(B—1) 128D, 8> 2 RoIXDEIE (a(a+-1))/((B—2)(8—1)?)
2785,

BN — XM OMEREERBUZ 2 =t2/y (v > 0) ZRALT, XN MH%Z —c0 <
t < oo IZHLIRT % &, MERBEEKBIIIRDIVIZ 2 5

(x > 0).

- 2 1 $2a-1
N Zdt = dt
Tap (7) v YB(a, B) (1 +t2/y)o+h



60 9. ok B4 BRHERDSAIZONWT

n>0IZHLUT, a=1/2,8=n/2,y=n D& T, ZOMREEKMTERI NLMHEHRD
MxEHBEEn Ot HAEEER. THhbb, HHE n O t 5/ L IFIROMEREERBTE
BEINDHERDPHEDZ L TH%:

(N
(N
o)

1 - I'((n+1)/2)
n2B(1/2,n/2)  /nrl(n/2)"
HHE n Ot DHDFHE e TNEN py, 02 EFEL &

Cp =

n
nZO >17 2 — > 2).
=0 >, - (n>2

2745, HHEMERKOMRET ¢ 2 IFEEERSAICDRT 5. AHE 1 Ot 26
Cauchy 9 L HEIEEINTH Y, FHEHBERDO DB K727 W iER S A O HRIFIZ 72 - T
Wb, HHE 2 O t 94FIEVE 0 Z2F0508, D EUTIE K272 5.

FEIS(BREERDHFTENM2EDIANS t DHEHBOLND L), Z, YV IR
BRCTHY, Z IFEHEEHRDGIZUD00, Y FEHBEE n OF 1 2FEOMIZUEZHND &K
ETDH. DL E

WXHBEE n Ot SMEIZUTES.
ZERA. B REIE D TH B!

EUUﬂ:cmal/xﬂO(l+§>wHW2ﬁ.

—00

INERTES. a, = 1/(V2r 22T (n)2)) £BL &,

_ Z — = = Z o= /2=y/2,n/2-1 g,
E[f(T)]—E[f<\/m> _ / (/mf<m) y d)dy

o0 oo z 5
= a, f e—(y+z )/Qyn/2—1 dz dy
A (L <m>
(/ f 1+t2/n)y/2 (n+1)/2— 1dt) dy

ap, 2/n n _
\/_ f(t) </ —(1+4t2/ )y/2y( +1)/2—-1 dy> dt
—00 0

1)/ oo 2\ —(nt+1)/2
:2<H/H$;&mei[mﬂw(l+%> ' dt.

ZIZT,20DDESIIEEEHIME A 2E/BAMDERNPSB/BOND. 4 DDDEST
Xz =t\/y/n LBz (22 = yt?/n, dz = y'/2dt/\/n). 6 DODEFEZSTIRONNE - 7=

o0 ] s—1
/ e—ayysfl dy — / e % (f) _l’ — a{isr(s) (O(, s > 0)
0 0

(67
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AL D 7= DIZIZAERF R TH 508, T 51T,

202D (n 4 1)/2)a,  2MV2T((n 4 1)/2)  T((n+1)/2)

Jn T V2R 2T (nj2) | Varl(n2) "
INTHRT BREZENTRTHAI NI [

T 9.0 (ERATHD ¢ HEHNEONBZE). Xy, Xy, ... LS 22 L EEH T
B, KA DY 1, R 0 DERSEIZ LS b &,

n

_1y 2_ 1 M) _ M p
Mg_ng;m, (@_n_lg;xcﬂﬁ), Jg_Uﬁ¢ﬁ
Y, M, & U, M0z 20, M, 13FH 4, 58 02/n OEBRDHIZ L AW,
(n—1U2/o* ZFEBEE n—1 DHA 2R/AAMIZ LN, T, FHHE n—1 O t DI
LS. (U, 20 &fRELT.) N

(%)

SFE9.10 (T, DHA). EOEHDOFEDS & T, E[M,] = p, E[U2] =0? &5, p, 0% &
ZNZENREM Y (population mean), REEEM 2 HX (population variance) & XA, M,
U2 132 NZ AR (sample mean), AE7HX (unbiased variance) & IFIEFNTW5. IE
WM DOEAENL D, M, 3 p, 78 o /n OIEBZEIZ LS. A

M, —pn
T,
Un/V/n
(ZH L DERZE N
z, = Mn—h
" o/n

FEHEE DI U720, EThR7ZZ 2k, Z, OO RORHEMEHERZ o % RERI
RSN ARIEERFSE U, CTEEHZ S L, EEERSATIER, BHEE -1 D ¢
PBAFIZUENS ESITRBL VWS 2L THS.

REMDE 02 B> TV B GEITIIEEIERSMEIZRD Z, Z2HZ 50, 5 TK
WIGEIZIX Z, 22V, FZTREM DD 02 DR D ITRERIIZE S 1z Mg 5
U2 #RAT 2L, lEEDMIZERDMA LD BHEHEIRKW t SHIR>TLESIDTH
%, 0

AR 911 (BEHEDOARE AR ¢t pANMREERSATHEUENSE I E).n > 00 T

tz —(n+1)/2 t2 —-1/2 t2 1 n/2 )
1+ — =(1+— 1-—+0|(= — e /2
n n n n?

L72% DT, HHEERKDOMER T ¢ 7345 D= 5 B B0 ATHE E R 73 A1 oD T =2 285 B A
ZPURS 5. HHENRE 4 ¢ DEIEEERD A TEUEINSD. O

9.9 MR, HERSIX X, 2 X, —p CESHMILZ2IZL>T, u=0ThbL
RETES. UFTIE u=0 DHEEDOAEES.

9, X1, Xo, .. WML FESARHERERIITH Y, £L2 0V 0 LERDOSEK o? %
FOLNEL, EMAHTHELRETTICEDREDZ ENZEZAL0EHRLD. () D
£S5 M, U, 28D5. (U, 202 LTHBKL)



62 9. fhdk: Bex RHERIMIZONT

V,=vnM,=(X1+---+X,)/vn £BL. ERHEREER (X1,...,X,) &Y, 28
GHDOIERERERER (Y,...,Y,) WHEEEMTE 2% oL 2LHADEHREL LT

>oxt-3ov
k=1 k=1

WKL L TWBBDT,
S (Xe = My)? =) (X2 = 2M X + M2) =Y X7 —2M, Yy Xy, +nM;
k=1 k=1 k=1 k=1

n

n—1
= X} —nM?= }:zc v2=>Y v2
k=1

k=1

iz, BEEABOM LD EY?] =0 £725DT,

n n—1
E) (Xpe=M,)’| =E|> V2| =(n-1)
k=1 k=1

YRBIEBDHEY. TRED EU =02 LA EEbME. MEOSRIE X, A
ERNHETERL TERZLTVS,
PIRTI, Xp 72505 0, 8 0 DT LhiS LREL & 5.
ZOLEERMAOMREEFTEOWL LD, Y, 75 MR, &4 DI 0,
S o DIEMDAMEIZ U3, B RIZ

n

k=1 k=1

ST D, 91 KD,

@Qmﬁn—lwﬁ42ﬁﬁﬁaaé.bt#ofE@98iD

M, —u
o/vn _ M, —p
(n—1)U2/o?>  Un/\/n
n—1
DEHHE n—1 Dt SAEIZLERD TN DNr5. 0

EE .12 (EMRMDEHD t DHEHB/OLNDZ & (FE9.9) D—Mib). MERLKH X,
(s=1,....,r k=1,...,n,) FHITHY, & s T&IT X,y 2BIEFE p,, 78K 02 DIE

6%zmﬂm¢5$m&ar»( 1)/Vi 2 GUEMEZREED, ZOEHERRICHST 5K
R HAUL V. (V... Yeoy) 1 YV, (SRS T 2 BAIR 2 b VOB A2 L0 ERE R EERIC 75 5.

Y, DEARINIRELD 5 OFI vfi%QG%%ﬁ%ﬁi
CBSEREMT ) VLD 2E/HAREINS.
6y, Z bR WEHBERNEE TIOREZHRATLIZ LB TH 5.
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A AHIZ U o TWB EIRET D, ZDe &

1 & 1 &
=—> Xy, Ul= (Xon — M,)?,
Ng “—

Z(Ms - NS) r . r

-1 n 1
Z="m= V=) —5 Lpz =3 L S - a2
2
Z& s=1 3105k1
s:lns
IS

Z
n = N, T=—
2 =)

B, TIXEHE n—r Ot ZHEIZULZNS9.

FERA. ERL 0.9 DFEHH K D, M, & U2 IZMIIZ2 0, M, &Y pg, 28K 02 /n, OIER
DA U0, (ng — 1)U2 /o2 IFEHBEHE ny— 1 OAA 2FHHIILIZND T eibh
5. W2 Z & Y IIMNIIZ s, ERAAOREAENEL D, S (M — u,) 1EF 0, 2
S (02 /ng) DIEHS ﬁubt@o@fAZiﬁ@EﬁAﬁubtﬁn N4 2 FEHAHD
BAMID, Y BEHE n—r O 2FSMZUEND. DRI, IS LD, T I13H
HEn—r Ot 2MmIZUEZDS. N

LOEHE s =2, u1 = p, po = —p, 0y = 09 DHFHITHEAT B LT K> TIRORD
EbiZfRon5s.

%9.13. HEREM Xp (s=1,2,k=1,...,n) =BIFMVIFDIHTH O, SE u, 78 o
DEBRDHIZUER>TWVWBET S DL =

1 ng 2 ng
= E ;Xs,ka YI = Z Z(Xs,k - MS>27

s=1 k=1

B M, — M,
NI
nq N9 n1+n2—2

EBLE, T IXEHHE ny +ne —2 Dt SAEIZ LRSS, [

9.5 WHYIDH

X D% shape a > 0, scale 7 > 0 DA VYDA O MEREHTHSH L E, Y = X
WOMRDGEEZMA Y IDMEER. =71 2B &, WG /7ﬁfﬁ®ﬁﬁ$m}#7§5{
WD ESIZERLINS:

4 e—@/yy—oc—l J
fao(y) dy = W Y-

BHELE ol = =02=02 %5 iT DEHBTDODFDED ¢ BFE ¥ LU, Z IZHERSE 02 D
4%%%¥H%T%55 IZRABZITEEY L.

66 - DIERIIAMAE LU VWERSEIZLEDND 2200 Y TIVOFEENREZEL VWL EZ B LS 2OMREICH
bbb,



64 9. ok B4 BRHERDSAIZONWT
0 ZWiH DD scale LIERZ 21235, ROARIFT I bbb

/ e vyl dy = D(a)f.
0

7 DEEHEIERIIAEIZY DY shape a = n/2, scale § = n/2 D H > < 53AFITHE D fERE
BThrr s,

T=VY Z

TEHBEE n Ot SEIZHDS. T7hDE, 58 shape a = n/2, scale § =n/2 DHH <
DAAHED MERZIL Y T, SN 0 DERDMITHRES MR T ZEHBEE n O t 7044
RS TDZ LT D LS T LU THER T N 5!

E[f(T)] = const. /OOO </_oo F(Vy 2) efz2/2€fn/(2y)yfn/2fl dZ) dy

([ di
= const./ </ f(t)e_t2/(2y)e—n/(2y)y—n/2—1_) dy
0 —00 \/g

= const. /OO (f(t) /OO 6*(1+t2/n)(1/(2y))y*(n+1)/271 dy) dt
—00 0

oo 2\ ~(t1)/2
= const./ f(t) (1 + —> dt.
o n

2OHDEFEST 2=t/\/y £ BE, 4 DHDOEFSTLETER LIl AXEM -7

9.6 NEROHDERZTHICEIZEYIFEWIZDOWT

X1, Xo, .. TSR DA HERERIITH Y, TNTNDOFYIE 0 THEIX 0> TH S
CRET R, ZDLEY A A n OFEAR X,,..., X, OEAREY X, & RIESE U2 3

n

1 & 1 _
:ﬁggxm Uﬁ:n_1§:u¢—xm2

k=1

CEHBRINDG. IHIZIRMENVLLTWASZ LIZEEY X

> (X - X, Zxk X,.
k=1

MR Y,,....Y, ZIRDI D IZEHT 5:

Y, = X; — kX k=1,2....n—1).
. m(z ") |

CTSERAIY 1 #£ 0 DIFEITIE Xy & Xj, — p CESHBATEANIFAKTDH 5.



9.6. MMEDEXDERZHIZ L BED PNz DODNWT 65

nxn?‘—fﬁﬂ A= [aij] 72

11 1 1 17 1/v2 :
-1 1 1 - 1 1 1/v/6
0 -2 1 - 1 1 v
A=1o0 o0 -3 - : : _
S 1 1 1/y/(n=1)n
0 0 - 0 —(n-1) 1L 1//n]

YEDB LY, EbOERIE
Y; = Zaini
i=1

NI BHDT

ZYf = Z agia XpX; = Zélele = ZX;?
i=1 ik, k,l k=1
éc)‘:,E[Xin]:O‘%Sij it)'fﬁi t,

E[YkYZ] = Z akiale[Xin] = 0'2 Z akialiézj = 0'2 Z QA1 = 0'2(5kl.
JiJ i,J 1=1

DEDRAZMS &,

n n n—1
SxZ-nX, =Y v -y =Y v2
k=1 k=1 k=1

n n—1
1 —9 1
2 _ 2 _ 2
Uﬁ—n—1<;1Xk mX) n_1§ Y2
MMERHEDIn —1HOFD n—1DHD1DFETEITE. X 51T

B = L3 B = - ! (n—1)0? = ”

HELE X, ZHBMNITEY 0, 98 02 DIEBRDPHGIZ LR >TWER5IE Y, 725
HPNLTEY 0, DR 02 DIEMDEIZUEDNS T ARG ICHEID ONE. ZOBEITIE
X, =Y/ 3 0, 58 02 /n DIEBSAIZ U230, (n — 1)U2/o? = 307 Y2 /o?
FEEE n—1 DOHA ZR/OMZLEDN, TS ITMTITRS.

O8tAA PENATHNC 725 Z e 2 BHEMERTES. £7, 175 A OEZRDEMDITHIDFHIRZ M7zt
NEHWIERT S 2HERTX. T LT, 175 A DRHERDOAMOAFTFIIEENS DIIRT MLDE
X LIZERMELTWS Z & 2R &
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9.7 BRBELVBIBRN—IDHE [ 9%

ROMERBEHBTCERINDIMERNAEZNTA—Z— o,>0 ZFRDOE—-FHN—X
4346 (Beta distribution of the first kind & U < IZHIZN— X 5340) L IEX:

fap(x) do = 11— 2) dx (0<z<1).

B(a,)"
FE w=a/(a+p), FEIE (af)/((a+ )% (a+B+1)) I2&D, o, > 1 D& ZHHMH
i o=(a—-1)/(a+8-2) IK&5.

—FNR— R A DMEREEET 2 12 2/(1+2) (x> 0) 2RATDE

T dx 1 xo 1
ot <1+x) (+ef BB Qrape ™ >0

L%, TNIRE N X AOWREEHBTH LS. BHORFT 1 —z/(1+2) =
1/(1+x) Z2flis7z.

o, mn>0&L, BLMMAR—XDHOMERELFBD v 12 me/n (x> 0) ZRA
$52 ErAERICLT,

mx/n (m/n)de 1 (mx/n)*  dx
fous (1 +mx/n) (1+mz/n)?  Bla,B) (14+ma/n)eF z (z>0)
B INE, a=m/2, 8=n/2 DL E RDOFIT/E5:
B 1 (mx/n)™?  dx
Gmp () dv = Blm/2.1/3) (L5 majn)e i & (z > 0).

CDOWERBREHB CERBINDIMWERN MR INT A — 51 m,n D F PAEIER. )XF A —
RZ—m,n D F 3ADFEHEDEEZNEN 0, 02, L8 &,

mn

2 2n*(m+n-—2)
(n>2), Um’”_m(n—Q)Q(n—él) (n>4)

'um’n:n—Q

2725,
X WRITA=Z—=m,n D F BHIZUENS25E, (mX/n)/(1+mX/n) 1Z/8F X —
B—m/2,n/2 DE—FERX—XFHEIZUZ0BN, mX/n lENT A=K —m/2 n/2 DE_
FEAR—=XDAHIZU7D3S.

EHE 914 (N ZEDHEDD F DFMEOoND I &) BIRMRLR Y, Z REhTh
HHE m,n OB A 2FH/MHEIZLEZND & &,

_Y/m
- Z/n
FRNTA—=R—m,n D F FFHIZUEDDS. U T, Y, Z DIRSEE A6 7 iR AR
ThHO, ZEL2PEEEHIMZ LN & &,
o (T YR) fm
(Z?:1ZJQ>/"
BN T A=K —m,n D F FAHEIZUEZND.
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BERA. 2O ERIFF-LOFREEH 1 PO/ ONDS. BIEDOEREZ /R T 72HITIE

(ma /n)™/? dx
Bl (X)) = const. / J( 1 + max/n)mtn)/2 g

R &V, 0= 20020 (m/2)0(n)2)] & BL &,

E[f(X)]=F [f (Y/m)] :a/ooo (/Ooof (yZ/T::) e~ H2)/2ym/2=1 n/2-1 dy) d=
_ / (/ f(x)e —(14ma/n)z/2 (me>M/2 ! /- lmzdx) A=
n n
_ max\m/2 [ —(1tma/n)z/2 , (m+n) /2- )d:l:
() i)

0 n

n i

3DHDESFT y/m = (z/n)x LBV (y = (mx/n)z, dy = (m/n)zdz). 5 DHDEST
RD—) 72 AR % fdi 5 7z

oo 00 s—1 dt
—az s—1 d — / —t - _ 731-\ O )
/o e 2 dy i e {2 L = (s) (a, s >0)

INTRINRESZEIIRINZ, 61

man) /2 [T B 2(m+”)/2F((m—|—n)/2) B 1
2l F( 2 ) -~ 2mEn)2D(m/2)0(n/2)  B(m/2,n/2)’

INTHRTIREZ NI RTHERI N, [

AR — R DOMWEREEREBUZ 2 =12/n, a=1/2, B=n/2 ZRALZHDILH
HIE n Ot DAOHERBERBIZREDTH 7. TDI e SHRER T DPEHEE n
Dt HEIZLEDRSEE T2 IFRFTA—KR—1,n D F BT LAY, T2 13855 A —
R—n, 1D F DHEIZUEND ZeDbhnd. ZOREWKRT T DM IXAEMIZH o AHE
N1DEED F RETHLI EDbLNS.

ZDZLIEUTDIICEBENZFEIZE > THHEPO SNDE . F 540 DREREE R
RO LS IZEHEEZBEINS:

B (m/n)m/2 pm/2-1
m=1%KRATB&,
—1/2
gun(z) de = ! v d.

VnB(1/2,n/2) (1 + x/n)n+/2
ol =12 ZRALT, 2% —oco <t < oo IZHLIR U 726 D DRt KB & BT

1 dt
VvnB(1/2,n/2) (1 + t2/n)+1)/2
2725, UK t DA ORERBEEEEL §,(t) dt 12T 5.

Gra ()t dt =
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9.8 HUVDMEE—TBEE_BOR—Y2HDER
H UL R— REBOBERR

L(p)T(q) =T(p+ q)B(p,q)
B TORD ORI TIFHLTA LS. 22T

*° 1 o8] a—1
F(S)Z/ e "2 da, B(p7q)=/ t”‘l(l—t)"‘ldt:/ (“—d“
0 0 0

1 + u)a-‘rﬁ )

N— 2 B(p, q) DHIEHDFFRDO R BHITABNT 5~ — 24375 DR
BCdH D, 15D LR DR B A N TN — R A OHER IR CH 5.

E—TBAN— YN EBRT DRTFAELICHTEE o=zt y=2(1—1) LEBEMRT S L

/ / f(z,y) 6—(:c+y)xp—1yq—1 dx dy
o Jo

/ dt/ dz f(zt, 2(1 —t))e 2Pt 11 (1 — ¢)77 1,
WRIZ, BULE f(o,y) = fla)y) BEILLTWBRSIE

/ / ( > ~@H) =Lyt g dy
t
:/ dt/ dzf(—) e P pram (] — ¢t

—Hp+@[ffc%3)ﬁlﬂ—ﬂq%w

:-@ﬁﬁﬂiﬁiﬁ%%ﬁ%b‘fﬁ—ﬁf\“—&ﬁXEGZZBHE) f(t/(1—t)) DEFHEIZ 2T 5. K
flx/y)=1D&E T(p)T(q) =T (p+q)B(p,q) 725 hbnrd. TLITt/(1-t)=u
3—&71’)‘6 t=u/(l4+u) &L

/ / ( > —(z+y) P~ lyq ldl’dy

o0 u \*'! 1\ du
:F(p+q)/ f(u) <1+u) (1~|—u) (14 u)?
up Ldu
—Fp+q/ f _|_up+q
ZDFRRIFEBLS Z RN TEHE_FER— X 57 Téf()@%ﬁﬁk WI 5. F 546

*“@f\ RNHGD AT — VAR DT, uhgcx*f—» LD EN R RNT, F oA
BUAMAEIZ—BHLTWVWEEARTILETE S,

BN EBRTIRTEZERICHTAE v=uw IT&oT o 256 u ITHEAZE
BEEWmT 5L,

/ / flay)e” Ity t™t da dy
0 0
= / du / dy f(uy, y)e” Hyrratyet,
0 0
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ol (14+u)y=29kbby=z2/(1+u) IZ&>Ty»o 2 TEIEHEEHRT L L,

/ / f(z,y)e (z+yxp1q1dxdy
p—1
/ du/ dz f e’zz“q’lu.
1+u (14 u)rta

ZIZT flz,y) = flz)y) LIRET B &,

p—14
/ﬁt/ ( ) gy HMdy—WjP+qt/ flu f?;@gﬁ

ETHARZHEIZE > T, ZNIEAT = VEHOENERWT, F 2612815 f OWfF
EIZ—HLTWVWBEARTILETES.

AEDERIZ L 2T, AV~ U720 5 PSRRI D LI —FE— X 4RI
L7=hid Z e dbmd. Z U TEBRDMIT LD M AR 2O v < 97z L
RS NSOV Y INVEREEEDED L, ERIAMME A1 2/, t A, F 240
DOREBPERIIEOND.

A ETH - 72D BB DHWIZIZIEA T OGRS 5.

riy=t:(1—t)=wu:1l

2,y IO B, t 13 —FER— X DO, v IFFE - X3 HED
WEREZHTH B,
SOIHYHBOMA L ROEDEHD x 2ZNTN 22 ITEESHZ 72X

['(s) = 2/ e 1 dx
0

PO LT, 2 =rcosl,y=rsind UL y=axtand LD EHZ LT 5T
AT B Z 8Tk o TEAEEE W RR & OBREHRIZRS.

WBEZEBRODIBE x=rcosl, y=rsinfd 12X > THEDERZEMBEEEHT 5 &
4 / / gz, y)e” g2 l20t g dy
o Jo

= 4/ d@/ dr g(rcosf,rsin) e r2P+0=1 (cos §)P~ 1 (sin §) 2
DRI g(xz,y) = gly/z) DL Z

/ / ( (a2 +y?) 1. 20— 1201 4 dy

/2
=T'(p+q)- 2/ g(tan @) (cos 0)* ' (sin 0)?7* db.
Zgly/x)y=1D&& kb
/2
B(p,q) = 2/ (cos §)*~1(sin 0)?1~* do
0

LB EDNDONS.

OEH L EDFFIZEMNVTH S, R—=XEHO ZRHEOFRRZ PR N2 -7 (2016 £ 7 A 1
H).
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FEAFD BEESIEDIFEES y=ztanf IZE>Ty » 5 0 T LB ELHT 5 L,
4/ / gz, y)e” 271 g dy
0 0
=4 / df / dz g(z, z tan §) e~ (1t 0)7° 1 20+0) =1 (44 §)20-1(1  tan? 6).
0 0

EolZz=r/V1i+tan?0 Ta D06 r ITHOPEREEWMT L &,

4/ / gla,y)e” L2071 4y dy
0 0

» /7r/2 " /OO irg ( r 7 rtand ) 6_r27’2(p+q)_1 (tan 9)211—1
0 0 V1 +tan?6 1+ tan?0 (1 + tan? g)rta—1

WZIZ g(z,y) =g(y/x) DEZE

/ / (@ +y?) . 2p— 1y2q ld:L‘dy

/2 (tan §)%a~1
=Tp+a) 2/0 g(tand) (1 + tan?@)rta—1

PAEDOFERIZ ETRO-MPEIEEA R DIGED AR LUEDTHS. i slE

(tan )21
(1 + tan?@)r+a-1

ZOANIFAELIT tanh =sinf/cosd ZRALTERES L, HHIZ

= (cos §)*~*(sin 9)?7 1.

1 tan? 0
2 )
f— — n?fg = —"— -
o8 1+ tan?6’ o 1+ tan26

ERALUCHERES. BEOARNI EOSTHIAL t =u/(1+u) THBL TS, H
DERI-HDHWZITIZLA N OBGED D 5.

x:y=cosf:sinf =1:tanb.

ZOMBRIE, v,y DIGERIETELY b xS ETHIHLZ v y=t:(1—-t)=u:1
IZHRIGELTWS (t=sin?0, 1 —t = cos? 0, u = tan? ).

9.9 n— 1 RITEELD—FkDH & Maxwell-Boltzmann 8 (1)

RIS R ERA A CH DL U, Ry = VX2 + -+ X2, 2 = X;/R, £5X.
corE (20, Z0) 0 — 1 PR LRI BT ke 2 0
T A

gn(2)dz = (1 = 2232 g, (—1<z<1),

1
Cn:/ (1—22)(n_3)/2dZ:B 1777;—1 :2n_2B n—17n—1
1 2 2 2 2

NDEDATE flz,y) = fly/z) EIELTBELIREEZ o7 b LR,
L2 DS e AL E R E R A9 B LB S BRI L — Rk AT SRR SN B,
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W2 A. AR, 2hERZED.

n — 2 POCHRALBRE S" 2 = {(z2,...,2,) |25+ + 22 =1} OEMERZ d' &F
o=+ 422 EEE 2y, x, PO 7 & n— 2 IRICHRALEKRT O RERE DRI
BT B &, B D n— 2 OUERMOMERIE ™2 ([ZHHId 2 DT,

dei ANdzg A -+ Adxz, = " 2dxy Adr' A dw'.

o, o =i+ b WERERT DL = \/r2— 2}, O )Or = r/r' 7%
DT

Y

dry Adxy A - Nday, = r(r? — 22)" 2 dey Adr A dw'.
BRI 2y O 2z =ay/r TEBEWHRT S L,
dry Adog A~ Adw, =" N1 — 22)(”*3)/2 dz Ndr Adw'.

L7hio T, RY OB RER B BRI p(r) 128 LT,

/n g(2)p(r)dey - - - dx, = /_1 g(2)(1 = 22)n=372 4 /OOO " Lp(r) dr /S du'.

1

BAD2 OO DR ¢t LEL L,

1
Cp = / (1— 2232 g,

1

con Z2BODHIETHHEL LS. 1 DHIF 2 =tV2, de = t712dt /2 L EREWT 5 FHik
Thb:

! ( ! ‘ 1 n—1
cn:2/ (1—22)(”_3)/2dz:/ t_l/2(1—t)(”_3)/2dt:B(§, 5 )
0

0

20HIF (1—2Y)=1+2)(1—2) EREDEL, 2 =2t — 1, dz = 2dt EEBEWTSS
HEThb:

1
¢, = / o(n=3)/2(n=3)/29(n=9/2(1 _ 4)(n=3)/29 gy _ 9n-2 n—1n-1 .
. 2 ' 2
INTRIREZ NI ARNTRINT.
BIEEM . U T, Y ~EED duplication formula 6N TWAHZ 2 2ERELTHZ
5. (n—1)/2 ZIEEDEDEY s ITEEHMATH ¢, DY DFRIFZLILL TV 5:

/1 (1—2%)""1dz = B(1/2,5) = 2% ' B(s, s).

1
R— R H Y ERAT S &
T(1/2)T(s)  2%7'T(s)?

[(s+1/2) ['(2s)
Thbb, I(1/2) =7 &b,

223—1

[(2s) = Nz

(s)['(s + 1/2).
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Z DAL (Legendre’s) duplication formula & FFENT W5 ™.
7" DR B O HIT:

o go(2)dz = %% (—1<z<1). Y0, 2ER 1/2.
— 2

:—sing 2RATS L, %d@ (—m/2 <0< 1/2) &R D (472 0 D). ©
ZAZRBMEA MBI 1/24+0/71 = 1/2+ (arcsinz) /7 (=1 < 2 £ 1) 12725, HiEX
BREMN TR D DT ORAIFHEERD T EIFIENH™.

. (z)dz:%dz (—1<2<1). o0, K 1/3.
2 RILERTH] B D —FR53 A8 D il % 38 5 [EAR EANDHREIE— R MR D,

o gi(2)dz = %\/1 —22dz (-1<z2Z1). XG0, 7E 1/4.

ZDAAEIFHFHDH LIFENDT.
z=—cosf ZRAT 2 &, sin? ﬁ&ﬁj\Z‘E sin?0df (060 < 7) 27257,

"2Legendre’s duplication formula I3AEFED EDFEE n (ZXF 5RD Gauss’s multiplication theorem (Z
N A-LULF

nnsfl/Q

(27.‘-)(7171)/2

722 Z24E T(3s) = 33 1/20(s)T'(s + 1/3)T(s + 2/3)/(2n).

BINSFABRIE R — X QG ORRRIGETH .

MX YU TNERORITIDELE, =KL THLEL TWAIREOHMOES DR S AL TV
%%@ﬁﬁ@ﬁé@%ﬂ%ﬂmt%%®%$ﬁﬁﬁﬁ%mﬁmm?5t%ﬁ&ﬁﬁtﬁﬁ<:aﬁmem
TWa. ZHIFHEKER & FENT WS, $EKS A OMEREE KRBT NGIEA IFEREL R0, K
AD 0 fHEIFNE <75, DRI, WEGGERNIEE S L TV B EFH & BT L T 2 R 0 22 o #is fE
FOMEIZEESFTICREL RBMHEANPBEBNE WI I EZERLTVWS. FY Vv ILHFERSIEIDOHE
ZREERIIZ L < HIo TV 3 i’é“‘f%é. BB ERT, b7 0, BRI T2 D HRL .

TOMA 23 A VAT HI AR AL (2 ﬁélﬁ@@ﬁﬁ%ﬁﬂ%?éngm®¥ﬂﬁuﬁbM5wvm£ﬁWﬁ
FNZAE 2 R OMERZEL M DR E@ﬁﬁﬂﬁ“ﬁﬂwmﬁthMm%MﬁK%bebétﬁﬁb
TV R LIRFENTATI] M OEEEOERD G E2EZD. TDOLE, AT —)VEBIZ X > THEMD 1/4 1272
% X5 IZHIEILT B L, ZDREENMIE N — oo THEX 1/4 OPHAMIZPERT 5 &\ 5 DAY Wigner D
FHAITH B.

P A I E BT OMRRRERIZ B 1 A INE e & U TBbN 2 BB R ER N TH 5. 72 & 2L, M
M, &R & £ DI, MERIOTHNTR G (ZIKY:, 2013.10) IZEEA1H 5.

"offcik - Tate FRRICZ OB O NN ELT 5. (k% - Tate P I THHEHAK LER I N2 BBEREL
FET2 72 WHEFBRAR O BT p OHFBUA L TOHIELOMEBA S p+1 251\ T 2,/p TH>THSNZE
ED A sin? MAMIT/R D] L0 S NED 1960 FERUITHNICRR I N FRTH D, BIETIEEE I
FENTVE 5LV, R=TOEIEDFEEIZ DN TOMIES (2008) DMELIZE L £ - -flFHNH 5.

EREBR R IKDOMMNE D & 512 TERE sin? $A) 2FEA U2 oWTIE, #iE5E0, Dedekind n A&
P sin2- A, 28 16 MRS VR Yy A EHBKT (2005) 1ZFEL . YHE F 72 AREBEE 7 o 7 B 5E
BIANRIVE2a—R—TlHATWA Z L BIEHEESICTE T H—FT VT Lz 2220w T A LUEK
DHEHEERHOTAEFREAN, LW I Lilhotz, T, MBI, BN - Bl 72 2O
XFHN BT DI LR o72DTHE] LHFENTHD. D [DUEKDD Z5HH] OFAERIZE-T
[MERE sin? F4H) BFER I N7z,

SU(2) EDO—843 46 (Haar JIE) » SiEE I NS SU(2) OILBESRDZERM LD /A sin? BRI
25, ZTOHHIFATD@ED . Ae SU(2) DHEZLHIF —1 S tr(4)/2 <1 TREICREMTONS. (—fiC
GbmnwzyﬂﬁbLm%ﬁﬁ®ﬁ@#“*i%@%@%ﬁﬁciab%lﬁm# ) TR
5h3.) AeSU(2) Iz (VQ%%W%%%%@&NQIA@CR4KV9H HoL LT, 8 »o R
D 1 WD REANDHEIZ B L TWE. ZOZeh s SUQ2) Lo —RafinZ oo -
ZERE T B0 %ffﬁ ﬁumﬁﬂﬁﬁmt%:aﬁb#a

i - Tate PAUT THHBUA EOBETRIEZ -2 WIEMEERD S 8RB p T8 o6N5 SU((2) ©

I'(ns) = L(s)I'(s+1/n)'(s+2/n)---T'(s+ (n—1)/n).


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
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n=24DEE g,(2) 1377 7BREROKBIZ LS. FHEEND 0 THOBIEIFTRY
KT 1/n 2%,

ZM DYINE 0 THB. I HITR—REHE A Y I EBMOBIRS L OH ¥ T HB DK
BERLDY ¢, /cpia=(n—-1)/n= 1—1/n LRBIENDNSE. TDI L EM> e, 7™
DD 1/n 127256 Z L &2mE 5:

1
n 1
Cnl/ 22(1—22)(77' 3/2dz—c (Cn_cn+2>:1— € = —.
-1 Cn+1 n

ZZT 22Tl (1—22) ZRATDEIHE 2T 72
Y = /m Z0 EEE 0, 21 ORERERUTR D | T OREREEEEE

2\ (n=3)/2
P D R Sy P dy
V) Vn o Vne, n

WZ78d. n—ooDEI v=(mn-1)/2 5L,

2\ (n—3)/2 2\ —3/2 2 n/2
2
n n n/2

Ve = VI T 2 B ) ~ VI 2wt 2V o

v 2w

BT P OFHET Wallis DAL D

b <O 2Ty 2 () 2y

r2v) 2@ +1) v\v v 2%

a@%*a%@otm.ukﬁofAﬁﬂmn—mm@@@f%ﬁmﬁﬁﬁubkﬁ5%

lim <ii)::1m1 (1 —y?/n)m®/2 __ey/%
i Zoon () = i e~
DA E iDL, FH y DA BT g(y) 120V,
0771/ 9(yi) dw, — /uf/(y)e_yz/2 dy  (n— o).
N R oL
22T, VS " ={(y1,. . yn) ER" |2+ +y2 = IEERE /0 D n— 1 IRJCERHE

THY,C, IZFDRADOREETH Y, dw, 1ZFDORE LOHEEZTHS. ZDOFERIF
Y2 1E Maxwell-Boltzmann Bl & U T X< HIoTW3B

HABHED 3 GG S3 = SU(2) EO—FRA AN OFEINDAMIZ LIz >TW0WE] E\WIEETH D
&Jw&t‘é

e, = fil(l —y2/n) =32y DT, BIED limg,_oe(l — y2/n)m=3/2 = /2 5K D
lim, oo vViCn = V21 ZEL 2 HTES, FEBE, 25 LML S S,

B EQFEEFIZ/ZED I LIZE 5T, #HZ Wallis DAREZIHTZZLHTES.
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9.10 n— 1 RIGIKELD—#k2DH & Maxwell-Boltzmann Rl (2)

BT TR /n O n— 1 IRGCEK EO—RR3 A D x; §ili~ D $ 52 DR AVEEHE [ R 43
Wb Z L &AL 7.

[FRRDHIET, B /n O n— 1 IRGTERE LD —FRDAE D m IXIGER 3 22~ DS 13
m ARTEOREETERIN AR T 2 Z R385, LFTEOMEZEFIZHIAL TH L.

HiEiDEL 5 %2 T D F 5] k<.

n—m— 1 RGTBALERT S" "1 = { (21, -y Tn) | 22 -+ 22 =1} OEHEER
Zdo EEE =22 4+ a2 CEE Ty, x, PO E n—m— 1 IRIGH
AL BRTE EDJEREDORICE AT 5 &

dry A« Ndxy, =" Yoy Ao Adxg, Adr' A dw'.

oI, " o r = a2 CEBEMTE = \r2—af - a2 D
or'Jor =r/r'~1 DT,
dry A Nday, = r(r? — )= D2 gy A Ndag, Adr A du
RIZ z (i=1,...,m) O zi=x1/r (i=1,...,m) ITEBEHET L L,
dzy A Nday =" 11— 22 — o = 22) =22 0 A dr A du'

m

U 72735 T, BRONFR A fE R B R B p(r) (2R L C,
/ g(Zh...,Zm)p(T) dxldl’n

:C%)il /2 , g(zlw--,zm)(l—zf—---—zfn)("_m_Q)/Zdzl---dzm. ()
2+ etz <1

cgg)_l:/ " p(r) dr/ dw’
0 Snfmfl

Thd. o HMHABEL LT m=00EAEE25 V=113 ZOZY
£0, p(r)=e2)2m)2 T B LIZE 5T, n— 1 ROGEAIERI O ER I

~1
oo on/2..n/2 /2 n/2
/ dw = (27T)n/2 (/ ,rn—le—r2/2 dr) _ . 177' _ s _ nm
- , 2 T(n/2)  T(nj2) T2+ 1)

CREEIND (dw & n— 1 IROCHALERIE S" 1 OHEIMER). IROARXZ > 72

/ e 2 gy = / e’t(Qt)(S’m/2 dt = 25/2’111(5/2).
0 0

BOERZ r2/2 =t rdr =dt, r* Vdr =r2rdr EEBTNIXZONADNEOND. L
EEO, [T tp(r) dr IZHEIZ n— 1 ROTBRAERAI QMO FE LI 5 Z L Dh 5. U
72h 5 T,

o) — fSnfl dw _ (n —1 {kfnﬁé&ﬁkﬁ@ﬁ?ﬁ)

" fem do’ (= m — 1 IRTEALERIA D HIRE)

ZNDER Y DBTFERTH B
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EE A BBITRDE S IZEHEE NS,

224 422,<1
= / tl_l/z V2L =ty — e = ) TR Ay,
t; >0, Z:il t; <1
_ I@/2)m((n—m)/2)
I'(n/2) '

2DOHDEST 2 = Vt; LEBEWHL, i OEFESTIRORAZM o7z p; > 01T LT,

L(p1) -+ T'(pmsa)
L(pi+ -+ Pmt1)

= / PN (L — ot Pt .
t; >0, Z;ﬂ;l t;<1

AL D FIRIF AT VB e R— R B OB E F o< FAKTHS. & LLIFALE
B(pla“-apm—H) t%< C\.)_,

B(p1,. .., Pmt1) = B01, -, Pm—1,Pm + Dm+1) B(DPms Dm1) (B)
DT B0, A CHIHT A2 2235 TE5. EB t, =1 -t — - —tp1)u

W&o Tty 5 u ITEHEWT B L
B(pb s 7pm7pm+1)
1
:/ dtl---dtm_l/ du
>0, S <1 -1
tll)l—l . tpm_711_1(1 _ t]. L. tmil)pm‘i’pm-&-l*lupm*l(l _ u)pm+1*1.

INE D EOAR (B) BT B Z Db h b,
AR () &0, RY NVERERZR (27, 25 OS5 U

gn(21, .- 2m) dza -+ dag = 07(7?)_1(1 —2 = qu)(nfmﬂw dzi -« dzp

&0, o>0iLT, (", ) = Vo (25, 200 oreskB R

| m (n—m—2)/2
1— — 2 dyy -+ dy,,
( — ;y> Y- dy

DERSEZZ72 550, LT,

. 1 «—
Jim, (“Ezy)

n—m-—2
2

1 m
= €xp <—ﬁ Z yf)
=1

T =m+2DEE D = /2 P (m/2 + 1) 1 m BT DRBIZ S L\,
80y (") 7o |V TIRABW D L ITHEER &
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BT V™, Y)Y 0 o 0o Tm MIEDEBRDHEIZ LA S R M VIEREREK
ZIR S 58 ’9‘7&20%,
o |
o~ N sy Ym) dwn,
Co( /o) ﬁasnilg(w Ym)

1
HW/R g(yl;"'yym eXp( Zy7’> dyl

ZIZTC,vnoS" V={(y1,...,un) ER" | yi+ - +y2 =no? } IF¥E /no Dn—-11K
JTLERETH Y, C(/no) Ci%@ﬁﬁﬁ@%ﬁﬁﬁf% D, dw, \FZOEKME EOHBEERTDH
5. ZHIFPHEIZ IE Maxwell-Boltzmann Al & U T XK HIoNTH D, 28K o2 13HExT
IR D Boltzmann S kT 72 LRI N 5.

9.11 ZTIHESHEE—BRX—I0H
0<p<l&T3 nlZEADEKTHZ LTS, METUHRER B,, M/ 7 A =& —
n & p DZHZMHIZULEZDD LI

P(B,, = k) = (Z)pk(l )"t (k=0,1,2,...,n)

DN T B L THDIEEDD. L pEEZENET N np & np(l —p) T2 RMERK
%& i E[ WBpn] = (pe + q)" &725. BTN T A — 5?— n 2L THAEEZRD.
WCHUDMBRERL L D p 2 —EDEFE n 2 RELT D L, —np)//np(1 —p) &
1‘ Efﬁﬁj\fﬁé’ U7 D HERETIEBI NS,
TR = XA OBERIIATOED .
D(s+1)=sl, (§)=sl/(tl(s—1)) £HFEIZLIZT DL

t
1 (a+p-1) B a+ -2
B(a,f)  (a=DYB-1)! =lath 1>( a—1 )

BRDT, NTA=Z— o, >0 &R DH —FHR— X747 DSR2 AU
fa,ﬁ(p)dpz(wrﬁ—l)(wr?; )pal(l—p)ﬂldp (0O<p<1)
YERING. FEIE of/(a+ B), DB (aB)/(a+ B+ f+1) IEHD, a,f>1 DL

%Hﬁﬁfl_ip:(oz—l)/(a—i—ﬁ—Z) WZR5DTHoTz.
WRIZa+B-2=na—-1=k D& &, F—FEX— XM OMEREEREIL

eans)dp = ot D)o py 0 <p<)

R EIEE p=(k+1)/(n+2), 7BUE (k+ 1) (n—k+1))/((n+2)*(n+2)), &
BN p = k/n 1272552,

MU EDKERD S, APRB & n BINHEEL Tk B-728 &, ADBBIZHOMERIINT A —
A—MMa=k+1,B=n—k+1DE—FRX—XBHEIIULENR>T\WDE LALRT &HFRZ
ZERNonB,

S1y (" SR n THNL TR, n — oo ORBR TRl 72 BEHE A6 12 INH S 5.

82k ~np (n — 00, p 1F—) & 5IX, n — oo TFIME L BHHMEIE p TP L, 280UE 0 1IZPUERT 5.
83 314 T 9 4 DT
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9.12 PoissonDfmEH VY IDH

“IH A D 5 Poisson A EEZ S .
O<pu<n€e€Z THdEU, N, [FMILAITEE n, #EHR p=p/n O _IHSHITHED
REHTHB LT 5H:

(82 (1) () et

BERERZE N 2k =0,1,2,... 1220\ T

k
. R
F“]V _-k)«—-e MZE
72T & N 1IN T A=K — ;i D Poisson BAHIZHED £ FD.
TIHDAR IR D MEREEL N, & n — oo T Poisson A IZFIUET 5. ZHIXIRD & 5
RS 5. AR H 720U T p BIOFERPHEET L LT L2V, ZD72HIT
& N > OHALREE & 72 0 WANLIZHER p/N THERAPRETL LT L. 2oL
SHANREE D72 D ICRET D RROMEIIMERZEH N, TRbIND. u LHEULTN
DT KRERE Z, N, DR D MR 53746 1E Poisson 2 T EBET N5,
Poisson 237/ (X ALY 72 D IZHR W Z M2 ZRT 2RO LTk ffib
ns.
INT A—ZR— 1 @ Poisson FAADNFIF L 38T L HIZ u TH5:

> k o k-1
7 HE —ul —
(N D) = E[N] = ke “H:MME: = =
(k—1)!
k=0 k=1
0 k—2
E[N(N —1)] = p®e ™" v _ 2
[V ( )] = e ;_2(’“—2)! T

E[N*| = E[N(N = )] + E[N] = p* + p,
(N D) = E[(N — p)’] = E[N?] — pi* = p.

Poisson 7346 DRHERENIIRD K 512725

00 k
Bl = 1 eitk% = exp(pu(e — 1)) = (exp(e — 1))".
k=0 '

I & D, Poisson BAIINT A =R — p IZOWTHAEEZFEOZ Wb 05. AT, H
IMBREH L O, u 2 KRELTH L,
N—p

YT




78 9. ok B4 BRHERDSAIZONWT

VHAEHE [E B A6 VAR,

(N —p)?
1
TEEE 1 Oh A ZF3AITELIRITHE S 5
ROMERBEEH M CERSINDIMERS A% shapea=k+1>0,scaler =1 DH U~
DAL FERDTH - 77

Y =

e P uk

Srr11(p) dp = o (1> 0).

R p=k+1, 28U B+ 11220, BSEEIX p =k 1272 5.

ZDZens, BARMOBIITERD k M Z - 72722 61X, BALKRH 72 0 ITHEH
AL Z BRI DSEYIMME o DHEEMED shape a = k + 1, scale 7 =1 DA VBT L7205
TWBEARTZLIIGHEIZE o TIEET+FRITEMNTH D Z SR LN B,

BALRE D 72 D OBRAEKEIEONEIAMHEDN p O & Z, RREIE ¢ > 0 DA T Poisson 43
AafiiRd 2 & & KEIE T OHWZIZBHIZT NS HEDEE N, 1FNT A=K — ut O
Poisson 3D EFEZ 65N 5:

k
<HNf:@:eWAM> (k=0,1,2,3,...).

k!
etk a=k+1>0, AT = 17=1/t DH VDA DOMEREEHRBUTIRD L 512725
o (pt)”
fk+1,1/t(ﬂ) dp=-e Mt%tdﬂ-

ZORMDFYE p= (k+ 1)/t 1270, DEE (k+ 1)/t 12720, BHEEE p=k/t
2785, WA ka2 ot (o > 0 1EF—5E) DL E, t — oo THEHEHEHEIZE H 1T o 1TIX
WU, 47803 0 1IZIPURT 5.

9.13 EAXMRQEFRFEDAMLLRA
TSR A 51T DIIRHIE (T49) % S & 0 5 B B[ | BB F 237 LT 55,
o ElaX + Y] = aE[X] + BE[Y] (¥#EMH).
o f20751F BIf(X)] =0 (BN,
o E[1] =1 (Hit&fbsett).

ooz ZNIFTOMEZ I NoNRDDILENFERS.
MR X OFHE (WRHE) BPIAET DL IX E|X]] <o &2 ZETHB. TD
EE ux =LEX] & X OFES U IZHIFHEE T8 X O px WMFET DL &,

8497 A ZFMUE D XARTIE, N % BUAIE (observed) L IR U, 1 % HIFHE (expectated) &I L, T &
EETNTN O E LERDL, Y =(0O-E?/EDEIITELLZ LN HS.

85 LA S i 43 7 D &

SO R 22 (O, F, p) LRI X 2 HERZBE IS, AR X 12 [, X (2) p(de) EHIESE2
PBRE 2 JHAHEIN R L Y B ] & RDT
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(X — pux)? DFEHEZE X ODEREIPY, 0% L ED U, DEROTESH oy % RS & 1T
B DEE R IR RIZRD 2D R 5.

LU E[|X]] <co RO X D r IRDE—AY MHWEETZLF W, E[X] & X D
FIRDE—AVREED. X D1IRDE—RAY ME X OFH puy = E[X] TH Y, 2 KD
E—A YV MIDWT E[X? =0% +p% 7RDT 0% = E[X?| - E[X]*? £ 5.

WERZR X 12 U T ox(t) = E[e™X] 2 X ORMEREE IR, BERBUZ t 122\ T
— R BUZ 70 5 FRHEEDYSE U WIER A BUIHER 2 K08, MEREM X,V 2
FUMRNHZ2FRFDLE X ~Y 2ELZ2IZT S,

X Dr iR FDE=AY BT RCELET L & FERE ox () Xt =0 T r [
AR Y, oP0) = BIXY (k=0,1,...,r) £ 5.

X &Y 3HEEARO DR ER OWRERTH S L 95, 2D E Cauchy-Schwarz
DAFALY, E[|(X — ux)(Y — py)] S oxoy LB8BDT, oxy = E[(X — px)(Y — py)]
M well-defined 1272 0, |E[(X — px)(Y — py)]| S oxoy £7%8%. oxy &% X & Y D5
BT, pyy = oxy/(oxoy) & X & Y OFBIRE Y TR, AR OMEEIE 1 U
2785,

AT RETD [RZ MVOWEE] 12X U, HEREIE TR ML H\W7ED
R 0 LELLED cosh) IZHIELTWE. MEREK X 2N 0 1245 LD ITE
EATBEI U X — pux 1FRZ MVOEHUYITH Y, E(X — pux)(Y — py)] DSNFED KA
WTddZ L EIRTENE, MBRBFTHEALZ ERTRTERITLD.

WEREK -5 X; DHNILTH B LI, 4y, .. ,0, DDHWIZELRS L &,

E[f1<Xi1) T fr(Xir)] = E[fl(Xn)] T E[fr(Xir)]

WAL T B Z e TH D (fy T2 bIFAFRERKE). X & Y PR oiE X &Y oy
B & FHBIRREUE 0 1272 2 D%, I ESL L 72\,

Dy FNRNTA—R—a>0 2ROWELEHRTHDLLL, X ~D,, Y ~Ds THY, X,Y
I THBE9D5. ZDEE, HLE X +Y ~ Doy BRI D& &, D, DWERD A
FEEEEZROEED.

MEREH Xy, .. X, PHSITH B L E, ox,onx, = g ox, DTS, DRI,
Yp, = ¢ MEALT DT & &, D, ODWRDMAIIHENEZFE O LIZFAETDH 5.

STHERZ L & I MER 2SR (Q, F,p) EOEBETHEHR X Q >R DOZ L THS. R O Borel HHES
AZHUT ux(A) = p(X1A) LEDBZ LIZL>T, R LOMRHE nx WEFS. ux ZHEREK
X OHERDHEER. 5 LB ux W Lebesgue MIE DK f(z) L RRIND L E, f(x) ZHEREH X
DOEREEER L IR, R EOAHIEE g(z) THLT X & g DAKE g(X) £EL. g(X) bEREHUC
8%, glx) WEFGERRED & &, g(X) OHIFFHER Elg(X)] = [pg9(z) px(dz) EEDINE. X D%
BERE f(x) PAET 57251 Elg(X)] = [ 9(2) f(z) dx.



80 10. 8k fEE 7L Tauber BUEH & Z DG H

10 {J8%: B4 Tauber BUFEIE & FDIH

10.1 AEEDD Tauber BLFEE

EI10.1. f(t) &t >0 TEFRS N IEEBKETH2 D BEHEAD £ 72 FHFIENSE LT3
EIREL, a,a >0 THdHETH ZDLE

/Omf(t)dtwama (x — 00)

AN RGN

1

f(z) ~ aax™™ (x — 00)

MALT B, (ZORERDO NIFFTHROADWILZ AT 2 THALZEEZLTWS)
FEER. 9, f DEARADTH BGEELS . f BEFABDHEBTHLI L LD, FED
c>11Zx LT,

S L f0d e fOd - [T d

< 1
cr — - x—clx (1)
INDEk%E ar! TE|B L,
cx x x clz
o f)dt  J5 f@)dt Jo f@)dt 5 T f)dt
ar® ar® < f(z < __ax® ar® 2)
c—1 = aret T 1—ct ’
WRIZ =00 &THIELITLETY,
=1 _ . .. flx) , flz) _1—c@
- < L7 < <
c—1 — hggf ax®—! = hgf;.}p arx® !t = 1—c 1’ (3)
THlleN1&T5Z8ITEHT
a < liminfM < limsupLx) <«
z—oo qro! rsoo XL
135, WA
lim /() = q, 2F0  f(z) ~aax® ' (z — 00).

z—o0 qr—1

INT fARFEBDDGEITRTREZ LW RINT.

T f PRFVEMOGEZKE S, f PRI MOEEITIE (1),(2) TARESDOME %
WHZ U7AERBE o N5, wAIZ, (3) T liminf & limsup 2L T, RES DM & &3
WCURRPEONS. 2O LITERTNIE, [ PRFVENOGE IR T X E K RHE
RIZGonsZ ehbnd. B

8y <2 ol fx) 2 f(2!) BEOLT B &% [ LIFATVWD. FHibE
2 5720121F TIEEINEE CIEIREPE LAWY, BHEIZELETIDE ST
B AT DOWTEAEADEE 2T BT TE o< FAKTH 5.

89F(x) ~ G(z) (x — 00) Elim, oo (F(2)/G(7)) = 1 ZFEKT 5
N [FE () dt ~ ac*a® (z — c0) ZHNS.

DIZRRTE 2 L5
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A a, \ZHUT f(n) =a, 27T f(t) Z@ETNTED S Z 212X > TROFER
PEONS.

% 10.2. a1, a9, as, ... \FIEAEBS] TERIARRA £ 72 1ZHEFABEMLTCVWBEE L, 0,0 >0 TH
59H. DX

n

Zakwana (n — o0)

k=1

a, ~ aan®” (n — o0)

10.2 Laplace 1M Tauber & EIE
Stone-Weierstrass D ZHEAELLEH 2 HWNTCETREZRF D.

=R 10.3. ¢(y) FHHKXM [0,1] EOFFEETMHIEBTH L LU, gly) IZEHXE [0,1]
FOEHBT— ¢ € (0,1) TOARERTMHD KT i@%bf%é%@-@z@% & U, fixpR
glc£0) =lim~gglcte) WEFAETDERETS. ZOLE ERD >0/ LT, %
A P(y), Qy) T

Ply)=gly) Q) (O=y=1),

/0 o) dy —= < [ P)oty)dy < / 9(1)(y) dy,
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Zhi72 36 DBIEET S,

SERR. Sl 27 T HIEAEE Qy) DEFEDAZ REIE I, (g(y) DIRD DI —g(y) %
ZEZNE Ply) DIFEERIND.) 51T ge—0) £ g(c+0) BELTEW. (g(c—0) 2
g(c+0) 2ol gly) DROYVIT g(1 —y) ZZEZNIX KWV

o(y) BIAHTREAEIRDOT N = [ |o(y)|dy = [, d(y)dy B L, N <00 &7
% g(y) X [0,1] EERZRDT, % M >0 T |g(y)| < M (o <y<1) BAETHON
5.

EEIZ e >0 2HL5.

¢ KD 6 > 0126 LT, g(y) ZEMT 2 BRI g5(y) ZIRD LS IZED S
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9(y) (c=y=1).
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I
e
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|
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Q
—~
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SN~—

Mg Saw)EM  (0Sy<)
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Lo TWE. gs(y)o(y)] £ Mloy)| (0 £y £ 1) 22 limso gs(y)6(y) = 9(1)o(y)
(y # ¢) 72D T Lebesgue DYNHEH L D |

1

ggg i 95(y)o(y) dy = /g 9(y)o(y) dy.

IDZe%MoT,6>0%2+n/hE<ULT

Agmwwwgz%@wwwglg@ww@+f

LB L5z THL.
Stone-Weierstrass DZIHAGLER L 0 H 5L HAHH Q(y) T

3

QW —s) — x| S5y (0Sy=1

Zli7- 3B DPFIET 5.
COEE g(y) S gs(y) Q) 0=y =1) BHZLTED,

[ aw
/\Q )~ g o+ [ oy + [ ooy

<= [ o dy+/ Doy + 5+ 5 [ o) dy

=V [ ooty S+ g

1
_ / 9(9)d(y) dy + <.
0
INTRIRETZ EHRINT. []

EIE10.4. f(t) 1dt >0 TEHRSINZIEAMATHIKBTH DL U, a,a>0 TH B LRE
T5. 2Ok E

| emrmas £ @\
0 xXr
AN

1/x a 1

/ f(t)dt’v—aﬁ (z N\ 0).

DERALT 5. (VB TRAEHIZL FOIEHZ RviXbh5)
BERR. F(z) = [JTe™f(t)dt & B &, RE F(x) ~ af/z® (x \0) £V, k=0,1,2,...
XL T,

F((k+1)z) = /OOO e (e)* f(t) dt

a a 1

~ e x_o‘m/o e’ (e’t)kto"1 dt (2 N\0).
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ZZTIRDNRAZFH - 7=

1 1 et
—_ = AT dt > 0).
o F(a)/o © (c )

U7zt THREDZIHAKH p(y) 122\ T

| e Lo [T epeeta @)
0 0

2o T(a)
B [0,1] EO MR o(y) %
dy) = (~logy)*™ (0<y=1), ¢(0)=0
CED? y=e IZOANEGREZRD [0,1] EOBKEK g(y) %

() = 0 (0Sy<el)

Tl ey

LEDD. FE10.3 L0 AEED e > 01U T, H2ZHEAEK P(y),Q(y) T
Ply)Sg9y) =Qy) (0=y=1),

/0 9(y)$(y) dy — & < / P(y)é(y) dy < / 9(y)(y) dy,

1 1 1
/ 9(y)oly) dy < / Qy)ély) dy < / 9(y)dy) dy + ¢
0 0 0
EIITEDNGEETS. 20L& y=ct B L,
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0 0 0
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0 0 0
—h, f(t) 20 THBHZ L XD

/000 e ' Ple”™) f(t)dt < /000 e gle™™) f(t)dt < /OO e Qe ™) f(t) dt

0
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| et s
0
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PED2ODEEDHERZEDLYE, c >0 2W 5THENILTELZZ LIZEETIR
IRISENLT B Z D3 nb:
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) /0 h e~ tg(e”™) f(t) dt = /0 N e~'g(e" )t dt.

92f01 o(y)dy = fol(—logy)o‘_1 dy Ty=et B, fol Ply)dy = [ e 't dt =T(a) £72%.
DZEDD dly) = (—logy)*L a>0 DL [0,1] THMATHS L EDbND.
BZZT ft) DIAMEE>T WD,
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EREY R/ N ¥ (s
o0 1 o0
e "gle™™) f(t)dt ~ i—/ e tgle )t dt x N\ 0).
| et an~ S [T et (+0)
el Se ™ Lt <1 x IFAMETH D, t S 1z DEE e gle™) =1 72D, t>1/z D
L& gle™)=0%40DT, TS EORIKRD LS IZEHEEHINS:
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F10.5. f(1) 1 ¢ > 0 TEHES N EEEKTHRFRD £ ZERAMMLT WS L L,
a,a>0ThHhdedsb ZDLE
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y 1 OMRIZEZETZLIZE T, UL IFEEFIALVET Z 212X > TUNOFER
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a
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n=0

1 ~ t —t a—
~ T e , e o

4Pl E D Stone-Weierstrass O % I AT BLE B % {d 5 £ 5272 /57513 Jovan Karamata (2 & 5.




10.2. Laplace Z#1®D Tauber % & H# 85
ZZTIRORAZAF o 7=

1 1

OO —ctya—1
o —F(oz)/o e M dt (c>0).
U72D3 o T, ER DL AR p(y) 12DV T

- —na: a 1 > —t
> |

2 2 T(a) (x \(0).
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INTRIRES I LRI N,

N
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595 ZDLE

lim(1 — ay" = a
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zn:a ot a Nanail (n — o0)
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PEEZIIME 10.3 ZHOWEEREVERDPBEIZR S, ZOEMOFMEZ R2VwE, Y50 TCTa, 20
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Jovan Karamata I1Z & 5.
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EI 10.8. ¢(t) & ¢(t) =0 (t < 0) 27z 9 AERHEFEMEBTHDE L, a,a >0 T
hdLThH ZDLZE

ﬂ@:/‘a%wawﬁ (z \, 0)
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o E
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DALY 5. N
ZDEMORNRGEE LT, U IXEM 104 OFFH L R IZFEMOER2 7285 Z
LIZE o TIRDFERPBONSD.
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%10.9. \, > 0 IZHEFAEMES I THDL L, a,a>0 TH5ET5. ZDOEE

et (@ N0)
n=1 e

AN .
at

<4V~
#{n | =t} T(a+1)
MEANLT D, 52 t=)\, DHFEEEZDLILIZEST

T(a+1)\ "
A, ~ <$) e (n = o0)

(t — o0)

LELND. 0

10.3 Wallis DR & W IEsX D%
RE BRI (1— )2 = 5 any® (yl < 1) THG 0, 272D &
0 — (_1>n(_1/2) _ sG+1D) - (G+n—1)

n n!
o 1-3---(2n—1) (2n)! 1 [2n -0
B P ~22(pl)2 220\ '
4 DOHDOESTHTHRIZ 2.4 (2n) = 2"n! 2072, 61
n+1/2 _
Apil = Ay < Q.
i n+1

D AT a, FEEBEFFRDBINCTHS. (1 —y)23 7 jay" =1 D THR10.7 @M
HZEIZEL TRV ELNS:
RN AN (n > o)
“=om\ ) VT2 T A T
ZDOARIE Wallis DRR & FFIENT WS

9THE 10.2 HiX & 10.6 i TS L 72 & 1 7D Tauber BIE L IE Wallis DARD —#efb72 L AE 5.
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WERDANHTRE —=DDNRX—VIZDODWTHHL & 5. ZD7=OIZEMEES o, 1%
Wallis D AR DWHEZEE) a, ~ 1/y/mn (n — o0) Z{fi7zLTWD EMREL, pur = ara, s
EHEL. ZDEE RELD min{k,n—k} = 00 IZBWNWT

1 1

1 1 1
BTN T

LHRBDT,0<a<b<1ITHLT,

lim Z p lim Z 1 1 1 1 /b dx
n,k — _— = — -
n—00 ahimsh n—00 o<k Im<h T /% (1 o %) n T Jo A /:p(]_ — ZE)

WERB LI 7 (v(1 — 2)) Y2 do DYED DHERDATFER DG L IFIENTWD. ZD
KD IZIFIEN 2 BEHE 7 D RREMER DA EHBDIRD & S IS EKHBE TRDINDE D5
ThHs:

2

1 /® 2 (VT dy ,
%/oﬁ:;/ 1_2:;arcsm\/5.
Z DIERDAAEIFOD (z,y) = (1/2,0) THEEN 1/2 OHEA EO—HoM % o il LIz
HLUZHDIZFEL .

Z D & 512 Wallis DR OWHEZEE O E D S ER DA TRS. £ LT Wallis
DAXOWHEZEE L Tauber BLOEH (R 10.7) HHTHKS., —IR1IRTT VX L
U F — 7T W ERKIERNEE D L S R CEEIHI NS

WOERGERI & 0F TAAXFRS U IXARHED 0 TEROEZ R D L 5 A o
FTD1IMILT VELY A —2IZB0WT, FA &AM E > TV AR ORI OE G

D 5340 DIRF AT PR K DR THEER A IZPR T 5] WSRO Z & TH L%, #IEiX
£%®£%k IPBRORR I UVVEHEDNBEIZRS. R 1/2 TLEAIZ1 ATy 73O
CHMR T VR LY+ — 7B 58 ERkERI D 5 féz.ﬁ&Abﬁ A PR 2 L

WA BB 2 5. 2 2 TR OFOEEI LRI I Ui nwZ 22T B,

LirL, ﬁﬂiailfﬂﬂkiﬂlﬁﬁ%%ﬁ"ﬂil«l?ﬁ)ﬂiibfhé.

#{(xl) e {x1} na < #{k |z +-- +a:k>0}<nb}

n~>oo 2n / \/ ]- _J:
1 1 /[° dx

lim — dry - dx, = — —_—

n—oo 2N / / ! 7T/a 1/;1;'(1—;p)

—1<z1,...., zn <1,
na<#{ klzi+--+x >0 }<nb

Xy oIz 2, & o+ +a, >0 TFWTWsZ e (M=XLTH->
TUBHIE) ERIRL, (k| mi+ -+ > 0) BIPOTOSHHIDRS £HKLTH
0. 20 ma < 4k | bt > 0} < mb EIET B HHIOES DR o & b &
& < b LO/NSIWZ 2R ﬂikb’CL‘% T VALY — 2T B MIEKIERNE TRV
WERHIDEIE ] 2 n — oo THIELAMIZ LD ZEZ2RKLTWS

98%% U < 1% Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) O 20 fi% 2t &.
FHZZ D pp. 225-227 H7= 0 2 S WT LI D/ — b L OBBEP DN 21ETTH 5.

VB2 T ¥ X o+ — 2 OWIEKIER OFEIZ BIRAN 3 2 NI Z XA, flERGaE 5 8k, 20030525

B U R LE 152 XL+ —2 &< 0 2 AR I (2004) D% 1 EE2BBUTHL. IRES
*ﬁmé/méb\f’%@ Y —EABHBIEETENDRE L VO T, BERIFEDOANIZIEBETIDTE S,
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104 x—x24+x*—-xB4+x16—x%324+... Tx N1 &£95&7

Fa)=az—a*+a2'—2®+2% -2+ ... =Y (-D? (2] < 1)
k=0

CEDD. ZDEE x /1T Fx) 3RS 207 PURT 5 & U7z o2 DIUREDE L
1272 % 77100

IR T B & U726, TORNHLIE 1/2 TRIFNIEWIT RNV 2 IETIicbh”rs. &
B2 6,

F(z*) =z — F(z)

PEALLTWAERLTHS. I OIHEFRELTASD L, 2 2¥1 DL T F(z) DfEIF 0.5
PR DEWZ e bnb. 72 ZIE

F(0.99) ~ 0.494098,  F(0.999) ~ 0.500124.

Flx)lxa /1 T12ZPURTEDESLI0?
B an, s, f(z) %

Zanx, =ag+a+ -+ ap, f(x):anx”
n=0 k=0
LEDD. —RIC
Zanx =(1—-=x an
DL E
Sp=ap+ a1+ -+ ay,
LB EIERE L.
LRI T
Flz)=2(1—-2)+2*1 -2 + 21 -2+ = (1 - 2)f(2),

f@)=z+2'0+z+22+2)+ 20 +2+ - +2) +--
=z+ (@' +2°+2%+a)+ @O+ 2T+ )+

LIRH5DT, 5, 20THD. PAIZHLD

lim F(x) = lim(1 — =
xl/rri (x) xl;% stnx =a

EPCRT 27261, £106 (a=1) &V,

lim — E S, =a
n—oo 1

1005524 13 Z DRIREDIETE % Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
(FHEA T4 N) TEAE. i L G. H. Hardy 25 Z OE%Z 1907 £ I2f V726 L. Bl E T 1
a1 T F(z) A 0.5 OFFHZ /NS HERICIRE L TWaraRonsd. U T LOEHAT A
R CIISEBRIZHERIZIREIL TWA Z 2GS T W3S



https://www.uam.es/personal_pdi/ciencias/dragan/respub/Duren_Tauberian_Talk_2013-10_UAM.pdf
https://twitter.com/genkuroki/status/734774669069287424
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EPCRT 51T THS. Lrl,

4k —1
T T e e o A S [ I R R R R |
lim = lim = lim —— = -,
e 92k _ e 4k — 1 k—oo 4% — 1 3
4k —1
. Sot St sy 1444164440 T 2
lim = lim 1 = lim 3
k—o0 22k—1 1 k—roc0 §4k -1 k—o0 §4k —1 3

RODT, n Y0 sy lEn— o0 TPERLZRW. L7ehioTa N1 T F(z) HIPERL R,

10.5 Laplace-Stieltjes Z#t

DURIZEE 106 HiD 72D DHEMTH 5.

F(z) & R AR 2D BFHIEHD 2 TH 5 LIRET 5.

512, BUDB limg ., o F(z) =0 & lim, oo F(z) =1 BENZLTWAR S, F(z) &
RIEEERDEHBD U IFHRIZDHBEBEEIZ LN HD. 2D L & F(r) OfEIE Tz M
TOMEIZ R BHER] 2RI N5, AR T F(z) DRBEHERS AR R > TS &
FARE U 72,

F(z) WHEFERDTHEZLh o, FED v € R IZBWVWT, E»SOMR F(r —
0) = lim~o F(z — ) WEETEZ e hbnd (LIZTERBREROEASAIT ERZRDO)
5). X5 F(z) BAEFEDT F(z) = F(z+0) = lime, F(z +¢) DEIZLTW3.
Flz)—F(x—0)>0 L2 ZELHH F 2 o TRERRZLIEEMBTHS. T4hb
B F(z) EARERR 2 T F(r)— F(z—0) >0 DA EIYYy >y TLTWE. ZOZ L
» 6 F(x) OANERERIEE2 AJRETH LS Z &R 0n s

F(x) \ZB89 % Lebesgue-Stieltjes fi 77 1%

pr((a,b]) = F(b) = F(a)  (-o0Sa<b)

Z 723 Borel HIE pp (—ENIZHFET D) ICEHTHIHA L L TERINDS. Thbb,

Borel 84 A 12D\ T
/f ) dF (x /f o) i (de)

L EZ, TN % Lebesgue-Stieltjes B LS. HIE pup(de) DO DIZ dF(z) &FELZ
EME. Flx) Mo =a TERHRI L E pup({a}) =0 XFAMEIZZRD,
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DI L TWE. 2DOHDES L a=b THhD xv=a T F(r) PAEKRE LR
ZEIZEZEEL LB R LD Borel HIE p PMEED 2 € R IZDWT pf(—o00,2]) < 00
7z L TWA% 6K F(z) = pl(—oo,z]) &L & F(r) 1$48 k7 BHFERADEKE T
lim, s o F(z) =0 272U CED, u=pp BDEILLTWVWS.

WP (z) A3 ERE (B U < IFEMA 5HEE) TH 2 L1 lime g F(z +¢) = F(z) PEMLLTWSZ L TH
5.
102p(z) PHFRIERD L 1E o <2’ BoIE F(r) S F/(2) BRLLTWARZ 2 THD.
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X[ [a,b] (a < b) (28T % Riemann-Stieltjes 731 [a, b] D53
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TBHZeWbnd. X612 e u(dr)/M(o) DHERHEZEDH D Z Lo, %< ORED
WRHEDGZEIIIRET DI bbn b ]
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v ISHERPETHL LIRETES. ZOLE fEED s Z 012/ L TZEN S D Laplace &
HUIARZEIZIPORT 5. FMEEH f:(0,00) = (0,1), 2~y Z f(z)=y=e" LED,
(0,1) LOMERHEE 1/, %



10.5. Laplace-Stieltjes 2 # 91

‘Awewuw@:iéwewyw@

B &S IcEEEE NS (BHRED):

LD B 10,
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DN LU TWAERETSD. 20L& u({y}) =0 &I RTDE ye (0,1) I28NWT
Tim 12, ((0, 9]) = p((0, )
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/O P(y) pin(dy) < p1u((0, ) / Q) pn(dy), 3)
[P utan) - [ sty >u<dy>]§c>e,

i)~ [ ot )| < = )
W2z (3)T(1)ZHWS L
1
/ P(y) p(dy) < liminf Fy,(a) < limsup F,(a / Qy
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DFFIEIZE TS (0,00) LOMEZ (0,1) EOMEIZB T S4HE 10.13 1I2wETES. [
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c>00D&E, M(\) Ol Z8) 24 5K EL D,
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M)~ AL
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£(@) = f(a) + () / "oy + / " da / N ) das.
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/: dxq /;1 f"(x2) dag = /a‘” (/:1 1" (xs) dxg) dxq
PN S EAEE RO, & 51
Plaz) = @)+ [ £ a) da

AT S

ﬂ@:ﬂ@+ﬂ@/wﬁﬁ”hﬁm/d@ﬁﬁm/ﬁ@/éWMM%
X5 UEER S 5 D BT Y

f@=ﬂ@+ﬂ®/@ﬁ%“lﬁm/ﬁ@+ﬂ /@%/mﬁﬁ@+m

- / d, / d; / dy / £ (2y) das.

PAEDEHRE % fi 1 DX IRANIZIR DI T 5 2 & 3o 5

Tp—1
Z fP(a / da, / dxy - - / dzy + Ry,
Tn—2
R, —/dajl/ dxs - - / dxn_l/ f(")(a:n) dz,,.

R, ZRIRBELIER. DL EDOEE TIZRE D OFIEME L i > TWhgn,
PR DB IRFEDELAT DO & S ITIHFIZ (IRZIZ—D EOREMES Z 212X -7T)
RAIEIHEINS:

/dxl—:v—a,

x N2
/dl’l/dl'g /(xl—a)dxlz(m 2&)’
* T (1 —a)? x—a)d
/d /dazg/dxg /G%dxlz(?)!),

Te—1 x1—a)k! x—a)k
/da:l/dxg / dx), = / (1k—1)) d:)slz( o )

r>a D& E, ZOFEMERIL E RGTCLHEROERED k! 45D 1 2EHRLTWD

o k=1DLE BHODMEIFMD {v1|alx, Sz} DEIITRS.

T 1 T 1

074 D 1 / a:l/ das [ (s) = / / f(u)du) doy LS ERERAVTS L\, Z0OR

FLED SN BE OGS 2 TR TEMIZHFE L Z L ZMEL TVE2DTHRD HVWnEEL S5 AL W»
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o k=2 D& T FIXHEDDMEIXIEN (a,a), (z,a), (v,r) ZFRDOEMA _EFL =M
{(@n2)|aZa S S o}

DER, TbbEHOME (¢ — o) DERTHS. BT HRBIEIE, 20 < 21
BT (11,100) DAILDWTHAT 05 TH S, EHBRROTHREBES 728
Cili T § ) %{%7’;3— (I1,1'2> L’)L\VC%E/\DE 7L7J’L i\l\ j'tﬂll\

o k=3 D& & FXWIOMEIZIER (a,a,a),(x,a,a),(z,z,a), (z,z,z) ZFRDVHUHEAK
{(Il,xmxs) | a<x3 S w9 S 1y §$}

DIRFE, TROENLAGEROEFE (v —a)® O 3 D 11275, 3 D 1127325
HE, 23 S 2y S 2y 2727 (21,20, 03) DAL DWTHEA T B0 THD. VL
EERDEEZGEE7-2DI21F 253 < 29 < 27 DUANDIEFIZWATVWETNTO
a < 21,20, 03 S 2 WZDWVWTHED UARITIUZWIT RN, 21, 20, 23 DIEEUE 3 fH72D
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o —fRD k DEEEHLLALLFERTH 5. FIRED DMEIZTHA
(a,a,a,...,a),(z,a,q,...,a),(z,2z,q,...,a),...,(x,2,2,...,2)
ROk IROTHKS
{(z1,29,...,21) |aSap £ ... Sy <y <2}

DIRFEIZTIRD . 21,29, ..., 2 DAERFTOMRENE k! 3B RO TEIRED DX kIR
TENL R DIRTE (2 — a)f D K 3D 11275,

PLEIZE > T Taylor BEREDBEDODRBICEENRONZIEREBAKRICA > T4b5,
1 @ k B DZFIRFED DFERT k RGN STRDRTED k! 430 112725 D THERNZ k! D38
birsd.

U EDF & o:

3

Zf i_a) + Ry,
=0

R, —/d / dan_ 1/ £ () dan.

INZEFESFERER D Taylor DFEEBEFERZ 2127 5.

ER.RDELIIZEZTH IV, n BOEXKE ) (x) % n BIZFXESTUE f(z) 215
LNBIETTHD. L2, BOoEBEZEZERINEL 21220 T n— 1 IR ROEBREL S
ZelZiB. TOME UTFTDOLS BARNESNG:

f(x) = ap+ ai1(z — a) + az(x — a)2 o tap (T — a)n—l YR,

108 5 4Ry, = faTY, PR k JOTHiE k YROEHAK (simplex) ¥ RS,
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ZIZITR, FEDLSTEEI N (2 ) n BZEREILEZHDTHE. ZORD
W% k=0,1,...n—1 MO LT ar=a EBFE R, ORKBIHEIZ0IZ/2BHDT,
f®(a) = kla, BRSNS, TS ap = fF(a)/k! TH5.

PLEDFEOML I, BRI f(z) = Y00 an(z — a)f EBEWTHHTZE#E D K UHS
LCTao=a BT LITEoTa, ZIRET B AIELFEUEZD, FIRIHE R, OIERDHRE
IZH D5 TWB DT Taylor SR AL DRI B 2 5RERIN 72 F vy THVE U7\,

Z D& S IZHEIARES & D Taylor DEHIE [n BOEEKE F)(z) 2 n BZRRED TN
LD f(z) BWEONDIETE] LWIEEIZE L ERBFEZANORBEILBFONDD
Th5. 0

11.2 FRIEOMEIMED LA S DOFEH & Taylor BRI D E4EH!
FIRE R, D’n—00 TOWPEET B 561F
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MHANLT 5. TNZEEHE f Dz =a 2B} 5 Taylor BR & PRI,
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5. FRHEOBKNZILZEDE D & D & FREDHIED LA OFE,l (R) DFA &K <
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72 & 21X M, BRIEE DY n OFEEREFEE 7R & X Taylor JBBIFINK T % (A"R™ /n! — 0).
ZTDI N6, e, cosx, sine D Taylor BEANED X 57 a, 2 IZDWTHHEIZIKT 3
ZEDNEGIHENPDOND:
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k=0 k=0

_ M|z — a|™ < M, R" R)
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1093 — 0 1281 % Taylor EFI % Maclaurin JEF L IERZ 223 5.
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IR®D Taylor EH® K < flibnb:
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R H % 58 A 72t & Taylor DB % FEHA U 72354 L ARRIZ Z O R 280 K LW E 7
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Tk FHEIERRE T | 2O LD IZEDS:

T[A(t) ... A(te)] = Altoq)) - - Altow)): o) Z -+ Z to), 0 € Sk
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SHICHRIZ T | 2B MO T Z e 2T NIFRO LS IcHESEIND:
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ZDORDORARIFYHOARE R ETHAING.

DA ECER U 724 0 FiRE A D f#IEIE Picard DB ALK 2GE5TH S, T
mH B EDOHFFERFIMEOLEIZBEATE S, 2D &K 51T Taylor DEHDZF IR
12 K BEEIHEE Mo TV, SR E S R A OZRIRMRATEIC X 2 RES 3 I BV
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11.4 W2 EIRIEE Taylor DEHE

BN TR S NRIAREZ RO Taylor DEHZ M > TWBEITTHS 2WZ TR0
W, %< OXERCRIAREZ EMOEKBTRRTEIARDE K EbNTWE DO THHEIZ
BALTEBEZS

Cauchy OFHEDERE : FEEK F, G BMEDARETH D F(t) # G(a) THDOHENR
IRV (F,G)WaktDHWETHERLTO WZRSBRWESIXa L t ODBWEDHBHE
B t, T

i3 HONEET 5.

ZOEMMBERNLT B Z &k, xy FHEIZ (F(s), G(s)) DO H#RZ FHN T, 5 (F(a), G(a))
R (F(1),G(t) ZAESNERRE HE R MVOSEITIZ R DR t, OFFAEZ SR
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F(t)=(t—a)*
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2
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3
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_ ( 3) — " (a) y
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f(@t) = fla) + f(a)(t —a) + f"(a)
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(t —a)®
2
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3!
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279 DDOFEMNEHE N, 20T 4 [ W EE2 BB 20 BIARERL O
Taylor O EHAFEH X 7z,
SO EDEEFDS LADS 2FHDESDLHL (%) D t — a TOMRIX
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o DFERE Taylor DEB L IEIENS.
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