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4 1. AU AEICET 2 dU0MREREH S D B

MEALL TV L 2D/ — h TR ETEYNCH VY 346129 2 Ul E A S Stirling
DARMN EW IND L E2HHT D, TO®KIIKL L GIET Stirling DARZ E T
5. FEEN DA R iEmIE U R,

2D — s DOBEONERAETIXBH DO FMBREROMH 2178 5. 2D — NORAKIEF
AT D Gauss B AP, Y T EEAM, N— & EKEBAM, Fourier fi##r AfZ72 25 Z &
ZREMUTEMN ML RBRDOETEDTHD. HDOSFOHTHEDSFOHTHIH L -4
REMD ZEBL VD THEIIFELTHLY. EAMARGEE UTHLUWVEL MDA
WZkIZ9 5.

2 0.1: Stirling DA AT & 2 BEFE DL

| n | n! | Ay =nre™V2mn (%) | A(1+1/(12n)  (@%/n) |
1 1 0.92--- (7.78%) 0.9989 - - - (0.10%)
3 6 5.836 - (2.73%) 5.998 - (0.028%)
10 3628800 3598695.6 - - - (0.83%) 3628684.7 - - - (0.0032%)
30 || 2.6525--- x 1032 | 2.6451--- x 10%%  (0.28%) | 2.6525--- x 10%* (3.7 x 1079)
100 || 9.3326- -+ x 10'°7 | 9.3248--- x 107 (0.08%) | 9.3326--- x 107 (3.4 x 1077)

F0.1Z2RBNUEDDD XD, ne V2 12L& D n! OELOHEEE, n =3 QBT
TTIZ 3% 2U>THEY, n=10 DEETIZ 1% 2Y>TWd. I 51T 1/(12n) THIET
5 LEFBIFITNI KR n=1 DEBETY TIEMDIRAED 0.1% FEE & 2412/

TN
\/271'(

e

1
1+— ] =09989---~ 1.
+12)

Z D & 1 Stirling DARNIFFEROELAARN L UTIHEEIEZTH S 2

1 Ao HICETDIHOBREENSD “EH”
HY DAL IIIRDIERBRE R CEBINDIERNAHEDI L THD 3.

ef:r/rajafl

far(z) =4 Tla)me
0 (x £0).

(x > 0),

V3 HiE &
2Gergd Nemes, New aymptotic expansion for the I'(z) function, 2007 (ZFEFEDIE 2 2R RO IR
Nd. 722 21X Nemes DA

1 1]” 1 1 "
- 27 = n"e""/2 1 — 4+ = ...
<n+ 12 — 101+> e] e m( T 120z T Taa0nt T )

(IO THEFZZEURATH 5.
SAVSEBIE s > 01 UTI(s) = [y e "2 Hde LEHIND. HEDFFIZEI-oTI(1) =1 %,
AL T (s +1)=5s(s) ZREDIDT, 0 A LD n IZDOWTI(n+1)=n! 25,

n! =



http://www.ebyte.it/library/downloads/2007_MTH_Nemes_GammaFunction.pdf

ZIZTar>0FArx4 \?E’Z’H%df)él\7)< R—THd* AFEEDZD a=n >0,
T=1DGEDHUIRHDAERD 7201 f(x) = fui(z) &<

e—xxn—l

fM@Z—?@r

%fﬁ B f(2) TERBINDMHERER % X, LELLZLIZT S, HRLH X, OFY
EAW o2 \FM ST n 12485 5

(x > 0).

Hn = E[Xn] = /(;Oo xfn( ) = F(?(Z)l) =n,
e A

= E[X]] — pp = n.

ZATHERZH Y, = (X — 1) /00 = (X, — n)/y/n DFEHENEIEZNTNO0 & 1
Y, T OREREEHRE

e~ W) (\ny 4 n)n
['(n)

\/ﬁfn(\/ﬁy + n) = \/ﬁ

2850 ZOMEBEHRBTy=02cE<L

el pleT/n
Vifu(n) =/ T(n)  T(n+1)

8% . n>0NEHOLET(n+1)=n BROT, ZTHH n — oo T 1/V/2r IZPHKHT D
Z & & Stirling DA XD EALIEFMIZER D .

AYIPHEPHEEZHE LTSI &Y, HLMREMZEHTELDT, R ED
E%EX@LT& (,0( ) jfb’C,n—M)o DR1

Amwcif)h(Mx:Am()JVMJE+ndy—+/ «ﬂ;dy

o(y) ZTIVEEE S(y) \OEMNIT R Z L& > T (TROLMREZERKID y 12 0 ZRA
TBHIEIZE-T),

e "t npltemy/n 1
Vafa) = Vi = gy e ()
2195, ZOFERIE Stirling DANARD KA = EKT 5.

PAED B DR CTHEREERBO y 120 2RAT 2 A7y FITE@HERIZE vy
THRHd. ZOXF vy TEMDZ-OIIFHOMBRERZ 75y 7Ry 7 2L UTHHT
5D TIHZA L, FULIRE B ORI 2 W ZGEIC R 2 B EXH S, TD &K D RGEEH
DFHEHZIDWTIKIRDEHi 2 L THEU .

4o 1% shape parameter &, 7 1% scale parameter L IFENTWD 5 LW, H Y I DMHEDEY & HEkiEZ
NEN ar & ar? 127485,

SHEREEEL f(v) 2RDOMERLE X 1T U T, HIRHEP KA Eg (X)) = [g(x)f(x)de LEEX
1, S’Zi/?jfﬁ,u:E[X] LEHIN, DD 0% = E[(X — p)?] = E[X?] - p? tﬁ%*m&

% ﬁ%uxm%fﬁﬁTﬁmf()ma% HEREH Y 2 YV = (X —a)/b LD L, Blg(Y)] =
Jr9((x—a)/b)f(z)dx = [, g(y)bf(by +a)dy RDT,Y OMERIMELUL bf (by +a) 1285,




6 2. NN DORMEREZ W ZRER»5DETY

2 AVIDHEOREERBZRAWZRRINSDEH

FTAC I MBI B & () 2 7 5 w 27 K w 27 2 & UCHVT Stirling DA% “3 7
L7z, UL, 20 “BHP IZIREINA X vy Thd o/, ZOX vy TS 201
V2, DB S R RS IR M B (SR B D3 Fourier 258 O Fourier 48
BTERTE LIk > THPAI NG 2 & 2 BOHTREND D

ZORITIE A ¥ 7 A5 DR B % BB D Fourier 24 TEDTARE INT,
BT Stirling O AR F T 2 7

2.1 Stirling DA DEEEAR

H Y3 DHEREERE f,(z) = e 2" /T (n) (x > 0) ORPPERE (¥ Fourier Z5#1)
Fo(t) IZIRD KD ITEHR I NG 8

F.(t) = ite - dr = —(1—it)z,.n—1 dr = )
0= | e tads = g [t

ZIT, BB EOEFZEL o IT/HLT

1 o 1
- / efattnfl dt —_
T'(n) Jo an

LB eflio. ZTORAIE Cauchy DESEH %> TRES Y.
Fourier D HrNA &k 10,

e Tyl 1

T(n) 2«

00 ) 1 00 —itx
e (1) dt = c

Jul@) = o ) At

dt (x > 0).

ZOARI ZFRHTU £ 2L Stirling DRAXDIEHIZS U,
ZORANEY t=/nu LE#BRTDZILIZEST,

ne "y n [ et L e
\/ﬁfn(m:ng Oo(l_—l't)ndt:%/ (l—zu/\/_)

Stirling DAR%E FEHAT 5 720DI121E, 2D n — oo T 1/V21 IZPERT 2 Z L 2R3 IX &
V. D7D IR DB DR N & S

1 e log (1- 2\ —iuv/
og———— = -nlo — — | —iuyn
S0 /) T

X u2+ 1 u2+ (1)
=n|l—=——+o0|— —uy/n=——+=+o
vno 2n n 2

THFIE Z OFEHEE https: //V\ ww.math.kyoto-u.ac.jp/ nobuo/pdf/prob /stir.pdf % R THI> 7.

SHERDMWIINT A =R — n IZDOWTHEM 2R D Z & L RMEEENH 2D n ROFIZARDZ Z LT
FETHB.

9 Cauchy OB EHZMHHLR TERED. EillE fla) £EL L, f(1) =1 THOHWABEAITE -
T f'(a) = —(n/a)f(a) L72DZEDRDLMNEZDT, TORANMELND. EOFEEH o 1Zx9 2 ZDaAE
t=a/a LWV EBBDIZE > TAZIGEING.

WFourier O KER/A R DFEH DI DWW TILE 5 fid SHEE &,



https://www.math.kyoto-u.ac.jp/~nobuo/pdf/prob/stir.pdf

2.2, IERULI N2 T 2~ 73 AT DR B A D 2% mUDUR 7

U7ZR>T,n—o00 D& X

&Y, n—o00 DL E

n"e/n 1 [ eTwVn L[ e 1
(n) = ——— = — - du— — RS T —
Vifu(n) T(n+1) 2n¢/¥0(1—¢u/v%yz1L or )¢ Y=

LRDIEDDOMD . BBEDE ST IRICIEDFE o IZH LT
/ e/ du = Jar

B IRV 2 2T Stirling DR X v 7z

2.2 ERIEINTEAVITDHDEERZRERBDE KUK

MERBEEH fo(x) = e 2! EROMERERE X, LHELLE Y, = (X, —n)/vn
DFEHENHZTNTN0 & 1 IZBRZDTH- 7 (Fiffiz R&). Y, OHELRHEREET

ey ) et (L 4y )"

\/ﬁfn(\/ﬁy_}'n) = \/ﬁ F(n) = F(n) 1+y/\/ﬁ

W85, TLT,n—oo DX

mg(ewmy(1+g§%)n)::nbg(1+~§%)-—v%y
(L) e

BOT, n—o00 TeV¥1l+y//n)" —e V2B X5 1+y//n—1282.
ZAZ, IRDRANL T D Z & & Stirling OANIKFEMEIZZR S:

e VWn(/ny 4+ n)"! R eV /?
I'(n) V21

TRDOD Y, OMEREERBUEETER DA OMERE LRI A RN 2 Z & & Stirling
DRAXIKFHETH D .

FT YA DN THER B D £ DR D L AL THUDMRBRE BEASEAZ L T % Z
& & Stirling OARIXF UEIIZHD.

Hpg2 Z3EBH U 72 1 U, 72 & Z21E Lebesgue DR EH % (i 21X LW,

22 AR Gauss A DAR [T e dr = T Tz =u/ya LEHPEREEHBTNIEOND.
Gauss ADARIEUFOE S ICUTHHAING. £ll% [ bBLE P = [T [ @) drdy ThH
D, 1213 2 = e ) D25 7 LM 2 = 0 THENA UNIPROFER] OWRFEE LRI D, T/
DET 0< 2z S 1IZBITLWHMIE —7log 2 TR D DT, TORMEIK fol(—wlogz) dz = —w[zlogz—z|{ =7
8%, WZAIZ T = /r. Gauss MO RRDOARGEBR L ZAIIHEARNHTRLZEZIATHY, LT
DEFRBHTHKDZ L ZATHD. UNLUEDOZEIINIDKEKETH 2 Z Wb hNIE, TDEI 2 TOW

HEABOMIC LD Z e NEMAR 7 BN TRIEHAP DN L. FHRIZRDDIE T TOE D% EREHE
LZDTIEELS, P DL%3IELAEZNSGTHD.

\/ﬁfn(\/ﬁy + n) = \/ﬁ




8 2. NN DORMEREZ W ZRER»5DETY

Y,, ODHESR 4 A B B EHE TE 1514015 O HESR 5 1 BB 4% DGR % 2 & O MIE
Jf(n) QU & AR £ 512 LTRLND:

\/ﬁ /oo e—it(ﬁy—&—n) 1 /oo - —zt\f
g AN B .- wy__ €
Vs ) =0 | g =gy Ry
T [ _. 1
— e~ M2 dy = eV (n — 00).

21 J_ o V2T
RBEDES T, Cauchy DFEEHLE Y 13

o0 o0 —0o0

ERBZEEHN.

ZDE DI, AV~ A6 OMERE BRI DO RMEE D Fourier 2112 & 2 Rm % i A 13
TR I D A PR D L X)L TOHIMBIREH 2 A A IR T 2 &N TE, TOREHRIZ
Stirling DR & [FfEIZE > TV S.

2.3 HUIHHEDOEFMERE E Fourier REEAI A A WA WAE
HUEHBOERELY ,

n!l=T(n+1) :/ e "z dx.
0
BAZEB%Z x=n+vny=n(l+y/y/n) IZ&>T y ITEHT DL,

nl=n"e "\/_/ (1+%> dy.
w21z
e ) = {em(lw/\/ﬁ)" (v > V),
n nne_”\/ﬁ7 " 0 (y < _\/ﬁ)

LB, ¢ = [T haly)dy &85 loghy(y) D y =0 1ZFF% Taylor EFIZEL ST
log h,(y) = —y2/2—|— o(1 )(n—>oo) ERBIENDOMNBDDT, limy o hn(y) = e V2 &7
52N bnd. XIHI

o

lim hn(y) dy:/ e V12 dy

n—o0

LS FED EHERONERE DL % RT 2 EMNTEIUE M, lim, o0 cn = V21 BELND.
9740 H Stirling DA

I n 1
m —— =
n—=00 Ne~N/21n

ISR % b < TERBIHM I NG, 722 21E, e~ D Taylor B % KA U CTIHMALS & F4T
UTHAATES. B U<, WD f/(y) = —yf(y), f(0) =V2r 2L T2 I enbbEmrhd (£
WU TS Z IEH AL THIE D2 D). Cauchy DR EH % £ 2 X RN u + iy (u > 0) %
v>0 CEIMZZERMYE2FETULAOLFAL LS ICRAZHPEIELNDS.

Ly >0 T hy(y) S hi(y) =e V(1 +y) B, y S0 T holy) < e ¥"/2 BELLTWB DT, Lebesgue D
ARG % 2B IRT ZEMNTE S, Lebesgue DICREH Z DR TE | |yl £ M T h, P—FRIN
KEZZ L 2HVTRTILETES.




24. BHEWRIZAA 2RDHEVIERDIATELUTE S Z L EOMRK 9

NESND. Z DHHE T d NI Fourier B O RIERII B ETIZR RS,
FE 5 LR DIEFF 22 # % Lebesgue QIR EH TR 72D IZ1E

L(y) =
Taylor DEH LY, K y> —/n TLIZHD 0<0 <1 PFIELT,

2
Yy 3 1 " 1
Ly)=—%+Ay,  A=10(0y) = :
(¥) y 3! w (0y) 3vn(L+0y/y/n)? =0

2
ZED limy oo ln(y) = —42/2. DRI limy oo ha(y) = e V2 L B2 ZERNDND.
yS0DEE AP <0 BDTL(y) Se ¥/ LBRBDT, hy(y) < e v'/2

y =0 LIREL, [1(y) =log(eV(1+y)) & L,(y) (n 2 1) ZHIEL &S . £91,(0) = 1,(0)
Thb. TUTU(y) =—y/(1+y), I.(y) = —y/(1+y//n) DDREZHETZ L, /n 21
IV 14y 214y/y/nBOT, Iy 21y (y20) £83. YRIZ, y > 00D X
L(y) 2 1.(y) £8%. TRDS h(y) Shily) =e V(1 +y) £ 55,
INTRIREZENRIN

24 BHENMKELQHA2ELSGHVERITTEUTES I & EDER

WL RN AT D WERZ M n HORERER X, X, 1DEDT Y, = X+ +
X2 CEFBINIMERELY, OMERDMEZEHHE n DA 2T DH LTS

HHE n ORA 25N shape 28 a =n/2 Tscale X7 =2 DAV I FAHITZFEL.
FRZEHEE n DA 2 e A ORERE BB

e_y/Q n/2—1

ey (y > 0)
fn/2,2(y) ={ T'(n/2)2n/? )

0 (y<0).

IZRY, TOFESEIETNT v n & 2n IZ8D. T8O,

0o ¥/ 2yn/2-1 ; ) ) e~ @i+ +al)/2 g J
/0 g(y)W y—/7L9(w1+-..+xn)—(27r)n/2 Ty da,.

COEEEZRTZOIE, AVINAOHEELID  n =1 OHE&EE2REEX+HTHS.
n=1DHEEDOFFEIIAREMNIZH Y AR L T(1/2) OBRBRZTOEDTHS. EEE 2 >0



10 2. AV DAADOREREZ 72 RR 2 b DEH,

Tuo=y LEDEBZERTDHIILIZEST

00 ) e*"”2/2 p ) oo e~ y/2 y71/2 p ) efy/2y1/271 p
BEDOFESTI(1/2) = 7 2Hio 7.

Mt ZOMATIE, HHE n 2 KELTD L, 1 2F/O/MHEIETEED n THED 2n D
ERDAEIZP > VIEMN K ZENESHOENT WS, TOHEIXN V< 4346 dBER &
HZDEDTHD. TUT, HIEITRU 72 & DITIERUL I /2 T > < 5345 D3R 5B A
PEHEER DA TS RUIRT 8 & D FER & Stirling DA RXILFEE ([F U S OFER) 2D
ThHol. AEZFLDDLIMDEIIIIEFTAD I LD B!

EHE n QA 2 i % RTINS 0, 08 1ITIERET 2 & & n — o0
T T DR F 2 L BB HE IR B 53 A0 DT 3 28 FE B BT DUR 97 % & S G
WHWTELHOENT WD FERIE Stirling DAXNEFETH 5.

Y 5IHEH R L <o TWD A, Stirling DARIE n — 0o THA 2 FBOMMNIEH D
HIEDLKZEERUIEZERLTWS - oTHW.

2.5 —ROZEDHOBIREREICEEY B KB AR

—HE D356 O HUDMB R EFR 1T DN T RMEH S Dy D I RS 4 5

X1, Xo, X3, .. (ML THEUWVERS A2 OWRLEHDFN THDLTEH. IHITTH
SIEFY = E[X,] L8 0 = B[(X), — p)?] = B[ X3)? — p?2 22 L IET 3.

Y, = (X1 4+ X, —np)/Vno? LB LY, OFEEHENRITNENO0 & 11285,
ZDYEn — oo DIBRT Y, OMERSMAHE 0, 28 1 OREHE TR (HY) R
R C)INRT 2 &\ D DD HUMEREFETH 5.

FUIRDHRD D X), % (Xy —p)/o TEHIMWRADZZILIZTDH. ZOXDITESIHAT
EY, 3EDLLRN. DX X, OFEHEFEITTNTN0 & 1IZRZDT, X, DFF
PEEE % o(t) = B[] &L L,

2

ot)=1-— % + o(t?).

Y,=(Xi+ -+ X,)/yn £BLLY, OFEFLHBETNTNO0 & 11248, Y, D
MR RBIR IZIRD & D IZEHRE I NS

B[] ]ﬁlE[eitW] s

tz 1 " —t2/2
=({l——+o0|~— —e (n — 00).
2n n

W ZIZ, Fourier DRERARE Y Y, OMERELHBC f.(y) &

Bt/ /n)™ WAFES R 513 Y, (BT % Fourier KEEARDKERIXHBUZ 2 5 M8, WS THRVGAIC
IEHIEIZ R HIEDOINREEZR D ZLIZR5.
16—fiZid R LOMRAEIZRD.




2.6. IHZAT D HUO R E B 11

2781, 2K n — oo CTHEAEIERTI A O = 4 B2 B 4K

00 2
* e~ite=t/2 gy = v
21 J_ o V2

PR 2

2.6 “IEA®WOHOIBRER

PAETIXRER DA D DEY)ZREETOPER] ICDOWTIFEACMEFHFL Bho7z. 2
DEITIEE DRI DWT ZIHS A & B W T RHEHIZHIE S 5 18
X, BTN T DHERERD L %, g(X,) DRI

o) = 3 ot6) ()b

LEHEIND. ZITO0<p<l,g=1—-pThY, n FEDEHETHD LU, (}) IFIH
REERDT:

ny n! n " /n k. ek
Q)‘%Mn—mv (+9) —Z;Q)xy '
E[g(X,))] BB OWRTE < O IE TV X EE (TN AME) 6(x — a) dr %> B
5o

n

B0 = [ondn g =3 (7)ot - b

R k=0
ZD &I, ZHNMG OMERBEEHRE f,,(2) ETIVAEE(TNVEAUE) ZH>TRDOIN
5LBZEZHH, EE OB TIEAR B (LD EMICIEHIE) ITR>TUED. FFICHER
BEERBOPR 2 @0 E ORBOZRINKTERAD ZLIFTERIRD.

TD & D BIGE IR E RO K IR TR <, BIRHENEKE g — Elg(X)] O
INH % & 2 X L2,

BRI R Tl —MRDOEE ¢ (T2 Elg(X)] 2% DTIEAL, H2RHEED
BRI g 1IZBT 2 Elg(X)] 2%\, TORNBEGEDFHENS —BDEEZE WD K
DRIENEL TN,

T DOHRIFINSHERZE X ORI ox(t) = E[e™X] 2> 2 & ThHD. FtEp#ux
R ETHEICHSED 1 AN O—RREGEREIC R 5!

lox(t)| = |E[e™]| < E[|e™]] = E[1] =1,
gg@ﬂ#+m—w@ﬂziﬁﬁmﬁwﬁh—UHéEUJ“—lﬂ—+0(h%O)

BED 0 ~NOPER Tl Lebesgue DINHEH & FW 72, B g(x) 2

o) =5 [ g ds
™ —0oQ
VTR B IE ) R ER T O R E Z R D2 BEDRDH D.
BY A 77 OFIIET 205, B AadamiE LR,
WTFN A (TIVARNE) 6(x — a) do FEFEE f(2) 12HUT, [ g(@)d(z —a)de = g(a) 12&>T
EHBINTNDEERD.
0 Z DRIDOIKIZFHUNR & FFIEN D .




12 2. AU ORVERE 2 W Rm 0 5 DB
ERDINTVWAEETEY DL E LHADIHF 2T Lild>T

Blo(x)) = 5 | T B d = 2 [ Gtex(t)

" or oo 2 J_

ZORAREY | HERERF Y, LHERER Y (ZD0T, KRS oy, WRIMERE ¢y 12
F AU U TR, BYIR 7 5 A 2 ICE ENBEROE g(y) ISR UT Efg(Y,)] &
ElgY)] IZRT 3 Z & 2t d #. BBUMERZE 2 &0 —MD5E O H0 R E I
Zo&5 B TENMEIND.

AR MERZE Y, ORMEREL oy, D o ICE R L TOTE RGO ¢ 21D
B R DFMEREUZ R > TOBRWIGEITIIERZ Y, (ZMERZLUTPRL 0. K
VERES @y, PAFRCHERR R o 1IZ8 RIS 272 51, RitEE ¢ % R DHfE R4
Y WFEL T, HERZBH Y, Y IZHPURT D 2 o NTHND . O

I AR O HULEIRER 2 R T D . “IHD M ORMEEEU
ox. (t) = BleitXr] = Zeitk (Z>pkqn—k

k=0
- n ; - % n
=D (k> (pe’)"q" " = (pe” +q)
k=0

BB, ZHMMDFFE DEIEENTI p, =np & 02 =npqg TH 2. DA ITHEREE
Xn — Hn o Xn —np

o0 \/npg)

DIFEHFEFFIFTNTNO0 & 128D, TORMEREUL

Y, =

Yy, (t) — K [eitYn} - B [e—itnp/\/nT?qeitXn/\/nTu]]

_ e—itnp/\/nT)q(an(t/\/n—pq> — o itnp/\/1Pq (peit/\/nT?q + q)n
_ (peitq/\/nTJq_l_qe—itp/\/qu)n

L2355, X, OFEERBOARNEREETIZ, X, —np = X, (p+q)—np = ¢X,,—p(n—X,,)
% FAWT, BRI

oy, (t)=F [eitYn} -5 [eithn/\/We—itp(n—Xn)/\/qu]

_ Z pitak/\/ipd ,—itp(n—k)/\ /b (Z) pk qn—k
k=0

S (2) g iy
k=0

_ itq/\/npq —itp/\/npq n
(pe +qe )

272 2 g(z) PR T HNEZIDEE g(t) TIDE DI g(z) ZFRTES.

27 b ZIXH RGO RS

BREEEOIEHTIE, g(y) BABDEBTH 2 & 5 BZHFNFWGEITIORZ R U, TOMRE UT g(t) &
DIRNEED Y Z A (Bl 2 3H FER B DER) ICEENGEDORRE L.

24Bochner D EH.

Bz p=q=1/2D1 % ¢y (t) = (cos(t/v/n))".
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CEHETDHILETES. I

- 2
pett VL — 4 tpg 9t +0 (L) 7

Jnpqg  2n ny/n
- 2
—itp/\/Mpq _ 1tpq _ ]i L
ae q Vvnpqg  2n +0 ny/n
2ffATD L
m=(1-L o))
P 2n ny/n
DT

lim vy, (t) =e
— 7, BYEEHI DA DHERLH Y ORpMEEREIE

. & 3 €_y2/2 2 2
py(t) = B[] = [ &% dy =e"/
—so V2T

INEY, MYRT T AZEZENDSEE g(y) IZDVT

LRBDIELERED. DL

L k — np) (n> o 00 e Y2/2
lim piq" P :/ dy.
nﬁm;g < g ) \k _Oog(y) var Y

) MaSySbDEZEMN 1ITRY, TOITRVE X 0 IZRDIEBDOLEITIE

X — b —y?/2
limP(aén—np§b):/e dy.
n—0o00 . /npq o A /2T
PA BI040 OMERZE R X, OHSIREH TH 5.

3 Laplace DAZEICLBEH

HiEl & TIZHHA U 7= Stirling DA XOFEINZAE I A > < BRI (H >~ 5347) Y Gauss
*ﬁﬁj\ (IEMDA) TEBIND Z L ZHWIEHAZ L ZZA6NE. Gauss I L Dl %
Laplace DHELIESNZ EN3H 5.

3.1 AVTEHHD GaussT@aDICL BEUEFE>-EH

AV BB % Gauss B CEESELIT S Z £ 12X > T Stirling DRAXZRT D.
log(e *2™) =nlogr —x & x=n 'CTaylor@Eﬁ'é’ét

(x—=n)* (z—n) (z—n)!
2n 3n? 4n3
262 ZIIERBHEGEE® o Sy < b TEA 1 IZZEDTRVEF 0 ILRDEHR Y.

nlogr —x =nlogn —n — +




14 3. Laplace D HEIZ & 2 EH,

BOT, n WREZLE I =T(n+1)= [ e "a"dx
e’} _ 2 o8
/ exp (n logn —n — (z—n) > dr = n”e_"/ e~ @/ @n) g0 — premm/2mn

oo 2n

THEBPIND Z VDN D. PRI

nl ~n"e "V2mn (n — 00).

Z DELLDOREF % scilab THIK 2 & IZ &> TE- g% Y 1 v X — D L1017 THR S
ZEMWTES. ERIOBAEFIEY 7 N scilab IZDWTIREHEDY 1 — b 2 S U TAL .

DA EDFEIE T Stirling DA R DR T nhe ™, \/%@%M%“Wﬁ gn(z) = log(e *2") =
nlogz —x @ x =n IZHF S Taylor BEADEEIH L 2IROHIZHK L TWE Z &30 h
3. 3MOEIE [ yPe v /ody =0 BOTHFE LA

U\J:@ji?%%?fﬁﬁbf% 1 FHIEIHD 1/(12n) ETEHHELTHAL D 7.

el A0 ABRESS & Y Y EBOBBRIEATO®@EY : k=0,1,2,... D& X

/ e’yQ/Qy% dy = 2/ e’y2/2(y2)k dy = 2/ e *(2x)
oo 0 0
= 2’%/5/ e~ k2 dp = 2521 (k + 1/2)
1-3---(2k—1
=252 2( )ﬁ:1-3---(2k—1)\/2ﬂ.

f: 2: Z‘i, ffooo €7y2/2 dy = f_oo 67y2/2y2 dy — \/%7

/ v?/2 4dy—3\/ / e V2 6dy—li’)\/

INEDRAZELLFTHS.

HYXHBOBMARROBEDPZER v X n+vny=n(l+y/v/n) 2RATDL
) +1=/OO e~ dir = ple" / (Hi) dy.
n (n+1) i r=n"e"Vn NG Yy

RSO Z ¢,(y) LFEL &
2 y3 o 1
¢n(y)=nlog<1+7) \/_y—— 3\/_ 4n+0(5> (n — 00).
REBD o(1/n) DEBZE n ZWIT7/2EIIn 500 &FTDE 0IWTPETIETHD. WA

n 3 4
SN T R S O A 1
e ( +\/ﬁ) e exp(g\/ﬁ 4n+0 -
3 4 1 3 2 1
— e v2 (1 y Yy (Y —
‘ <+3\/ﬁ 4n+2<3ﬁ To\n

3 4 6
— V2 (1 Yy Y v l
© ( +3\/_ T T\ )

T3, Stirling DARDE 1 FIRIE E TOHERGEERH, U Vol. 31 (1979) No. 3, 262-263 Tl Wallis
DRRDKEEACIZ L > THE 1 MEHZGDS HEMEHINT VS, B 1 MIEEMN O Stirling ARD 5 U
WEEHIZ DWW T, S iE i, B A B4 5 Stirling O A XD YIERFER, 2% Vol. 36 (1984) No. 2,
175178 &\ SR D B . £E D SCHROfEF % L F TIESHIT U 7.


http://twilog.org/genkuroki/date-150709
http://twilog.org/genkuroki/search?word=scilab&ao=a
https://www.jstage.jst.go.jp/article/sugaku1947/31/3/31_3_262/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/
https://www.jstage.jst.go.jp/article/sugaku1947/36/2/36_2_175/_article/references/-char/ja/

3.2. B DH Y v E WA E L CREIE % 384 5 5k 15

o(1/n) DB EEND n OFFEHTESD 1 OEOREIE y IOV THEBIZRD Z &
ICHEE L. AEEE e V2 OO —co <y < 0o IZPIFBBENIEZMNA D DT, ETHS
LTBBWEARIZE TR ELNG:

o) n o) 4 6
vy (1. Y ~ velq_ Y Y 1
/_\/ﬁe ( +\/ﬁ) dx /_ooe < 4n+18n dx + O —

_ Vo _3Vor 15m+0<i2)

An 18n
—\/_( +m+0(;>).

1 1
n!=n"e "V2mn (1+—12n+0(n2>) (n — o00).

CHNTHIMEHE 1/(12n) RO/ 2 B 1FHIEE 1/(12n) &, n PREIZRLE ol O
n"e "2mn 12 & BEBDHEEF n BRI AL E 0l OED 120 HO1TREICRD %
BEHRLUTWD

Wz Iz

3.2 HUIEHHOAVIEHHMERWEUTHEERZSTEYT 2 4H%

Laplace D2 & % Stirling DARDEEA & 2 D—#ALIZEI U Tl Gergd Nemes, Asymp-
totic expansions for integrals, 2012, M. Sc. Thesis, 40 pages D &t LU\, AR CEHT % 4
EOFEMIEZ DX D Example 1.2.1 IZHD. TIIZENTH D HiEEMH->TE, Stirling
DARDMIEIH 1/(12n) 2AHIIH/D I LMNTES.

RORAKEMD e 2ERL: FED a>0(a=00 2EL)ITHLT,

a 1 an I_‘
/ e M hdt = —/ e "2 tdr ~ L) (n — 00).
0 n Jo n’

t=x/n LEDEBZEBRLZ. ZORAXZMHRIL,

alf(sl) i OéQF(SQ) i
nst ns2

/e Hagt™ ™ +ant™ 4 ) dt = (n — 00)
0

D& D BEEDNHEEIC RS, g FHWT Stirling DA XD RY DHEIE 1/(12n) 25T
HED.
flz) =2 —log(l + z) (x > —1)

CRED, M2 E y=n(l+z) LEH#ETLZILIZEOT,
n!:F(n+1):/ e Yy dy
0

:/ e "1+ )" ndx:n”He"/ e @ dy.

1 1

BEROFHEHS RRICLTRELNG.


https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf
https://www.cs.elte.hu/blobs/diplomamunkak/msc_mat/2012/nemes_gergo.pdf

16 3. Laplace D HEIZ & 2 EH,

SIZENZ c>0&8 <05 8IiZ&oT

n' 00 1
— = / e @ dy +/ e D dg,
ntTte™"n 0 0

BLE flo) =t BULKIE f(—z) =t LR ERZERTEIIE, BODEMN ETHIL
EIIZBRDZESTHD.
JMIENWHRER I L 2 MR L KD, f(x) = 2 —log(1 + z) DEEHEUE

l_x
1+2 14z

flx)=1-

BDOTx>0T fllz)>0&8Y,-1<z<0T flr)<0&Bd. flx)ldax=0T
BAKME f(0) =0 2Kib, o > 0 THHFAKMNL, 2 < 0 THHFABPADTD. PRIz >0 &
1<z <0DTNTNT ¢t = f(z) IZHEE 2 =2(t) 2FD. 2 =2(t) DEFELSTD
DI Z D 72D,

=o'+ Bt + 3% 4.
£ BT

2 $3

t:f(x):x—log(l—l—x):%—§+%

WRALT?, a,8,7y 2 ROTAHLS. EBRIZRATD &,

2

3 2
t:%t+ <aﬁ+%) 52 + <a7+%+a2ﬂ+a4) -
A% R U T o, B,y Z3kdd &,

a=v2, 6=§, =2

2135, §2D0b

2 2
x:\/§t1/2+§t+\1/_8_t3/2_|_...

LBELL fla) =t 2%%. x>0 THEIORREZTOEEHANDS. 2 <0 TIE /2 %
—t1/2 TEIMZ, fs Wz & —x CEAIMZALFREZHANVDS. 405

2 V2
— 1/2 = vV eu3/2
x =2t St 5t
EBELLE f(—2)=t B2 LEDETNTNDHEIZENT, BT

dz — @ $/2=1 4 gtlfl + \/_E
dt 2 3 12

PLED 2 DODBAET t OBEIROIEIZIE —1 208D S . HEfEHIEE S /-

B2 4L

2| < 1 12812 Taylor JBH log(1 + 2) = 2 — 22/2 + 23/3 — 2% /4 + - - 3R IC K < fHibNhD.
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fla)=t EMALBEBEBRTLZLIZE>T, n—s00 DEE

/ e~ (@) dxz/ e_"t@ dt

— /OO e (\/_5 ety 2oty Qt?’/?—l + - ) dt
0

2 3 12

V2I(1/2)  2I(1)  V/2I'(3/2)

T oz T3 T iz T
Vor 2 Vor

T2 3 T T

LRD. BRI T(1/2) = 7, T(1) =1,1(3/2) = (1/2)T(1/2) = /7/2 Zffio72. £5—
FOBEBIZDOWTE, f(—z) =t EHPERZEBR T LICE>THRIZLT, n —
DL x

TT o2 T 30 T 23
B85 UED220%2RLAEDED &, n OBEEESD 1 DENTRTHF vy IV L, N
"ohd:

1 / /
/ e_nf(_x) dr — 2m 2 2r
0

nl V2r Vor 0(1)

nntle—n — pl/2 + 12n3/2 nb/2

ZHIFIRD LD IZEHEFEIND:

1 1
nl=n"e"V2rn |1+ —+0 | = (n — 00).
12n n?

(n — 00).

INTH 1 OMIEH 1/(12n) $ Laplace D HIETRO 5N S Z LW 0N > /2. 82 DHIE
HIAB B FRRIZL TRDEND.
AR UEDFREIZEVT “+...7 EEVLHDIIOVTRERPLETHD. TDI L
T T OFHEHSZ RviZbhng.

1 tF
I 1—t t2—t3 -1 k*ltkfl -1 k
14+t * Tt (=D +(=1) 1+t
DT
emdt  T(1) T(2 D(k ek di
/ o ( ) . (2) + ”_{_(_1)k—1 (k) +(_1)k/
o 141 n n n 0 1+t
o 1 L (B=1)! > etk dt
= 4 (=1)k _1k/ i
n  n? oot (=) nk +(=1) o 1+t

FEORMTIRZDE D BHO@PNLHEE “+...7 LR LU TR < EORIFELW

INRTZD,
o et dt > (k—1)!
_ )kt
/0 1+t ;( ) nk

FEFEORKRTELWARTIEAY. ZERLIEAUIEEARIZKEZR n LU TEI
RUBWNETHD. “4---7 OHDIE “MERN” 2Rk T 2 LN L2DTIRAZL, “A
PR+ R ARIE” 2 RIKT 2 LARIRL THENRIT XN TR, [




18 4. XNEIRDZ U\ Stirling DA

4 YEAR®D S L L Stirling DA
Stirling DARITIR & [FHETH %
logn! — (n+1/2)logn +n — logv2r  (n — o).
&Y, MOFNERNENND
logn! =nlogn —n + o(n) (n — 00).
ZIZToln)ldn TESHBIINn —s00 £TDHL 0ICNKRTIEZZERTD. ZNEID

HiCIIEARD 5 LW Stirling OARXEIERZ LI12T5. ZOARTHAUZLL T THH
TBEDIZHEMIZEHAT B 2 W TX 3 30,

4.1 THERD S L\ Stirling OAXD 5 L LNEERA

BB f(x) 1220T f(k) £ [T f@)de £ fk+ 1) PHIZLTVR DT,
f(1) 20 %73 BFBEMEE f(x) IZD0T,

f(1)+f(2)+---+f(n—1)é/1nf(x)d:c§f(1)+f(2)+-~-+f(n)-

Wz
/1 Fe)de S F)+ @)+ + fn) < / F(e)de + fn).
Nz f(r)=logz IZHEMATH L&

/ logzdx = [xlogz — x|} =nlogn —n+ 1, logl+log2+ -+ logn = logn!
1

DT
nlogn —n+1<logn! S nlogx —n+ 1+ logn.
ERAY2)>
1 <logn! —nlogn+n =1+ logn.
L7ZR>T

logn! =nlogn —n+ O(logn) =nlogn —n + o(n) (n — 00).

Z 2T O(logn) & logn THIDZ L HFRIZBD LD BEZERL TS,

O T O E RAUEDDS £ 512 o(n) DA IE Ologn) TH2 = L LAMTES. = 2T Oflogn)
X logn CTHEIS>ZBICERIZEDZEEZEKRLTWD.
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4.2 KEAABEBEANDIGAHG

FHBI D 5 U Stirling DARE S &, an {85 bn [HHL2 M E DO (“IHG
B) OXEUL

log (ZZ) = log(an)! — log(bn)! — log((a — b)n)!

= anloga + anlogn — an + o(n)
— bnlogb — bnlogn + bn + o(n)
— (a —b)nlog(a —b) — (a — b)nlogn + (a — b)n + o(n)

a

a
= nlogm + O(n)

D WPRIZ

b

1 an 1/n—>1 S — (n — o0)
g 1, Ogbb(a—b)a—b n — 00).

G Ln _ i (an)! t/n _ a®
wheo \bn) T abee \n)l((a—b)n)l) T th(a — byt
9212 an AN S bn HED MAEDEDED n FtRD n — co TOMPRIF —HREG
BHORDDFHED (kn) % K THEEIHMAIZHEOND.
Z DOFER % MHZNFIROF T RD 1988 HEDEF D A Z R TS 2 AT E 5!

1/n
i (25) sk &,

n—oo mUn

TROL

Z ORSERDfE I
3/(1'2) _ 3% _ o
22/(111Y) 24 16
AN Z > 72 NId, 9 Stirling DARZ M S LAZ IR DMEEE R, TORIZE

BB OHPFNTEMITILD I L 2R L DL EDONS.

FR. ETRULAEZE LY,

om\ /" 92
im (") = 2 =22
n—oo \ N 1111

ZHUFIRZFEERLUTWD (o(n) & n THID L n— oo T 0 IZPKRT D &®):

2
( n) = 92neo(n) (n — 00).

n

Wallis DRZ (5 8.4 Hi)

()= oo

X T OREEAIZIZ >TSS, [


https://www.google.co.jp/search?q=%E6%9D%B1%E5%B7%A5%E5%A4%A7%E5%85%A5%E8%A9%A6%E5%95%8F%E9%A1%8C+1988+%E6%95%B0%E5%AD%A6

20 4. XNEIRDZ U\ Stirling DA

FR. RLKRTIX 1968 FICEIRDIEEZ H LT D & D72

lim %c/gnpn ki k.  (BAE 2

ZOMEEL IS MIIE A X1 Stirling DAXTH L. &Y —fRITIREZRED:

N1l/n
lim —((an)) =q%
n—00 n%

AN ALY e

((an)H)/™ 1

log = —log(an)! — alogn
n

na
1
= —(anloga + anlogn —an + o(n)) — alogn
n
=aloga —a+o(1)
= log(a®e™®) + o(1).

13V Stirling DARZ X IFERIIRE DR 2 @B OHMHN TR 2 £ 5 IZHHHE

ULCTARMEZLTWBDELEDNS.

4.3 XWEHIRDZ L W\ Stirling DA DU E
DUILRTDERERED. HIEK c WEILELT,

1
logn!:nlogn+§10gn—n+c+0(1) (n — 00).

DRTIRZORXZFEHL &S 5L

[

B 4.1 BiCREBA U 726 8K D 5 U Stirling DA R E EDOARDE NI (1/2) logn DIH
CEBIH ¢ ZMFITMATHRLTWS L IATHD. TNOLDHEHT T A7 7IXIRD
@Y. [Mlogrdr = [zlogr —z]f =nlogn—n+1% k=1,2,3,...,n— 1 IINTLES
& [k—1/2,k+1/2] x [0,log k] DEFDIRM & KK [n—1/2,n] x [0,logn] DEHEDH
log(n — 1)! + (1/2)logn = logn! — (1/2)logn TELLT UL, BHARIZ (1/2)logn DI
bNd. ILI, TNLDORAWOHMEGLHE {(z,y) [1S2<n, 0=y <logz} D
EWEERES AT X, [[logrdr & RAMDOHMBDBAIDAEDN n — co TH D EH

WINGRT 5 Z enibnl), EBIHEBELND.
log o IXEFHEIHKE R D TIEDER oy, B %

k+1/2 1 1 k
ap = log x dx — = log k, Br = = logk — log x dx
k 2 2 k—1/2

CEDDIEMMNTESL. ZDLE,

n—1

1 n 1 "
logn!——logn—/ loga:dszlogk+—logn—/ log x dx
2 1 p 2 1

=—o1+Pr—as+ 3=+ Bt — a1+ Bn.

SUERL ¢ 8 log/2m TH 2 ZLIXEHMITH 2, Wallis DARZH XL ¢ =V2r THD I L E2RES.


http://d.hatena.ne.jp/gould2007/touch/20071127
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ZORKRFM n — oo TPRTDZ L EZRLUZW.

logz MEIZMTHDZ L XY, BH] oy, By, o, B, s, ... WHGHIEADT D Z LA3DNY
logz DEEEN © — 00 TOWXNKTZZ L&Y, ZOHEINX 0 IZNEKETZZ 2 E DO
5. WRIZEDRAKRFNE n — oo TWHT S 2. TOIWNHEE o EEE, c=1+a 5L
E.n—so00DEZE

1 " 1
logn! = §logn+/ logzdx + a+ o(1) = nlogn + §logn—n—|—c—|—0(1).
1

c=log\2r ThdZ &% Wallis DARX (BES.4Hi) 2FHoTIHL £ 5. nl = nntl/2e eceol)
% Wallis DR

22 (nl)?
Ve =l G

WRAT D L,
22nn2n+16—2n€26 e

n—roo 2201220+l e=2nce /5

WZIZ e =21 THD.
2T Wallis DR % 2K, M EAKD S U\ Stirling DARZHR TSI L I2L-> T,
HEH D Stirling DA n! ~ n"e "2mn BWEHEND T EDDNR-S 7.
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Ult,p) = e "/

LRBIENDNE. THTAR () BRI N,

6.2 MANE—DOEMIAEAZBLLTVDIEZHED HE
DILBFETDEEMS &,

. — —q —px — —ipxr _—~
8pU(t,p) /_OO( ir)e”"Pu(t, x) dx zt/_ooe 8xu(t,:z:‘) dx

= —9 — e T — _ —ipx
it /_OO (8xe )u(t,x) dx it /_Oo( ip)e”"PPu(t, x) dx
= —tpU(t,p).

2 DOHDEST u, = —(x/t)u 2\, 3 ODHOFESTHABD 2 o7z, I HIC

U(t,O):/OO u(t,x)dr =1

[e.e]

YRL. INEEY Ut,p)=e P2 2RI DONE. ZOHETHIE u(t, ) HE
FRERAOERMTH L L2 HDTIITD.

6.3 Taylor REDIERED CEtET 2 HE
LSt 1 OBADAR (+)

[ e (+%)
e P —— dor=¢e" Kok
Lo 27

PRINSZRLIE o, p BZNEN 2/VE, Vip ’C%Tﬁ%'é‘% CIZE2T—ED >0 12
B9 AR (%) BWMEENDS. WRIZARK (x) 2R 2DITIZAK (xx) ZFEHI T NIEX 2T
Hb.

T 51T sin(pr) ZAEERDT [7 2 gin(pz)de =0 8%, PRI

/ e~ cos(pz) de = e P/*V/ 2

o0



6.4. Cauchy ORI EH % i 5 Ik 33

ZREETATHD. LD cos(px) (2% D Taylor-Maclaulin JER % A U 72 2 THIFE
NTEILIZE>TIDRARERTS.
Wefl. £9° [ e "2 dr BERU KD MABMICEST

/OO o= /2020 0 — /OO (_6712/2>,x2n71 de

= / e*x2/2(x2"71)/dx =(2n — 1)/ e~ 222 gy

o0 o0

W ZAZIRAIIZ n=0,1,2,... TR LT
<2 2n)!
/ e_:”/2x2”dx:(2n—1)~~~5~3~1\/27r:ﬂ\/27r

2nn) ’

2OHDE S X ELDONFNEIZ2n---4-2=2"! ZTBIIZL>THELND.
ECHEM U SRR WD &

[e'e) oo e 2n
—x2/2 ( . —x2/2 . n(px)
e cos(pz) dx = / e (—1) dx
I LT Gy
X 2\n o x© 2 2)n
= Z (=7) / e 22 dp = Z —( r/2) V21 = e P12/
(2n)! J_o ~ nl

6.4 Cauchy OBEDEEZFED AE

ERIEN 2> TVD AN THIUTFE U WFHIZLEZR N E A S DT, UNOFHATIEKR
MEIZFRKE 29 5. Cauchy OB EH 2D & EH p ITH LT

/ e(”ip)Q/de:/ e de = \2r
ERBIerRED. PRI

o0 o0 —00

TR (k%) DRI N7z

7 {J8%: GaussFEODETE
IRD N RDER %A BREFFHDOH:H Z gL L 5
I := /00 e_dex:\/E.

ZOARDEEVE 25 (REHA L 2 2) FIARORE AR 2\ RS O A K
DF SR B >TNG I L ThD. EROFHTIE

I’ = // e~ @) gy dy=m
R2

BRI LIRS,



34 7. I8k Gauss O DEHE

7.1 BE—OFEED2EY DBELRTEHVEE

I = [foo e @) dudy 18 2 = @) ONIERD 'S 7 LMl 2 =0 (R ENH
SOREEZRDLTWD. TOREIZET 2 OBHIOWME* 7(—logz) 2 0<2<1 T
MRddZLitkoTERODOLND. DRI

1
I? :/ m(—logz)dz = —7[zlogz — z]§ = .
0

BT ZOHENREMEHTH 5.

7.2 WERERICLDZEFHE
x=rcosf, y=rsinf &MEEEHRT D L,

27 0o 2
I? = // e~ @) g dy = / d@/ e rdr = 2r ¢ =T.
R2 0 0 —2 0

2 DHDE S CHBFEZELD Jacobian 2% r (2R Z &z fdio/-. £ LIE

dz A dy = (cos@dr —rsin@df) A (sinf dr +rcosfdf) = rdr Adf

BOT, K={(r,0)|r>0,0s60<2r} B &,

2m 00
I? = // e~ @) do A dy = // e rdr Adf = / d@/ e rdr =
R? K 0 0

7.3 Jacobian Z{FH T ICTOBELERDEHRICL B51E

UTRDEDIEHAT 2 LD DIET R L 1 ZHOEHIES DA% Hi> T Gauss 7 %
AETES.
y=xtanf IZE>T y 25 O ICEPEBEEHT D &,

de x?

dy = 2+ y* = 2%(1 + tan®0) =

cos? 6’ cos2 0

FV,

72— /Oo /006—(,1’2+y2)dy d$:4/oo /F/Qexp _$_2 a0 dx
0 0 0 0 cos20 ) cos?6

2

/2 o0 .1’2 T /2 | eXp <—(xi;—29> -
4 — —d =14 _ 7
/0 ( /0 *Xp ( cos? 9) cos2 0 x) d0 /0 [ -2 dv

=0

3OHDEHE S THDDIHF 2z 17742 7.

4y = =@ 40) 12 =02 402 LB L =1(—logz) L BB,
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y=at IZEX>T y NS t ITHEAERELIHT LI L2k > TARENIZHE UGHEZFET
TEHEILETEXS:

4/ </ e~ +v?) dy) dx :4/ (/ e(1+t2)12xdt) dx
0 0 0 0

I2

oo oo o o o) 67(1+t2)12 r=ee
= 4/ (/ e~ (1+t)z xdx) dt = 4/ — dt
0 0 o | —2(1+1t?) 0
*dt
= 2/ —— = 2Jarctant|y = o — .
0o 1412 2

3D HDES TR DONER % 17750, 6 DHDE ST arctant OB 1/(1+12) T
HBHILrfior

74 AUVIEHHER—IEHBOBERERWLEGE

HIHi Tl Jacobian 23 THRZAW 1 ZE DT DEHR D DA% FWV T Gauss 57 % &
YD HEERALZ. TN LD R AIRITE ST, T Y EHBE RX— R EHOER
Xz 1 EBBOEST DEBRES DA ZFHWTEEAYT S Z &N TET, TDOBERADR 25
AL UTGauss BMODIER2FHHETZ & TEXS. ZOHONEIZHIEIONED &AL
ThdELEAOLND. Hal#F T X HbN 2 HERE LRI DOFRITIET Y VIR R— &
B % 52 27 OB BOND (B9 F). 722056, HEHEICHEENH 5 51
Gauss BT DEIED—{b e UTH Y Y E N—F I DOWTEFZATE W20
ERRWEEEZEZIOND.

5,0, >0 (B U UEEEAIEDEFZL s,p,q) I LT,

o) 1
[(s) = / e "zt dx B(p,q) = / 2PNl —2)
0 0

WEOTHYIEHEB T(s) EX—XEE B(p,q) WEHZEIND .
HABEAIZEOTI(s+1)=sl(s) THDIERDMNY, T(1)=17EDT, 0L EDE
BMnllHLUTIn+1)=nl &5,
Gauss f83 T 1 T(1/2) IZFF LW

00 ) 0o t71/2 o)
I= 2/ e dr = 2/ et dt = / e 2 dat =1(1/2).
0 0 2 0

2OHDEST 2=Vt Bz, LB ->T I(1/2)? = 1 % T S L Gauss f59 5
AIETERI LIRS,
NR—=ZEHBUITLLTD & 5 BEBORKRZ D!

m/2 © plgr 1 [ d
B(p,q) = 2/ cos? 10 sin? 1 9 do = / I _/ —1u
0 o (I4+tpte  pJo (14 ul/r)pte

WUt =tanh DL X dt/df =1 +tan®0 = 1+ t> Z2DT, = arctant OZEEUE do/dt = 1/(1 + %) 1T
5. TDOIEND, arctant = [) dt/(1+12) L BB LEDND.
BT E 72 XADRMEREZEDHES M D 2. DR TN BRI DOV TIRED A,



36 7. ffEk: Gauss O DEHE

r=cos?f =t/(1+1), t =u'/P LEBEMUZ. 3DOHD (BRED)EXRD p=1/2 DEHE
DIERLTT BEAY ¢ A0 DWEREE D RRTHA I N, 2 D HDFRROER D HBUL F
IAEDMERBEEFRBOZRTHAINDS. ['(1/2) D Gauss BT & D ZROHLFE 7 BRI
T ER DA OMEREEFRBOFRTHEAI N, TV YEHBOEZR OB EHEUX 2 43
MDOWEASHBORRCTHAINDG. ZOXDITHY YL RN—ZEHUIFFEHIZ L
FIF I ND HER A % BT 2 72 DITIXMHDEEIZ R > TV D (55 9 ).
FHZRAIDRREY B(1/2,1/2) =7 LRI b»nd. BRI, LI

I'(p)I'(¢) =T(p+ q¢)Bp:q)
WRINARSIE, T(1/2)? = B(1/2,1/2) =7 £525 2 2 b75. LA >T Gauss
DOEEIIH VB E R—ZEHDOHNEZOBBRAZRT I IlREIND.

U REEE R—Z DD N2 DRI 1 B ELFE S & D INEE DD A%
> CEEARRE T H S. AR TTDZ L #fHEICHAL LS. RMF A ITHLUT, 2,y ¥ A
EATZTEIMEN 1IZRY, THPND L JITEN 0 127482 o,y DEEE 1a(2,y) &F
LZkizT3 L,

1
O A / 11— ) dt = T'(p+ q)B(p, q).
0

2OHDEFES Cy=z2—o LEBMD U, 4 DHOES THIDIEF 2 2# U, 6 DHDE
ST =zt LEBMI U

7.5 MDIEE

D IR DWW T Hirokazu Iwasawa, Gaussian Integral Puzzles, The Mathematical
Intelligencer, Vol. 31, No. 3, 2009, pp. 38-41 3 & U Steven R. Dunbar, Evaluation of the
Gaussian Density Integral, October 22, 2011 %= 2R U TARL .

7.6 FELOES
0> 0 ICHTBMOARZTHL &S

LK:@m<—%<ﬁ+f§)>dx:»6%e“. (%)


http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://folk.ntnu.no/oistes/Diverse/gaussian-integral-puzzle.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
http://www.math.unl.edu/~sdunbar1/ProbabilityTheory/Lessons/StirlingsFormula/GaussianDensity/gaussiandensity.pdf
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Fo#iE%Z x>0 IZHIRLU, y=2—a/r Tz>0% —oo <y < oo \(ZEMFES T ILE
BCED. RO yeRDWCz—a/r=yldz>0T

1
z =5y + vy +4a)

& —EIIZHEIT T

WAL LTV, DRI
> 1 a\? o 1 a\?2
/Ooexp<—§<x—;>)dx:2/o exp(—§<x—;>)dx

o 1 1 Y
=2 exp [ —= 2)— 1+—2 )4
[m p(zy 2( \@FI@>

e V2 dy =V 2m.

— 00

SHEHDHEST y// Y2 +da Sy DHFEHMTHD L &2l —F

2

1 a\2 1/, a

5 (7) ——5( +ﬁ)+a
*® 1 a\?2 W [ 1/, a
/Ooexp(—§<x—z>>dx—e /Ooexp(—§ (x +ﬁ)) dx.

PEEADEDE (x) RSN,

3

DT

8 fI&k: YV VEHE

FIAHITHY HBUZODOWTHBIZMESIUZ. AR TR Tl IR 2 0
VIEHEBOMEIZOWTEHHIAL LS.

8.1 HYYEHHEEXHBMORARRN
ETABITMRUZ T(1/2)2 = B(1/2,1/2) = 7 IJROBEHL B R RDORH BB ETH 5.

™

[(s)I'(1—s)=B(s,1—s) =

sin(7s)’

ZDORAXIZEEEDOFNENRH S, 1 DHDOFIRIE sinz & T(s) O R FER R H

oo 2 . oo 2
sin z = zH (1 — an2) , le. sin(ms) = SH (1 — %) )

n=1

(. lim s(s+1)---(s+n)

T
= 6758 ﬁ |:<1 + i) €*S/R:|
[(s) n—oo nln? n




38 8. Ik H v ~EEK
=S fHiETHB 0. 22T v I3 Euler 8

: 1 1 1
y=lm |(-+=-4---+——logn
n

n—oo \ 1 2

Thd. INoDRANZEDD L,

F(S)[‘gl - _ F(S)(_i)r(_s) _ s(_—ss) H [(1 n %) <1 B %)} _ sin7(T7r8).

n=1

2 DOHDHIEIFIROER D 2 BE RN EZHONTHATLIZ L THS:

0 755—1

dt.

W@FQ—SN=B@J—3%:/

o 1+t

0<s<1THhHDEHEEL, 0<e<l< RIZFUTEZDROEN KK Z C vEL:
EF9 e MS R EFTELTITHED. RITEFBVH LOF K ZEFLETLERE R OHJF
FEKKEFFEID T1LATS. TUT R 25 ¢ £ETE>ISHED . RBICEFE R LD
Fedh e 9258 c OME L2IFIHD TLATES. Z0&E [ 2 tdz/(1+2) 1
2 dz/(14+2) D 2= —1 TOHEBOD 2mi £FTHEL N

/Zs_l dZ . TS
= —2me"".
c 1+z

e—=0,R— 00 DIREZEZD I LIZLLT [ 2 dz/(1+2) & [Tt dt/(1+ z) B
LENHHD 2™ £517 25 W RERIZFELNZ D0 %:

s—1 d ) 00 ts_l dt
/ < < _ (1 _ 627”5)/ ]
C 1 + z 0 1 +1

NED2ODERZ KT SZ2I12L>T

B(s.1 ) /°° 5= ldt  —2mie™ 271 T
’ o 1+t 1 —e2mis  emis — =7is  gin(7s)

COREDIT t=us BTk oT s_lfooodu/(l—l—ul/s) WA TES. PRIT, K
DRAREBFGONZZ IR D:
du T8

B(1+s,1—s)=sB(s,1-3)= N '
(1+ s, s) = sB(s, s) /0 14+ ul/s  sin(rs)

CORKRZEERTIELETES. R>1Thde L, HRAVPH L2 HENS RETE-
G HEA, RIZIFEHE D IZAE 27s Z T [EHLL T Re™™ ETHEAR, TINOFRETE >
TR E C LEHS L, [ de/(1+2Y) 1E dz/(1+2%) D 2z =€ IZBIT2H
B —se™ D 2mi F5IZFE LU <, R — oo DIERT [ dz/(1+ %) & [ du/(1 + ul/*) 2
HTNEGD ™ fGEFIN7ZEDIZFELN T DRI

/°° du —2mise™s 2718 s
0

1+ ul/s 11— e2mis  gmis _ g-mis sin(7s)
T(s)T(1 — 5) = 7/ sin(ws) & HIZFEH L THWT (72 & ZIXEEMT 2 H LB HITRED), HY VK
WO MRFEREFN S sinz OMRFEMEMZEHTLILETED.
4725 OMEIXE DA% KGRI DI 1T 5 L 2™ f5I22 5.
B % 2 & 2T EUTEARELN, dz 1% 2™ fF12h 5.




8.2. MV~ DR R R 39

M %5 R U R RICHEREN K <BHDND DIFMOFEAFEZ 184 28O »"EH8O
2mi IR INHTH D,

BRI EHIFEHE L T BB DOIFIZDOWTIE, AR TG (AiE )
D5 (201267 H) 2 BT 9TOTDH. EEHEGRDO G721 TIER <, BRI R
DEBEDFHEUWEHEEDOTOTEILBIE>TWDDIXEBRNZLES.

8.2 HYIYHHBOERREERHA

B f(s) (s > 0) EL T D 3 DDl 27~ LTV L iET 5
o IEfEME: f(s) >0 (s> 0),

o BEEEA: f(s+1) =sf(s) (s >0),

o SHBUMHE: log f(s) 1E s >0 D FIZNMAKKTH 5.

Z D 3 DDFM2 72 T EEBUIIR D LR & D

FO) = ) i s (520) ()

FRZT(s) WED3IDDFEME T(1) =1 2720 T2 Z N5, Gauss DA

nlns

C6) =l Sy

DAL L TEY, ED3DDEM%7Z U TOSEEIL (s) DBEBHEIZRD Z b bnd.
PAETHRARZZ & RGFHL LS.
9, () DMIRDO S FRE O - < DELTE L NS HEIE

s(s+1)---(s+n)

lim
n—00 nlns
IR ST A 2RTD.
s(s+1)---(s+n)
nlns

S S S
- 1 _> <1 _> o (1 _> _Slogn
s( + 1 + 5 + - e
= S <1 _|_ f) 6_5 <1 + ﬁ) e_% e (1 _|_ i) 6—565(1+%+--~+%—10gn)
1 2 n

1+14--+1—logn & n — oo TEuler B v IZIHT S 1. W RIZ ], (1+s/k)e
Mn— oo TPERT D Z L2 REIEL . - OBEREREKE (1+2)e” -1 IEHEM 2=0
TMNDFERMEFFODT, (1+2)e 7 =1+0(2%) (2 = 0) &85, PRIT (1+5/k)e/k =
1+0(s?/k?) (k — 00). Zavdk D) fEIRAE T12 (14 s/k)e/k BIUR T 2 Z e d¥bond. &

& o: N
hmS“+1y”“+”):a%IIK1+%>€Mﬂ

n—00 nlns

91 /o IFBFFDHEBRDT, 1+1/2+ -+ 1/n—logn = flnﬂda:/x —logn =log(n+1) —logn = 0
THO 1/ (n+1) £ [T de/e =log(n+1) —logn ROT, 1+1/2+ -+ 1/n — logn 134 552 B
PGB WWRITIERT 5.


http://www.amazon.co.jp/dp/4000051717

40 8. Ik 7TV B
IR 2 9. A OMEFDS 1/T(s) 128 L5 A
1 st s
— S 2 —s/n
R (5t

% Weierstrass DA & LR, HUDMERFEIIEZED s € CITRUTINRT 5.
PLEIZ K > TR R I NZMRDOFE %2 F(s) £EL 2 &I 5:

nln®
F(s) = i .
&)= G D G
oL
IS |
F(s+1) = lim —= e = sF(s), F(l)=—"_ =1.

nsoos+14+ns(s+1)---(s+n) (n—i—l)!:

WAIZHEETDH D (x) DRR f(s) = f(1)F(s) (s >0) Zmd2DIZIF, 0<s<1DEE
£(s) = F(VF(s) L5852 2 R EFHTHB.

RIZ, f(s) OEMEMEENBUNMEZ VT, 2L EDEE n & 0 < s < 1IZDWT, f(n+s)
DRKEI% f(n—1),f(n), f(n+1) ZHOT EF» 5T 5 4A%EX

(25) s smra 2 (L) r) 0<s<n @)

fn—1) f(n)
ERTD. IS ISR g(s) 1k a<b<c LT
g(b) —g(a) _ g(c) —g(a) _ g(c) —g(b)
b—a ~ c¢c—a — c¢c—b

Zhi7z L TWd 2L ZNDOLEED % g(s) =log f(s), (a,b,¢) = (n,n+ s,n+ 1) (@AY
5,
g fn 1) ~1o8 (%) <10 £(n) — log f(n + 1)
S

HERE (a,b,¢) = (n—Lnn+s) CHATHL,

log f(n +s) —log f(n)
log f(n) —log f(n—1) = p :

PUED 2 ODREREBILUET & f(n + 5) DI () BHEHNS.
Fln+ s) DR (#) 12 f OBEEERZHAL &>, f OBEBEERE Y

f(}l(j;)l):m f(s4+n)=(s+n—1)---(s+1sf(s), f(n)=(n-1)f1)
BEDBILUTOS. (#) DIENT n & nt 1 KEZHAD L,

f(0)nln? <

nsn!f<1)g(n+5)(n—1+s)~..8f<8)a 8(8+1)"'(3+n>

f(s).

OZDMRE 1/T(s) DEHLTDILETES. ZOHETHNERMNS 1/T(s) WEEZFH KT
EZRINTEY, T(s) DN s =0,-1,-2,... DAIIHD L EHWHIZRD.
SIMZ I IXEBINICIHS N EA S,



8.2. MV~ DR R R 41

(#) DEFT LY

f(s) < f()(n—1)n? _n+s f()nln?
T s(s+1)---(s+n—1) n o s(s+1)---(s+n)
DEzEeddl
f(1)nln® < <S)<n+s f()nln®
s(s+1)---(s+n) ~ n s(s+1)---(s+n)

&Y, RUEDPS L (x) BMELND.

Y EED 3 ’)0)%44: (EAEME, BREE R, BN M) 22 U TnWa Z e ZFEH L &
5. IEMEMEIRER (s) = [ e 2" Hda JZ U HIENTH Y, EBEERFH ORI E ST
BHIGEHI NG . ﬂ;&lﬁ@%ﬂ“\jt T g(s) =logl(s) &HELEF, ¢"(s) 20 Zm
XA THD. &) —MBITIKODED C:ﬁ% B BHEL f(s) IZTH LT g(s) =log f(s) &
BLE J'(s) 20 &BBIELERTD:

b
f(s):/ S P@+0() g

22T éla),d(z) BEREEBTH Y, s IZBIT SRR S H T & e LT
5<. (a,0) = (0,00), d(x) =logz, P(z) = —x —logz DEF f(s) =T(s) &&B 7 Z
DX, g(s)=log f(s) LB L

y_ APt
T

ZAT 2 — ffr <0 2REIERD. f(s) DEHELY,
b
F)N +2f"(s)A+ f(s) = / WD (N2 4 2(2)A + ¢(2)?) dar

b
- / S () 4 ()2 da = 0.

R 2 <0 EB D BT T(s) HRBINTH D,

\_X/L’Cﬁ VRO Gauss DN & HEEREFHEAINAZZ IR 5.

flig. AETHPLZH Y YERBUIEEY 5 Gauss DA XDEERA Elij? VT DE D
TIF&R <, EMENBUNTH Y BB E [F U REEE 2 i 72 SIS U CRE I /2D T
Holz. MPTERINAZAT YV EHEIZET S Gauss DARE U FD & 512U TEHENIC
FEHT 2 HTED. W n®B(s,n+1) IZDWVWT,

n’I'(s)I'(n+1) n*n!
[(s+n+1)  s(s+1)---(s+n)

1 n t n
n’B(s,n+1) = ns/ N1 — 2)"dr = / 5! (1 - —> dt
0 0 n

52(a,b) = (0,1), ¥(z) = logz ¢(x) = tlog(l —x) D& X f(s) = B(s,t) £%4%. B(s, t) £ s D
EUTHEMIZARS., WRIZ F(s) =T(s+t)B(s,t) & s DL bfﬂiﬂlﬂl B%. F(s+1)=sF(s),
F(1) =T(t) DT F(s) =T'(s)['(t) THDZ <‘:7b>7b7b>é ZOEDTH Y IEHBORFEMN T ICE>THY
VB N—ZEBOBFBRAZIEITLEI LB TES.

n*B(s,n+1) =

THhD




42 8. Ik H v ~EEK
2DOHDFES T o=t/n BV WA, n—>00 DEFE,

n*n! "o t\" *
= t? 1—— dt — t° dt =T1'(s).
s(s+1)--(s+n) / ( n) / ‘ (s)

BHEDATY TRHOFETIHRTS 2 L b TS, 34l (4) & f(s) = D(s) DBEAITHE
45 0<s<1DEE

I'(s+n+1)~nT'(n+1) (n — 00).

AVSEBOEBERLY, TNIMEED s >0 THILZL TS, DRI

n°n! ~ n°T(s)(n+1)
s(s+1)---(s+n) TI(s+n-+1)
D&, AV EEBOIEMENE, AN, BRI & DR RN I & T, m8

E’\JCZﬁ‘/VT?ﬁLE@‘T% Gauss DR % (bf;b‘?fﬁﬁﬁﬁﬁ@ﬁ%) (EY RS 1 ARY
PLEIZ&E 2 TIROARGFHI N Z L1278 5:

— I'(s) (n — o0).

lim n°*B(s,n+ 1) =I(s).

e
0

n°n! - s —1
Clo) = fim Bl 1) = i Sy oy = g T () )

n=1

ZZT v ZEuler EHTHD.

8.3 IEXEHIDERFEEREHH

V< B D R R DIGH & U T sinz OMREFEMAZIHAL LS. B OIE
P21z FHOCRE I N2 T Y & N — R D B £ & RN & - CRE X T
BN — ZEHE L IR DR &

I'(s)I'(1—s)=DB(s,1 —5) = —

— 15, FT VO IR EMER & V|

1 1 el 52
P )~ T s — 11 (1 - n_) |
LEZILIRYT D L,

o 2 oo 2
sin(ws):wsH<1—%), sinz:zH(l—#).

n=1 n=1
2D &I, sin(mrs) = 7/(C(s)(—=8)['(—s)) BRDTHY ¥ EHEO MBI R 5 05 E5%
B D FERRERBRAS R O N DTH S,
SSEBEIEI T E S L.
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KRR D IR TR R B % B R 9 720121, sin 2 DX EINS cot = DI 1 EUE R

1 1 1
tzy ==
v +Z<z—mr+z+n7r)

n=1

= R 2 HOTEER U, ERNCE S U &0, U EEARE TBER) © 235
HZzR&.

AR T, RN T2 <, Fourler FRAE DB % { > CIETKE A D PR R R B & 15
BITGD TRk E W LTH55

9 z OEE cos(tr) D —7 § r < 7 TOAED Fourier #EUER %2 KD, TInb
cot(mt) DI S EEMNBEHND Z L Z/RT D . ¢ D Fourier RENIE

1 T y 1 e—inxeitac =7
n — —in l X d
@ 2 J_ c 27T |:Z(t - n) :|:c_—7r
B (—1)"(6’” — e~ _( 1)nsin(7rt) 1
B 27i(t — n) B T t—n
BT, et @ Fourier MEUEBHIX
N N n ,INT
itx (_1) €

e N—o0 t—n
N

n=—N n=—
sin(rt) |1« e emine
— - —1)
T t+;< ) (t—n+t+n)
sin(7rt) (1 & 2t cos(nz) =~ 2nsin(nx)
— - —1)
T t+;( ) ( t2 — n? o t2 — n?

278 %, W AT cos(tr) D Fourier MREUE R I

cos(tz) — sin(7t) [1 N Z(_l)th Cos(nx)]

T t 12 —n2

n=1

2%, LERoT,

7 cot(tz) — 7 cos(mt) _ % i 2t 2t cos(nz)

sin(mt) 2 _p2

D ¢z — 7 TOMPZIND Z L IZL2T,

[e.e]

1 2t [~ 1 1
t(rt) = = = ==z
™ cot(mt) t+Z;ﬁ—n2 t+§:<t—n+t+n>

n=1

#2135 0. sin(rt) OB 7 cot(mt) IZFFLWVDT,

d sin(7t) 1 1 =/ —1/n 1/n
at 8wt ;(t—n+t+n) ;(1—t/n+1+t/n

SAPLUN TR Rk U 2V AY, Fourier FREDIPERIZ DWTILE 5.7 fi & 2R &.
550 DMHEKEL cos(tr) D —n <o <7 TOMEZEAM 20 TR %%C:Tiﬁﬁbff%%ﬁ’b%@ﬁﬁﬁﬁ t(x)
@ Fourier ##il e % A 5. cos(tx) D 0 <z < 2r TOMEZ A 2r THRT DO TIEH AN LIZEEE L.

oo

1 2t
56coth z = —icot(—iz) &V, coth(rt) = —im cot(—mit) = Tt Z oS

cﬂlﬁ

n=1
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Wiild% t=0M"nbt=s ETHNTD L,

log% i(log(l——)+log< Z))zlogﬁ(l—%)

n=1 n=1

UZdtoT, RBMEH6ND 7

P ()

n=1
sin OMEMRFERIEFAE Y YHBOMBREBEFOAXNZEDOTHES =
1/(T(s)I'(1 —s)) & sin(ws) Z2HETDHI LIZEoT
P =) = sinzrﬁs)

2RSS IS T(PI(q) =T(p+q)B(p,q) & 1 ZHDES DEHIE S & 57 DIEF A
HOAZHOTEBIZHHATE 2 2 2218, IROAREBELNS:

1 00 ys—1 00
thdt 1 d
sin(7s) 0 o L+t s)y 1+ul/s

INSDRAFZENP—DEIMTENIMEFOLRNIBOLNS LD IIB>TND.

8.4 Wallis D AR
DAL Wallis DAR & FEIEN TN S:
221 (n!)? , 2n 22n
L G O R

Wallis DARDE AW & Z A ERDONEHGRBEBEDLEOMR TR OINT VDS L Z
Tdhd. Wallis DRRXIEHT Y Y EHEIZBET S Gauss DARIT s = 1/2 2RATHIEES
Nb:

%)

nl/2p,

v =T(1/2) = lim (1/2)(1/2 + 1) (1/2 +n)

2n+1 1/2 | 2n+1n1/2n! onn!
= lim = lim
noo 13- (2n+1) noeol-3---(2n+1)2-4---(2n)
22n+1n1/2(n!>2 22n(n|)2 2n1/2 22n(n|)2
n—oo  (2n + 1)! n—oo (2n)! 2n+1 n-ooo (2n)!\/ﬁ

RDARLH Wallis DR LIFIEN TV S:

st 2n - 2n s
11 2n—1)(2n+1) 2

n=1

o0 2
o . _ s
STsinh 2z = isin(—iz) & ¥, sinh(ns) = 7s I I1 (1 + nz> .
n=
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ZORANRIFIRDANT s =1/2 LBIFIE/LND:

t=sin(3) =TT (1- e ) = 5 T2 5050

8.5 B(s,1/2) OREHER

PLUF DAL mathtodon D https://mathtod.online/@genkuroki/133351 Tz L
HNTHD.
TIERB (CLP) BIRD &S TR IND:

(—1/2) _ (—=1/2)(=3/2)--- (—(2n —1)/2) _ (-=)"1-3---(2n—1)

n n! 2n n!
o (=n"1-2-3-4---(2n—1)(2n) (=" (2n)!  2n)\ (=1)"
- on nl-2-4---(2n) o2m o qpl.2npl \(n ) 22
Wz Iz
= 1/2 2n\ a”
—1/2 _ _ xr
-2 ()= ()
UL7M>T, B(s,1/2) WAFD XD IZERTE %!
(s,1/2) /1x5 (1 x)_l/de—io: 2n 2_2”/1x"+5_1dx—§: 2n) 27
0 —\n 0 —\n/n+s

FrziEs=1/208%

i (2n> n2+_21n/2 B(1/2,1/2) = .

n=0

Wiid% 2 THS &,

()2 s

n=0

B AT D & S BAXDELLL T D:

(2") 2 B(1,1/2) = 2,

nz:% n—l—l

=, /20 27 1
=-B(3/2,1/2) = —

;<n>2n+3 2 (8/2,1/2)


https://mathtod.online
https://mathtod.online/@genkuroki/133351
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8.6 Fresnel &4 & Dirichlet &4 & H Y VK

PAF DA mathtodon D https://mathtod.online/@genkuroki/133687 THAzN L
HENTHS.
Fresnel 7 DA & 1%

/Cost2dt:/ sintzdt:\/g

LWIARDZETHE. ZIT [ 1 limpe [T, OREKTHZ. EOARIFAEDIZ
BEBOBATHD e, Bt =2 12&>T

OOcosxd /°° sinxd \/?
T = xTr = —
o VT o VT 2

PEIEIN, JAUXD1/2) =T & = (1+40)/V2 &V,

/ eile/Zfl dr = em'/4r(1/2>
0

F(z):/ 2 le * dz
0

Tz=—iz=e "1z LBE, MORKEERTVENT IO EREEIE2EDITBRKIC
FE LW, Cauchy DD EH 2 X IXEBRIZTD & 2 Baam CTAN (x) 2P TE D,
DR (%) DRI
¥ 1 sinz dr = I'(s) sin s
0 2

ThHsd. ZOAKXRTHEAD s — 0 OMEFRZ HIE, Dirichlet B4 DO AR (55 5.5 HilZ I

HRH B)
®sinx T
J, s

' 2
lim I'(s) sin > = lim I'(s + 1)M _T

NG 2 s—0 S 2

WO ND . HILOWRIX

LEIRINSG.
PAEIZ & ST, Fresnel B3 DA & Dirichlet B D ARIETNENA ¥ Y EHED s = 1/2
TOFRFME 7 & s=0 TORB 1 2RI ANICAKENIIZ>TNDE Z DD/,


https://mathtod.online
https://mathtod.online/@genkuroki/133687
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8.7 Stirling-Binet DA (1)

PAR Of#iIZIFIE E. T. Whittaker and G. N. Watson, A course of modern analysis
(1927) MEDEIEFEULTHD. ZDOARIFRRA LB R AKX KEIZH > TV D IER TS

LWATHS.
AV XEBON G % T+ H 2 B (digamma BE) & IE, ¢(s) EEKDT:

P(s) = d%log [(s) = T(s)

IOITT 4 AV EHBOERE ' (s) & NV NV YEHE (trigamma L) & IES.
H V< B D SRR SRR B (Weierstrass D) £ V)

oo
S

logl'(s) = —ys —logs — Z [log (1 + %) — ﬁ] )

n=1
ZZT v Euler EMTHD. MAZENWR T DI LIZE>TIREFD:
d — 1 1
Y(s) = —-logI'(s )=—7—;—;[n+8—5].

THILE D ~FHIMP I DL

8

o0

, 1
w<8):§+z (n+s)?
n=1

ZOESIZUT, NV VEBDOMERERERNS, 71 AV YEEE N AV YD
ﬁﬁ@(@ﬁﬁi)‘@b%é

DROBEEIET « AV ~EHEICBET 2 AR ERHE U T, logD(s) B9 % Stirling-Binet
DARERTZETHD. B THHERFEIZR DD, V\]érﬂ’] T 1 VBB
DEEFANS T4 AV XEBOBARAAERT, TOEBES LT logl'(2) DRRZEMD
EIORMABETHD.

£, Euler €EMOMESZRA

n=




48 8. Ak AV EK
ZmRTD. Euler ERDERIC 1/k = folxk_ldx & logn = ["du/u RAT D&,
[ n 1 n 1 n
v = lim ——logn] = lim [Z/ xk_lda:—/ d_u]
n—o00 k‘ n—o0 1 0 1 u
_ N n 1 _ . n n
= lim / L—o dr — du] = lim [/ 1-U=yr (1=y) dy—/ d_u}
n—oco | Jo 1—=x 1 n—00 Y )
— lim / 1- (1 —u/n) d / du}
n—oo LJo 1 u
— lim / 1—(1—u/n / u/n ]
n—o0 L 0 1
1 1—e 4 oo —u
:/ ¢ du—/ 6—alu
U
1 oo —u 1 00 7u
il [ ] a1 L
5\0 s U 5 N0 A
1 oo —u [e'e) oo —t
zlim{/ / —du]—liml/ dt — / —dt}
oN\0 AU 5 N0 5 1—e¢ —t ) t
= lim ( - —) dt
SN0 Js 1—e™t t

00 e—t e—t
_/0 (1_et—7) .

1 DHD% 5 (E Euler €DERTH Y, 2 OHDF S THEADRAZITEY, 3 DHDE
BCEEBIOM 1+ 2+ +amt=1—-2")/(1—2) 2ffio/z. IHIZ4DHDOEST
BDEBOES y=1—2 21780, 5 DHOFESTILIZ y=t/n LB E, 6 ODHDES
TOMNH 1 ETOEDEL 125 co FTOREDZ DT 7. 6’)5@%’?750)%5326;}: n — 0o
DIERPIN DRI Z>TND ZLITERE L. 92HOESTO<A=1-e?<$§
LHEV W0HEDOEST N0 DX [{duj/u=1log(3/(1—e?) =0 LBBIL%
o7z MMMEHDESTIOHDED Cu=1—et B, 2O0HDOEDP TCu=t &P
Wz
IZ, Euler @O FRRAMMT NS T 1 H Y YEHBOBES R RN

b(s) = %bgf(s) :/0 (% - 16__;) dt.

ZRTD (Gauss 2Lk 2T 4 A Y YEHBOMBRESERR). T« H YV B OB B
T, LT U 7z Euler B8ORS FR & < HbHNdAA

l_i > —ctys—1
cs_F(s)/O e Ldt (Ree > 0) ($)
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Ds=1DEEE c=s,s+nn \ZHEHAUZEREZMHED &,

0(s) = - logT(s)

3DOHDEST

—t —nt
eft + 6721‘/ + P + ef(nfl)t e i’
1—et

et _ e(s—i—n)t

e—st + e—(s-i—l)t + e—(s+2)t 4ot e—(s-i—n—l)t _ - -
— 67

2ffiol. ZNTT 1 AV YEBOMEDFRRANGEHI N

UTFOBEEIET + A Y YEBICET2AREMA U T logl(z) T2 2X%155 2
EThHs.

I TAR

oo —t _ ,—zt
/ £ —° at= log 2 (%)
0 t

ERULTHID. Eil%z f(z) £ELE, f(1)=0ThD, fi(2) = ;7
T f(z)=logz £B %,

ETHHLUET A Y IEHBOBEARRANT s=2+1 BT, DD 2 DH
DIED 7T et 2T 5B &

w(z+1):d%10gr(z+1):/ooo (e—_t— c” ) dt.

t et — 1

e tdt =1/z %D

T S EDBETIHMU AR ZEMT D &,

* feTH et </ 1 1 .
w(z+1):logz+/0 (t _et—1> dt:logz—/o ( ; et—l)e bdt.

—ﬁm fO)=1/(e—1) &BLE f(—t)=—ft)—1 &V 1/2+ f(t) IXFHEKIZRD.
HIZ1/2—1/t+ f(t) I ¢t=0 TEANIZRY,

1 1 1 t 3 1o

5 T w112 720 T 30200

YRBZEEDING. LB 1/t {53 0 <t <o THRTHS. ED p(z+1) D
FHRORH OFEMDHB U2 LS 12T 2012,

©1 1
S dt = —
A 2°¢ 22

+0(t") (x)
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(A doRa

dlogl'(z +1) 1 < /1 1 1 u
)= ——=1 — — - — - “dt.
w41 dz ng+22 /0 (2 t+et—1)e

log['(2) =logl =0 ZDT, ZOX%E 1 06 2 ETHENTD L,

1 /71 1 1 —zt _ —t

logT(z +1) =logz +logT'(z) &V,

1

1 o0
logF(z):zlogz—z—i-l——logz—l—/ (——
2 . \2

~+ | =
—_
N~
('0‘

N

R

|

Q)

o~

QL
~

AL DT 2 FHITS S 72812

YE<.T(1)2) = J7 &V,
log\/_:%—l—l(%) —1(1).

—H,I(1) DEHENTt % t/2 TEIM|MR DL,

/1 9 1 dt
I]_ = _ — = _t/2_
1) /0 (2 t+et/2—1)e /

1 * /1 t/2 dt o fe=t/? 1 dt
[ - — [(1) = / _ — € eit/Q— — / € — -
2 0 t et—1 t 0 t et—1/t

ThHdN6, ST I(1) DEBERDHGEMHS &,

/ 1 _/°° e~ t/2 1 +e_t e‘t+ et \ dt
2) /o t et—1 2 t et—1/)t

DT

ZZT
det? et U2 et et2/g oot
dt t 12 t ’
e ?)2 —et et let/2 — et
t 2t 2 t

ICHEETNIE 1(1/2) OFFEE (x) IKRETI 2 2L DN5:

1 et/ ot et emt2 1 1. 1 1
I(=)=-]%——% S T =4 Zlogs == —log V2.
(2) { / ]t_o +2/0 / 3t glosy =5 —log2



8.7. Stirling-Binet MAZ (1)
L7ZR->T,

—I(1) = —% —1I <%) +log /7. = —1 +log v27.
UEZzxzEdd L,

1 2
logl'(2) = zlogz — 24+ 1 — Elogzjt](z) —I(1) :zlogz—z+log\/—ﬂ+l(z).
z
logT'(z+ 1) =logz +log'(z) &V,
logI'(z + 1) = zlog z — z + log V2712 + 1(2).

I(z) DEHENZHETD L

/1 1 1 dt
I(z) = = —at
(2) /0 (2 t * et — 1) ‘%

51

Z DR OHRE T BB DFEIRDAMD 1/t 1513 0 <t < oo TERTHD. DAIIHDIE

DFER M WFELT Rez > 012BWT I(2) IZ ENSIRD K S IZFHTI N5

° M
Iz)| €M “Ret g — —
sy [ el

ZHUE 2> 01T LT,

1
10gF(z+1):zlogz—z+log\/27rz+0(—> (z — o0).

z
Z 1T Stirling D23
F(z+1)=z¢*V212 (1 +0(1/2)) (z = o0)

ASFAEIA X 7. & DRI (#) & ($) & V),

1(z>—/°°e—zt L2 T ow) a
—Jo 12 720 30240
r(1) T(3) TG 1
— _ o=
122 72023 ' 302405

27
1 1 1 1
_ L o= .

122 3602 | 12605 (27) (2= o0)

ERAN 2R

1 1 1 1
T(z+1) = 2%e*V2r - + 2 s o0).
(241) =2 =P <12z 36023 12602° © (27)> (z = 00)

Rz
F(z+4+1) =z *V2rz (1 + é +0 (%)) (z = 00)

IR 1/(12n) /6N
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8.8 Stirling-Binet DA (2) EE HNF
HIEIDFRERIFLTO LS ITEFLDHEND:

logT'(z+ 1) = zlog z — z + log V272 + I(2),

< /1 1 1 dt
[ — - - —zt 77
(2) /0 (2 the"/—l)6 t’

1 1 t 3 1o
-3t = ————+ + O(t").

et —1 12 720 30240

1
2
Z DAL E. T. Whittaker and G. N. Watson, A course of modern analysis (1927) D

12 - 31 HiT “Binet’s first expression for logI'(2) in terms of an infinite integral” & (X
NTWDS. AR TIX12 - 322 ENTH S “Binet’s second expression” =L LS.

Thb,
I(z) = 2/ arctan(t/z) .,
0

627rt —1

L0 AROFE BT S
EXMF

9 fIgk: BRABRERDHICDOWVT

9.1 IERDLH
ROTERBEETITER I NDMEED % FH p, 8 o DIEBI A & FEN:
e (@—p)?/(20%)

o r)dr = ———— dx.
e (@) V2ro?

¥ 0, 2 EL 1 DIER AT & FFHEE R A & ISR

BEM M7 RERE X, Y ﬁ‘%m%quyﬂ s [y s ER 0-%(7 O’% DIEHSAIZ LT 3
DEE X +Y WP i+ py, D 0% + o DERSAIC LS.

9.2 AUIDWmENA2FE D

IR DKEREERITER I NS MER DA % shape a > 0, scale 7 > 0 DH VI DL
38

e~ "/get et (x)T)" dx .
() (x > 0).

fa77($) dl’ = W df[' = F o

FEE 2 =ar, X ar? THY, a2 0 D& IHRHMEIF 2 = (a— 1)7 IZHD.
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RMEES T~ amORERBIZIRDIEIZR S:
Tal}(a) /OO et/ dg = (1 — irt) ™
0

FEHIT 2 72121 L (1) = dar(1 —itt) pr(t) ZREETATHDS. TDI LT
DEDIZUTRIND:

ap ") = itx 7ac/7— 2% dr = / ztz 72/7— d
()l = [ e r= et [ (e da

—IT >0 itr —x/T T > —z/T 0 ey
; / 8:1:(6 e M) da = : / e'Te py dx

Pr,a (t) =

T 1—irt 0 1—irt Jy
it OO ite —x/T ,.a—1 it «a
= d prmn F T.Q0 t .
1—2'7'75/0 ©c v v 1—2'7'157- (oz)g07 ()

1 2ODEFEZTHARL S TOMD 217\, 4 DODFESTHAMD 2> 7.
RiVE BB D IE 2 HIRDEEVER 2 HITE P ND.

BEM MNIARERER XY DZENTN shape ayx, oy, scale 7,7 DA VI D3AHIZU /-
MH L X X +Y & shape ax +ay, scale T DAV BAEIZ L0,

NA2FDHE HA 2HHA0 (P A0 1 F AR HEORNRLGETHD. T48DH, shape
n/2, scale 2 DH VI 3Ai% HHE n DHA 2D (* 246) LIFS:

e—x/an/Q—l e_I/Q (I/2)n/2 dx
Joar2(®) 40 = Sy = T T w

HA 2EHAITEHBE n IZOWTHEEEZED.

EE 9.1 (BREERDPAENO LA 2FEDAENTOND T &). HERLE X\, Xy, ... IFHAT
[ DMEREHINTH Y, EXIHEEERIAIILUAEND IRETD. TOLIY =
X2+ + X2 I3EHHE n OFA 2FHMIZL DD,

EEER. 2 REIX T+ TH B!
B () = const. [ flape 2y dy
INERTD. 0
E[f(Y)] = E[f(X} +---+ X})]

1
7T n R™

2 /2/ f —r /2rn—l dr
ﬂ- n
_ / f 6 y/2 n—1)/2 71/2dy

27'(' n/2

_ 2 /2/ f e —y/2 n/2 1dy
7Tn

3OODEST r= /a2 4+ +22 LBE R ITEITDMIMEEERED n — 1 IRGTHAL
B _EOWUNERLE ldr @ﬁk&é & ’E@b\, — 1 VOTHAERHIDHIMZ A, &
BN ADDDEFEGT r=y"2 dr = (1/2)y 2 dy LBz 0
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FR9.2. LEDFREIZE ST, n— 1 IROGHEAERHEOHM A, (ZBILT,

DAL TSI ERINAZI LIRS, ZHXE IR TOREMREE —H LT3, []

9.3 %IED%HE Pearson DH A 2FRETEE L RITIERDH

K = (Ky,...,K,) \FZHEZAE RS METIAN Y NVEEREZRTHE L TDH. 4D
bopi>0, 3 pi=1THdEU, FEf k... ke CHUT, K = (ky,... k) 72D
RIE, b BT RTIADEET S k=n DL ¥

n!
P(K = (k,...,k)) = mp,flpf

THY, ThPSDE T 0 THD LT 5.

$9.3(4430). 1556 FCOANFAUHRTHLIZ Y1 I0% nHSo57/28 XITi D
HMWH 2% K, b £bT e, K= (Ky,...,Kg) l&r =6, p; = 1/6 ODZIHESMHIZL 2
WS, —MDLIHNG L FRRICHFET X 5 . B

TER DB 1127225 2 L IXLHEH

m!
Y o = @)
kidthp=m L T
EZIXMERTE S, ZHEEHIIZIHEH L [FAROZ Z A TItlHI NS . € U< IXZIHE
HEHWZ m BT 2 IRMNETIEI I NG .

n! e
ki+-+kr=n ' "

3OHDESTLIHTH % /> /2.
K; D8 02 = np;(1 — p;) I8 %:

n!
E[K(K, -1)]= > mplfl e prhi(k = 1)
kertetkp=n 1 T

=n(n—1)pi(pi+ - +p)" ?=n(n—1)p;,
o} = BIK?] — pi = E[K;(Ki = )] + ps — 1
=n(n— 1)]7@2 + np; — 712]9? = npz'(l —Di)-

2 OHDESTLHEH 2> 7.

SSHERAIDETI Y A A0 2 IBELLESOTVWBLHM LU F VL ES . MREHII T r7rS3I V7T
73 TR D2 EZEBoTE IO, A B ER OMREREHEZ 5 Z L idkkcz THE 2525
CEYREUEFEEESTEN.
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27&] 0)&% Kz el Kj @;j\:ﬁﬁ Ci 045 = 043 = —NP;P; C:fd:éi

n!
oij = B[K;Kj| — pip; = Z mplfl e pykiky — g
k1+-+kr=n L r

=n(n — 1)pip; — n’pip; = —npip;.
3OHDES TLHEH 2> 72,
UM o TR MVEHERZER X = (X,,...,X,) &

Ki —np;
np;

Xi:
CEDDE, X; OFFE 0128, pHd

np;(1 — p;

pii:—( ):1_pi:1_\/pi\/pi
np;

IZRYi£ ] DEE X, L X; OIESEE

—NnpiP;j

pijzpjiZW:—\/E\/p_J
8%, $RDY X = (Xi,..., X,) OHEEIEGTH P = [p;) &
N
P =FE+aad”, a= :
VPr

D8 D. 22T EFRAITHITH Y, of 1FFNRT NV a OEETHD. Y pi=1
Y, a IRHALNRY NVIZR D, FIRTZ M v e RTIZH U T,

Pv=v—{(a,v)a

X a ODEZHEMAD v DERHHIZKED (r =3 ODHBEOMEHFHNTHAL). 2T
Euclid NfEZ (, ) &FN 2. P BRAANT ML a OELZHEBANDOERPH 2RI T D
THITHEI MO, PP=P LB POITVINr—112825ZENbnd .

E# 9.4 (Pearson DA A 2 TEFE). LHSMAIZ U AN HREH K = (Kq,...,K,)
DO E F DIRDMERE % Pearson DH A 2 THETE & FEA:

r

Y = XT:XZ? = Z—(Ki —rpy).
=1

i=1 "pi
ZHEAA 2EDBICL D MERLZTIZZRD. UNUIROEMDPEALL TS, [

EIE 9.5. Pearson D A1 2 FHfEEII n - 0o CHHEE r—1 DA 2FEHMHIZULEZND
THERZSHUT (59) IR B 9,

59 Z DFERIE Pearson D A1 2 FhRFIEN n — oo THA 2 FHAMIT U 7203 HERLEIT (55) PURT 2
ZLERTEZODDF—IIRD.

OZ DFERIZ & <BEDHN TS Pearson DI A 2 FAREDHEFEIZZ>T WD, 2D/ — M ZOHiz G
L&D &l 28iiE, AMBPRHEIZOHERIFICIE Tn DRI RE X, £S5 U T Pearson D71 2 Fffigh
BENA 2EDAETIEULTEOON] IZHETIHFANPLZNEI D IZRAZNO6THS.
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SERR. ZROTROHULMRERE O LD X = (X, ..., X,) I&FE 0, DEdL AT P
DLERTCIERDAIZ (59) PURT D, ULn->T, X = (Xy,..., X,) P 0, 5828
115 P 2R DL IROGCIER A MIZ U2 S & &,

Y= X}
i=1
NEHHEE r—1 OHA 2FSHFIZUEZND 2 2 RBIEL . TDOI L 2RTZOHICITR
D—NBMEZ "X+ THS. 0

AR 9.6. N MVERERAZR X = (X41,...,X,) P FH 0, UL 8T8 P % FK>%
RCERDAIZU NS E PP=P D POIVINs BoIE Y =5 X2 I3H
HEE s DA 2/-AOAMHIZULZDD .

SEBR. — MR B BT PIAXSENFRTAICR 5. P2 =P 551X P OEAMHEIZ 0 & 1
WZRY A1 OEEEE POT 73 —8T 5. WRIIHDERITH U PFELT,

UTPU = U™'PU = diag(1,...,1,0,...,0).

S

Zi = Zr: Ujin
j=1

EBL.IDEE X =(Xy,...,. X)) 2D Z=(Zy,...,Z,) NOEHUIELREHZ DT

Y = XT:XE = XT:ZE
i=1 i=1

MERAL U, EATH U O &Y,

E[Z;Z)) = Z i B1X; Xy |uw = Z WjiPjkUkl =

k=1 J,k=1

TR % o 1R D75 & TIARHMEILERE B | 2HL5R 92 L A EDEIRZMUTD &L S
IZELZEMNTE S

{1 (1<i=1Z5s), ©

0 (ZTOMDEGE).

[Z1 Zr]z[)ﬁ XT}U,
Ell: [Zl--- ZJ —UTE || : [X¢ . x|lu

= UTPU = diag(1,...,1,0,...,0).

S

SLZPOTh DB AEERE 1 IRTChiHH OBRRAE B & R D TTIETRE S N5 . §RDBRMERED n — oo
WSIERA A ORFER AU IR 5 2 & 2R iE &,
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AR (&) &V, Zy, ..., Z BHSLIE DA TR 2 AEHEE DI U, Zoya, ..., 2,
X0 ICHEERDTIVAY] ﬁ‘ﬁ LAl5Z 8 (MR1T 2y =-=2,=0LR5IL)

MWHnd. WAITER 9L &Y
Z 2=7 4+ 77 (almost sure)

WFHEE s DA 2B/AMAIZUZDD. TNTRINIZENRIN. N

AR 9T (ZRTIERDM). JEEDEEHEZ R D r IRDENFTH A TR LT, R fED
MERER X = (X4,...,X,) D 0, 2EEL D EATE] A DL UGTIERAHEIZ L5 &
&, TORMERBINRDOIIZ R L THIHLEERTED:

E [ei<t’X>] = exp (—%(t, At)) (t e R"). (%)
ZZT(, ) &R OE#E Euclid N T®H 5. ZDAX A IV THIURSEILSEATH] A 3

A CHR < THSUEERMEDEHIND
BEMMABEE LT A=00L X X 1Z(0,...,0) KAEHOFILA M ULENS .

o, >0,...,0 >0, A = diag(al,...,as,() 0)DEXE X X TSI TH Y,
= 1,...,5 W95 X, 13 0, 78K o? @IE%E PN U0, i =s+1,...,r X
T2 X, Z0ICBEERDT VAT beJ‘O

#H’“O) BIREREBIZ LS TED LS BIGEIRET S, FHERDIAFENITS
A %4} 5(#&63\ (18 ﬂk?#’)%{kmﬁfﬁﬁfﬁﬁ‘ﬁfj—é WD,
A WA S5IE R EOAFEGEE f(x) I2DOWT,

BIf(X)] = ﬁ [ s@e (nama)) d

&%, ZIZTdx 1Z R LD Lebesgue HIETHD. ZDELE (x) BRI TDHILIF A%
ERTHTHALTE I LIZE>TRIND. ]

9.4 HB_ER—IDHEt D

IROMERBEEHBCERINDMERSAZ/INTA—E— , >0 2FRDOE_FEN—X
5347 (Beta distribution of the second kind ¥ U < I Beta prime distribution) & FES:

1 xa—l

fap(z)de = Bla.f) 0+ ) dx (x > 0).
B>126IFEEE of/(B-1) 128D, 8> 2 ROIFHFEIE (a(a+8-1))/(B-2)(8-1)?)
’Eé
2N — XM OMERBEERBUZ 2 =*/y (v > 0) ZRALT, RS MHE —oco0 <
t < oo IZHRIRY D &, MEREEEKBUIIRDIVIZ R S:

- 2 1 $2a-1
N Zdt = dt
Tap (7) v v*B(a, B) (1 +12/y)o+h
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n>0IHUT, a=1/2,8=n/2,y=n D& E ZOMREEKHLTERINDMHERSD
MEEHBEEn DOt AAEEER. T80, HHE n O t 54 LIFIROMEREERBTE
HEINDMHERDPHEDZ L THS:

t2 —(n+1)/2
Gu(t) dt = (1 - —> it
n

(y
(y
)

1 ~ I'((n+1)/2)
n2B(1/2,n/2)  /nrl(n/2)"
HEEE n Ot DOV ENEE TNTN py,, 02 EELS &L

Cnp =

_ 2 _ M
pn =0 (n>1), 0= "> (n > 2).
W28 %, HHEMEBRXOMET ¢ M IFEEERSMAICPOET S, BHE 1 Ot 2461
Cauchy D EEMEEINTE Y, FEEERO S HE K72 R\OHER AR O HAIFIZ 72 > T
W5, HHE 2 Dt 5AEIEFEE 0 2500, 2#UISERKICR 5.

Eﬂ9&FEEﬁﬁﬁtﬁ42%ﬁﬁ#btﬁﬁ# SNdZ &) Z,Y IFMa A hER
BETHY, Z IFEREERDAEIZUZ2D, Y IZEHE n O 2FS/HIZL NS LK
ETD. ZDLE

WSHEEE n Dt DAEIZ UMD,
ZEER. RERETIETFDTH S

Eﬁﬂﬂzcmﬁl/xﬂ®<l+§>wHW2ﬁ.

—00

INERTD. a,=1/(V2r2VT(n)2)) LB L,

_ Z — = = Z o= /2=y/2,n/2-1 g,
E[f(T)]—E[f<\/m> - / (/mf<m) y d)dy

oo oo z 5
= a, f e~ (ytz )/2yn/2—1 dz | dy
A (/2 (ry/n)
(/ F(t) 1+t2/n)y/2 (n+1)/2— 1dt) dy

Qn 2/n n _
\/_ f(t) </ —(14t?/n)y /Zy( +1)/2 1dy) dt
—00 0

n+1)/2 e 2\ Ty
:2<H/H$;&mei[mﬂw(l+%> ' dt.

ZIZT,20DODESIIEEEHIME A 2EAOMDEBENSH/OLENDS. 4 DHDEST
& 2z =t\/y/n LBz (22 = yt?/n, dz = y'2dt/\/n). 6 DODEFEZSFTIRONNEHi-> 7=

9] ] s—1
/ e—ayys—l dy — / e = (f) _JI — Q_SF(S) (04, S > 0)
0 0

o
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FERHD 72 DI IZMERFIRTH DM, I 51T,

2N ((n 4 1)/2)a,  2V2T((n 4 1)/2)  T((n+1)/2)

NG - V127 20/2T (n)2) - v T'(n/2) -
INTHERTDIREZ NI ARTHER I N, []

T 9.9 (EHPHEND ¢t DHEMB/OND I &), X1, Xy, ... WHNZFEDALHEREKY]T
HY, &R p, 38 o DIEFD I LD & &,

n

1 & 1 M, —
M,==Y X, U= > (Xp—M,)?,  T,= "
n i ¥ " on-—1 (X ) Un/\/n ()

k=1

LB &, M, & U, BISLIZRY, M, 13FE 4, 28 o2/n OERDAEIZ L2250,
(n—1U2/o* BHHE n—1 DA 2RSMIIUDN, T, IFEHHEE n—1 D t DI
L7d>. (U, 20 RELE) 0

FR9.10 (T, OHBA). LOEBEDHREDE LT, E[M,) = p, E[UY] =0* %%, u, o?
&2 N NRHEEFTYS (population mean), RHEEF] /X (population variant) & FEIXAV, M,
U2 32T NEANY (sample mean), AMF47#X (unbiased variant) L IFIEFNTWS. IE
BAAOBAENL Y, M, 13F p, 508K o /n OIEBRIHEIZUEZNS. DA

M, —pn
T,
Un/V/n
(ZH L DR ZE N
z, = Mn—h
" o/n

ISAEHETE DRI U203 . BTN Z 8, Z, OO RENIEHER % o % RERIT
B LN RREERFAE U, TEIHZS L, EEEHAATIEES, HHE -1 D ¢t
DIIZUEZND ED IR ND L THD.

RERSE 02 WO > TS GAITIIEEEHRIMIZRD Z, 2250, €5 TR
WIGEIZIE Z, 22V, T I TREMDDE 02 DD D ITRERIIZE S 72 M5
U2 Z2MRETDE, ERDMIIERIHAELY) EEHENRN L SHIZZ>TLESIDTH
%. 0

AR 911 (BEHEDOAREA ¢t pAIMREERSATEUINDE I E).n— 00 T

tz —(n+1)/2 t2 —-1/2 t2 1 n/2 )
1+ — =(1+— 1-—+0|(= — e /2
n n n n?

L2 DT, HHEERRDOMERT ¢ 7345 O = 5 B B U ATHE R R 73 A1 D T =2 785 B 4
PR 2. HHENPRE R ¢t 2EIMEEER DA TEMUIND. N

9.9 MR, HELLHIX X, 2 X, —p CEIMIZILIZE->T, u=0ThdL
RETES. LFNTIE p=0 DHFEDAERD.

9, X1, Xy, ... FHNIFED A RHEREZHINTH Y, £4WEH 0 LEROFE o* %
RO IEL, EHAMATHE LIRETTICEDIED I ENEZDNEHFRED. (x) D
EOM,, U, 2EDD. (U, 202 LTHBL)
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V,=vnM,= X1+ +X,)/vn £BL. ERHEREER (X1,...,X,) &Y, &8
CHIOIERERZEER (Yr,...,Y,) I(CHEEHBTES % Z0e SZHEADFHF L LT

> xi-3ov
k=1 k=1

WAL LTS 8 DT,

i(xk — M,)* = zn:(X,f —2M, X, + M?) = zn:X,f —2M, zn:Xk +nM?
k=1 k=1 k=1 k=1
n n—1
=S X2 —nM? = ZYk vZ=>) v2
k=1 k=1

5T, BEEEADML &Y EY? =0% £L%25DT,

n n—1
E) (Xpe=M,)*| =E|> 2| =(n-1)
k=1 k=1

YBRBILEhMB . ChEY BU =02 L BB ILEDHS. PEDOHERIE X, A
EHAHETHLTERIZLTVS.

PUR T, Xy 7252 0, 5K 0 OERAEIZLAERS LGEL & 5.

2L X EBDHEOMEREEFROL LY, Y, 725 LRSI R Y, &% BT 0,
B 02 DIEBHAIZUID5. DRI

k=1

n
n—1
k=1

el RvAN ) I 2 R )

n—l ZYk

WWHEE n—1DOhA 2EDAIZRD. U >TEH IS &Y

M, —u
o/vn _ M, —p
(n—1)U2/a2>  Un/\/n
n—1
PEHEE -1 Dt MRITULERD 2 bbb, 0

EE .12 (ERDEHD t DHEHB/OLND & (FE9.9) D—Mkib). MERLK D X,
(s=1,...,r k=1,...,n,) IFHITHY, & s T&IT X,y 2BIFFEE p,, 78K 02 DIE

62y, (RIS B BALN 2 M/( 1)/V/n 2 GDERESREMED, TOEREZRICHET 2 5
SR MAUE L, (V.. Y1) 13 Y, (RSS2 B2 L O SR 22 L0 i A A KRR 2 5

Y, OERINZERY H DB wfi%95ﬁ%ﬁ%ﬁ&
3EREWT ) IVAD 2T/, END.
6y, ZHHORVEENEE CIDRE2HRATIZLERSTHS.
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HAEIZUENOTWESEIRETD. DL X

1 & 1
Ms = Xs 5 U2 = Xs - Ms 27
Ng ; i ong—1 Z( i )

= k=1

Z(MS_MS) r n. —1 r 1 Ns
Z:ELTT_,ieégzngzggym—Mﬂ

o s=1 S k=1

Mg

s=1

. Z
n = Ng, T = —n——
; VY/(n—r)
EBLE, TIXHHE n—r Ot HMHIZUERD .

SEBE. SEFL 0.9 DIFAI& Y, M, & U2 I3MSTITR Y M, 13 p,, D8 02 /n, DIEH
AU (ng — 1)U2 /o2 IFEBEHE ny— 1 OAA 2FHAIZLZND L nbh
2. B2 Z & YV IIMICB S, ERAROEEEE Y, S (M, — uy) 1$FH 0, 5
S (0% /ng) DEBRDAEIZU DD DT, Z IFEREERIEICLADD. HA 2 JfH/HD

BHAMELY Y FHHE n—r DA 2FAMIIUZDD. WAIZ, EHIS LY, T IZH
HEn—7r Dt BHIILEIRD. N

EOFEEE s =2,y =, s = —p1, 01 = 09 DEBEIEAT S Z LI2E > TRORN
EEBIIELND.

%9.13. MERLZH Xop (s=1,2, k=1,...,n,) ZHIIMLFEZHAETH Y, FHE p, 588 o
DIERAEIZU D2 T 0D ETDH. 2D X

Ng 2 Ng
M= 3 X V=SS (K- M)
k=1

s=1 k=1
B My — M,y
1.1/ ¥
n1 No ny + No — 2
EBLE, TIZHHEE ny+ny—2 D t ST LD 6, [

9.5 FNREOHDERETHICLIZEYFEWNIZDOWT

X1, Xo, .. ASMNI R DA BRHERELINTH Y, TNZNDFEIE 0 THEUE 02 TH D
CRET DT 2L EYA A n OEAR X,,..., X, OEAREY X, L ARIEDHE U2

- 1 1 -
Xn:—E:Xb U? = _1§:Q%—X02
= n k=1
BELLY o= =02=02 BOET ODEEHRDHTHEED o 3F ¥ IV U, Z IFREFGE o2 D

BHRIKSICHETE2RICAD Z L IHERY L.

66 Z DFEFII DY LW IERADEIZ L DD 2 003 Y FIVDFEENE LN E S R 5 E D DOMAEIZfH
Hhd.

STSERAIS 1 #£ 0 DIFEITIE Xy, & Xj, —p CEIBATEINIRAKTH .
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CEHZIND. ILIZIRMBENLLTWE Z LIZHEEY &

i:z@— E:Xk—nX
k=1

MERZI Y,,...,Y, ZIRDEDIZEHRT -

1 ¢ —
Ynzﬁzxﬁﬁxn,

Y. = X; — kX k=1,2,...,n—1).
k m(Z k+1> ( )

nxn 78 A= lay] 2

11 1 . 1 1| [1/v/2 ]
-1 1 1 - 1 1 1/v6
) 0 -2 1 - 1 1 1/v/12
0 0 =3 : :
1 1 1/y/n(n+1)
0 0 0 —(n—-1) 1| | v

LEDD LY, RbOEHEE
}/j = Zain
=1
Z%U'é 1)_( ’HZ]"J A i’?ﬁ‘ﬁ”fi)%}: t%bf))é 68. VJ)}\;_C: Zi_ Al — 5kl 7:))
JZIL G B DT

ZYf = Z apiay XpX; = Z5kszXl = lez
i=1 i,k,l k,l k=1

E[YkYE] == Z akiale[Xin] = 0'2 Z ak,;a“&j = 0'2 Z A — 026kl-
N i, =1

PEDRAZHD &,

n n n—1
Soxp-nX, =Y vi-v2=>v.
k=1 k=1 k=1

Wz
1 n ) 1 n—1
U: = Xi—nX"| = Y2,
" n—1<kz; L > n—l/;;]C

68t AA IWNELATHNC 2D Z L 2 EEMRTES. 375 A OEBEADLEMDITHIDFINRY MV HH
HWIERTD I L 2MERT L.
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-

AMEDHED n—1HOFD n—1 DHD 1D TEIT-. X 51T

1 n—1

BU = —— 3 By = —

n—1
k=1

1(n —1)o* = o>

ELE Xy ZHAMSLTY 0, K o OEMRAHEICLAEZR>THERLIEE Y, 725
EMNZTE 0, BB o® ODEMDHIZL DD LB ITHENDOONDG. ZO5EITIE

X, = Y,/ /0 13T 0, 8 0% /n OERDAIZ LA, (0 — 1)U2/0?

- Z;llka/UQ
WWEHBEE n—1 DhA ZEOMZUZD0, TNEIFMTIZRS.

9.6 F—REBELIVE_RBR—IDHE F oK

ROMERBEEHB CERINDMERD M /NNTA =L — o, >0 2ROHE—FER—X

4347 (Beta distribution of the first kind € U <IZBIIN—& 34f) LIS

IR S PRy
fo"ﬁ(x)dx_B(a,ﬁ)x "1 —2)tde

(0<z<1).

Xr=(a-1)/(a+p-2) II85.

FE 2 = af(a+ B), BEE (af)/(a+ B)*(a+B+1)) 128, o, >1 D& SEHHH

TN — 2 A ORERBEIEEIT 2 1= 2/(1 +2) (¢ > 0) ERATE &

x de 1 xo ! p
fos <1 +$) (12?2 Blwp) A+a)e ™

(x > 0)
B85, INEHE NI HOMREEHATHD. BHORFT 1 —z/(1+2)
1/(1+x) 2o/

IHIZ, mn>0&U, BN — XM OMERFELEBD © (2 me/n (x> 0) ZRA
THE, FEFERBRIZULT,

faﬁ( ma/n ) (m/n)de 1

1+mx/n) (1+mz/n)2

(majn)®  do
B d) Ormame 5 &0
ERD. INEX, a=m/2, 8=n/2 DEZT IROVIZES:

1 (ma /n)™/? dx

ImnlE = 2 ng2) (Lm0

Z DHEREERTER S

INDHERDEE/NTA—Z—m,n D F DHELIER INT A—
Z—m,n O F DPAADVIIE R E TNEN fig, 07, LFELSE,

Hmn =

2n? —2
- (n>2), 2 n*(m+n —2)

mmn

m(n —2)%(n — 4) (n>4)
8%,

X BRI A=B—=m,n D F BHIZLENDZLIE, (mX/n)/(1+mX/n) 1E/85 A—
B—m/2,n/2 DE—FEX—ZFHEIZUEZND, mX/n 13/NTA—=8—m/2 n/2 DFE_
FAR—=X AU DD
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T 9.14 (HhM 2 LDHEDHS F BB ONB &), MV RHERLR Y, Z BnehTh
EHHE m,n ONA 2FHHEIILEND & &,

_Y/m
_Z—/n

WENTA—=R—mn D F DAEIZUEDRD. U”RoT, Y, Z; HBNLE DA R HERER
ThHY, FAPEEERDAEIZU N L X,

v (i Y2) /m
(>oimi Z7) [
3NN TA—"—m.n D F DAHIZUIZDD.
SERR. RO FERIFEFCEO TR EEH I NSELND. BREDOXEREZ RT 2OIZIE

(ma /n)™/? dx
Bl (X)) = const. / J 1 + max/n)mtn)/2 g

ERTIE L. a = [2007/2D(m/2)D(n/2)] ! L BL &,

E[f(X)] =F {f (Y/m)] — a/ooo (/0 f (yz//:?) y+z)/2ym/2 1 n/g ldy) d
- / (/ f(x) 1+m$/nz/2( :Bz)m/Z ' ST/2— 1mzdx> dz
a/o f(x) (<$>m/2/0 —(1+ma/n)z/2 ,(m+n)/2-1 dz) d%

= tmsap (P o [ g () (1 )
0 n

n T

3DODEFT y/m = (z/n)x £EBW/= (y = (mx/n)z, dy = (m/n)zdzx). 5 DODEFT
RD—ME R AR 2o 7z

o) 00 s—1
/ e dy = / e’ (é) % =a °T'(s) (o, s > 0).
0 0

INTRIARNEIZEIFRINAZ, IHI

gminy/2p (M AN _2mPT(m 4 n)/2) 1
2 ~ 2020 (m/2)T(n/2) ~ B(m/2,1/2)
INTHERTIRIZ NI R CHERIN. N

RN — R DA OMREEHRBUZ v = 12/n, a=1/2, B=n/2 ZRALEZEDIZH
HE n Ot DAOHRBEEEHBIZIRLEZDOTHo7-. TOZENLHERER T PEHHE n
Dt PFEIZUENO LI T2IINTA—Z—1,n D F SAHEIZUEPN, T2 1385F7 A—
A—n,1 D F DLEIZUEND T eWbnd. ZOEKT T 046 I3AREIZ o e E
MN1DEGED F 2ETHZDI DN,

ZOZCRUTOLDICEHENBHEIZL > TEHNID S5ND. F D46 OMERZE R
WEIRD LS IZESEIND:

(m/n)m/Q xm/Z—l

B(m/2,n/2) (1 + ma/n)mtn)/2 dzx.

Gmn(z) dx =
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m=1%KRATDL,
—1/2
m“@”“:\ﬂuxbznm)a+;%mm®ﬂd”
XL = BRALUT, 4% —o0 <t < oo ITHKIE L 72 & O OREREE BHIE
1 dt
Vi B(1/2,n/2) (1 + 2 /n)(n+0/2
285, ZAUE t DA DMERFEEEEL g,(t) dt 12T 5.

Gra ()t dt =

9.7 AVIHDHEFE—TBEE_BEOR—YDHDOER
H Y REE L RX— R EBR OB

L(p)T(q) =T(p+ q)B(p,q)
OB ORI TIEHUTALS. 22T

o) 1 0o a—1 d
r@=/e%wa B@@z/ﬁ%uﬁ“ﬁ:/-%—ii
0 0 0

14 w)ots

N—BZ L B(p, q) DHTH DRRDMERT SIS A I —FE R — & ) A5 DIER L K
BTHY), 1838 DERRDYPRED BRUIARE ML AR =X i DHEREEHBTH .

B—RER—IDWMEBRTIRTZRICETAE v=2t,y=2(1-1t) LEHEHTDH L

/ / f(z,y) e_(“y)xp_lyq_ldx dy
o Jo

/ dt/ dz f(zt, 2(1 — t))e Z2Pte =1 (1 — ¢)77 1,
WA, 6ELE fla,y) = fla)y) DL L THND R 5

/ / f (E) e—(w+y)xp—1yq—1 dz dy
0 0 Y
1 o0 t
— / dt/ dz f (—) e Pl (1 — )0t
0 0 1—1¢

=T(p+q) /01 ! <1L—t) =11 — )7 dt.

:@é‘%ﬁliiiﬂ%%Bf%b\“c’%*?@/\‘~&éj\¥ﬁ6:i5b‘é f(t/(1—t)) OMFFEIZ—HT D, K
flx/y) =1 DX T(p)(q) =T(p+q)B(p,q) L2 eWNOND. IHITt/(1-t)=u
73‘73\7?)*9 t=u/(14+u) £HL

/ / () ac—l—yxplqldl,dy

=T(p+q) /Ooo f(uw) <1iu)p_1 <1iu)q_1 (1 jlruu)2

uP~t du

=T(p+q) /Ooof(U)(1

+ u)pta
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ZORRITEBE 2RO THE FER—Z MBI D f(u) OMAHEIC—BTD. F 94
3 AR — A DD AT —IVEER DT, ZHUIAT —IVEBDENZRNT, F 24
WEITAMAHEIZ LU TV EARTIELETES.

BIBAR—IDNMERARTIRFEERICHTAE v =uw (E2>T o 256 u ITHDE
BeZhydL,

/ / f,y)e” @Hap=yt= da dy
0 0
= / du / dy f(uy,y)e HHHvypratyet,
0 0

IO (1+uy=2F80by=z/(1+u) IZ&2T y 2o 2 IIEPLHELHT D L,
/ / fla y)e” eyt~  da dy
0 0

00 00 —1
— / du/ de f | ——, = e LLL du :
0 0 l+u 14+u (14 w)rta

ZZT flx,y) = f(z)y) EIRET D &,

o7} (o) 0 —1
T\ —~(aty), p-1,q-1 _ / uP" du
/0 /0 f(y)e o drdy =Tt |

ETHERAREZHEIZE ST, ZHUIAT —IVEBOENZRWT, F 246128105 f OBIfF
EIZ =L TCVWBEARTIELETES.

U EDFHBEIZ L ST, HY /AT U 0D PN R HERE D L IX 5 R — R 54612
U7D3D Zehbnd. U TIEBRDIEIZU 20D ST B HERZBOMIE AT >~ I U
2D, INoDY Y TINBEEEEDLED L, EEOMGE A 2F/OM0, t 946, F 240
DBEBRBERIZEONS.

AETH S O E B -0 WIS NOBEGRED 5

rry=t:(1—t)=wu:1

o,y EH YOOI R, t 13E—FER— X DHORENER, v 13 FHR—X DD
TWeREHTHD Y.
XSIZHYYEHBOBD R ROBOERD « 2TNTh 22 [ZESIHZ 2R

I'(s) = 2/ R
0()0

MOMEFELT, 2 =rcosh,y=rsinf LU X y=xaxtand LEDEH = LT LT
AHETL LI E o TEARBE AV RRE OBREHEICRDS.

OOFEF I EOFFIZG(I TS, R—=Z KO ZFEHOR R & FHFIRN < Ko7 (2016 F7 H 1
H).



9.7. AVIPMHELHE L HE DN —Z 37 D BLR
WMBEEZDIGE v =rcosl,y=rsind ZX > THSEH % MPEEEHRT D &
4 / / gz, y)e TPl 20 g gy
o Jo

= 4/ d@/ dr g(rcosf,rsin) e r2P+9)=1(cos §)2P~ 1 (sin §) 2
DRI g(2,y) = gly/z) DEF

/ / < (z 24y? )x2p71y2q71 dx dy

/2
I'(p+q)- 2/ g(tan #) (cos §)* ' (sin 6)271 db.
0
FiZ gly/x) =1 D& E XY
w/2
B(p,q) = 2/ (cos 0)*~!(sin 0)21~* do
0

ERDIENDND.

EEEED BELTHBODIGE y=axtand IZX>T y 25 0 ITEPEREELHT D L,

4/ / g(z, y)e™ 207t dg gy
0 0

w/2 00
=4 / df / dz g(z, z tan ) ¢~ (1Ftan* 02 .20+0) =1 (4o 6)24-1(] 4 tan? 0).
0 0

IHIo=r/VI+tan?0 T o 0O r NP EREZ LT D L,

4/ / gz, y)e g Ly201 o dy
0 0

) /W/2 W0 /oo irg ( r ’ rtand ) e_rzrg(p_,,_q)_l (tan 9)2q—1
0 0 V1 +tan26 1+ tan26 (1 + tan?g)rta—1

DRI g(2,y) = gly/z) DEF

/ / (z 24y? )x2p—ly2q—1 dx dy

/2 (tan §)%a—1
=T 2
(p+a) /0 gltant) o e gy

A EDKERIE ETRD 7 MEREEB DG ED AN EFE U EDTHD. BELRLIE

(tan )21
(1 + tan? §)rta-t

ARIFAIIZ tand = sinf/cosd ZRALTERED L, HiLIZ

= (cos §)*~*(sin 9)?7 1.

1 tan2 6

2 .9

cos’ = ———— sin“ = ———
1+ tan26’ 1+ tan?6

67
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ERALTERE S, BEOARZEDHTHHELA ¢ = u/(1+u) ISHELTHS.
PERTH DBV EITIZ FOBIEHH 3

x:y=-cosf:sinf =1:tané.

ORI, z,y DVGERBETLHE O b eSO Y ETHHALZ 2 y=t:(1-t)=u:1
WHRIGELTWD (t =sin?6, 1 —t = cos?§, u = tan? ).

9.8 n— 1 RFTHKELED—H5 % & Maxwell-Boltzmann 8l (1)

iﬂi@@ﬁﬁﬁ”ﬁf%é&b}%—¢X2 C+ X2, 7™M = X, /R, £BX.
»wt%( 20, Z0) U 1 YRR EO B BB T R 2 0
it 4 25 B AU

gn(2)dz = (1 — 2232, (—l<z<1),

1
1 n—-1 n—1n-—1
= 1— 23240, — B[ = _on—2p
‘ .[f =) : 27 2 2 72

W25, UK, IhERTD.

n — 2 WOLHALERIE S"2 = {(z9,...,2n) |25+ -+ 22 =1} OHBERZ dv' &F
=3+ 422 EEE 1o, 1, MO & n— 2 RIGHRALERTE O REREORLIZ

%ﬁ’#fj@"?é &, ¥ r’ D n— 2 IRFCERI DO MEREIX »2 IZHHIT 25D T,

Naw

dry ANdxo A -+ ANdx, = " 2dey A dr' A dw'.

XD, ¢ WD =12 a2 CEBEBT D = 22, o Jor = /1 &
DT

Y

dry Aday A -+ Nda, = r(r? —22)" 2 dey Adr A dw.
BB o1 D 2= /r ITEREHT D &
dry Adzg A -+ Ada, =111 — 22324z Adr A dw'

U723 o T, R EDBRFRAMERE LB p(r) \IC LT,

/ g(2)p(r)dxy - - / . 3)/2dz/ " Lp(r) dr/ duw'.
n 0 Sn—2

BAD2DOMBOMZE ¢, bES L,

1
Cn :/ (1— 2324,

1

cn B 2BYDHETEHRELUED. 1 D8I 2 = t1/2, de = 712 dt)2 L EBEMT B Jilk
Thd:

! ! 1 n—1
e = 2/ (1= 22372 g — / 1U2(1 — )2 gt — B (-, ) |
0 0 2 2

O EDATY flo,y) = fy/z) LARELTHBLRIES s LRAL,
TLZ ) f A AR REHE E R E R 3 5 SLEO» B BRI E— R A S 2 BB R B G




9.8. n— 1 {RJuEKMHA ED—HRIT 4 & Maxwell-Boltzmann HI (1) 69

2OHIE (1-2)=(1+2)(1—2) LRBOML, 2=2t—1,dz =2dt EEBEWHRTDH
EThH5:

1
o = / 9(n=3)/2(n=3)/20(n=3)/2(1 _ )(n=3)/29 gy — on—2 n—1mn-1 .
S 2 72
INTRIAREZENTARTRINSA.
BIFEEM & U T, YV EED duplication formula £ 6NTWAH L 2ERLTHZ
2. (n—1)/2 ZEEDEDER s ICEIHATE ¢, D@ OFIRIFHZLL TN S:

/_1 (1= 22V ds = B1/2,5) = 221 B(s,5).

1
R—BZEIZH YV ERERATD L
D(1/2)T(s)  2%7'T(s)?

T(s+1/2) I'(2s)

ThabL T(1/2) =7 &V,
2s—1

ﬁ
ZDRAUF (Legendre’s) duplication formula & IEEN TS ™.
2 DR B D T
« gpl2)de = L E (cl<z<l).  TH0, 512
(2 de = - 2 : 70, 53 :
z=sinf ZRATD L, %d& (—m/2 S0 S 7/2) &—BRAAEIZRD (L7 VAT, W
ZAVCBMAAHBIE 1/2+0/7r =1/2 + (arcsinz) /7 (-1 < 2 < 1) T4 S, #HIEXK
BB TR D DT ZORMIFHIEKS R L IFIEN S ™.

['(2s) =

T(s)T(s +1/2).

o g5(2)dz = %dz (c1<2<1). 0, K 1/3.
2 YRICERTH] ED—FR DA DR 5% 8 5 HAR EANDOH L~ IZR D .

« () de = 2VT=Fds (“1<2<1). 0, 4K 1/4
T

"Legendre’s duplication formula (FAERD EDEEE n 1259 2RD Gauss’s multiplication theorem 2
*%4 bExXnd:
nns—1/2

(QW)(nfl)/2

728 ZIE T(3s) = 335~ 1/20(s)(s + 1/3)I'(s + 2/3)/(27).

BINGIEFEAEE ~BER— X ORI RGETHD.

MYV ITNERVREITDEE, b=ZNVTHBLEL TO2REDREDE X DRMMNSEITEL TWD
IRBED K D E X DRI % 51\ 725G B O MR AR 13058 5 12 HMAL T 2 LW IEROE IOEMN < Z e IS
TWa., ZAUIHEFER L IEIEN T WD, WEE DA OMERE SR BULTIGIOE IFEREL<RY, B
AD 0 fHEINY K85, W22, WIEKEANIEE Sk L T 2 I & &L T 2 RERE 0 25 o ol
30 MBEICEESTICREILSARDEADBNE NS ZE2EKRLTWS, YV INFERLIEIDHE
ERBIIZE S HISTVRIXTTHD. HADMART, BoHHT ), AKIT 2D T2 DN,

[(ns) = I(s)L(s+1/n)T(s+2/n)---T(s+ (n—1)/n).
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ZORMHIEHFAI T L IFEND 7.
z=—cosf ERAT 2L, sin? ﬁ'éﬁj\?ﬁ sin?0df (00 m) 1272357

n>40r% g.(2) 1375 7R OTEIC RS . FHEENE 0 THOBIZU T TRT
;5 2 1/n 2% 3.

" DIEE 0 TH D IR—REE H VI EHBOBRE L OH Y Y B DEK
W#ﬁ&U%kwy4n—wm—l—vnt&épt#b#é.%Qvt%ﬁﬁtjz
DR 1 n 128D 2L ErtEd:

1
1
Cl/ 22(1 . 22)(n73)/2 dz — c,:l(cn . Cn+2> —1_ Cn, _
_ n

n
1 Cn+1

TIT22IT1-(1-2%) 2RATBEIREEITo 7=
V" = /n 2 3 0, 8K 1 ORERZEBUT AR | T O FlE B RS

2\ (n—3)/2
dn y‘ _dy - L 1—y— dy
Jn) vn Jnen n

8% . n—ooDeF v=(n-1)/2 5L,

2\ (n=3)/2 2\ —3/2 2 n/2
2
(1 — y_) — (1 — y_) (1 — M) Ly V2
n n n/2

2 \/7v
Ve, =2+ 1227 B(u,v) ~ Vor 22 2V on

v 22w

T A IEAT AR B 1 D E A EDO D EEIZB T 2 Wigner O¥HRANCEHDLND. N IRFESFRAT
ST % RO HERZS N M TR LB [T, e M/ 2d My, [, e M/ 2d My \ZHHIL T2 L ARE L
T VA NBFENTMTI] M OEEHEOHEES G E2EZD. TOLE, AT —)VEBIZ L > THEMN 1/4 124
B EDITHIRILT B &, TOMRMMIE N — oo THE 1/4 OEHDAMIPERT % &5 DAY Wigner D
FHHEITHS.

A I B HOOBRE I B 1T B IR SE & U TE LN S B RERN A TH S, =& 21, Bl
M, &R & T DI, SERVOTIETR R (ZIKF, 2013.10) IZfREAH 5.

TSficik - Tate FRRICZOEO NN EE T 5. kil - Tate P IE THHEEAR EER I N BEEREE
R 7= RGP HIRR D FZEBALE p DOABRA ETOFELOMB2»S p+1 2510\ T 2,/p THI-THLNDE
ED A sin? MAMIZAR D] L0 D NED 1960 FRUTMNIZFHER I N FRTH D . B TIEEE IR
IINTVD 5LV, R=TORIEDFHEREIZ DN TOMERE (2008) DMEEIZE & E o MBI D D.

RS REKOMAE D L 512 TERE sin? PR 2FKE U 202D TE, #7588, Dedekind 7 Bi% e
e sin2-F 4], 25 16 MIECFESL Y VAR Y D A HEHZAKY (2005) IZFEL. YK FE ZRKFEREE - L HR5E
FAIANI Y a—R—TilEATVD Z L 2 EFEAELICE T H—FT U TiELAZ L SIZDWT [ UK
DHZHEERP SO THETAN, EWVWD LBz, TNT, BHABER, &N - B2 EOE&P
XFEHEEBT DI LIRS -DTHD] LENTHD. TO [DUEKROHZEHE] ORMAERIZE ST
[ sin? PR BERI N~

SU((2) EDO—# 4 (Haar JIE) 2 5FE I NS SU(2) OILAFHEARD M EODAAI sin? I3 AHI1Z
K%, TOHBIIUTO®EY . A SU(2) DIEEIF —1 < tr(4)/2 <1 T—EICRKHM I bN5. (—ikiC
GLMD@jyﬂﬁbLm%ﬁﬁ®ﬁ®§“%i%@%%%ﬁﬁC?@b%lﬁﬁt ) TR
5N3.) Ae SU(2) I ()ﬁ%ﬁﬁ*ﬁé%@&SU:S%j@twﬁﬁ#ﬁm%tfS3#bR4
D 1 RTED B ANDFEIZ L TWD. TOZ D SU(2) LD —EDHMZT DB RRD 2 1
\ZFET B 000 iﬁﬁtrfzﬁ ?5( I sin? BAFHIZRD IR bND.

%%'Mm%miFﬁ@ﬁ%i@ﬁﬁﬁﬁ%%t@“ﬁﬁ@ﬁ#b%fﬁp;Z’GbﬂéSUU

HAFOED 3 KoLk S3 = SU(2) ED—RRR AN SFFEEIND AMAIZLZN>TVWD] LWIFETHD
t&aﬁé.


http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.is.tohoku.ac.jp/~obata/student/graduate/file/2013-Meijo-QP-Graph.pdf
http://www.math.ias.edu/~rtaylor/
http://www.math.ias.edu/~rtaylor/
http://www.kurims.kyoto-u.ac.jp/~gokun/R=T.html
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf
http://www2.tsuda.ac.jp/suukeiken/math/suugakushi/sympo16/16_8nanba.pdf

9.9. n— 1 RJLEKHA ED—HRIT 4 & Maxwell-Boltzmann HI (2) 71

L% BRI DR T Wallis DAR LY
2 2 —1
Bly,v) = I'(v)? 22vl'(v+1)% 2 (21/) 2\/mv

T () ﬁr(zwr 1) v\v v 2%

YRBIL R[S ULENST, Y i n — co O CREIMEE S U 7228 e
I T 5

a2 - —y%/2
hm— (y) lim (1 y/n) _ ¢ .

DlE%FEDD &, Iy OFFEGHRE gy) IZD0T,
-1 ‘ e Y */2
Ca ﬁsnflg(yz) dwy, —>/Rg(y) or W (m=roo).

2T, VST ={(y1, . yn) ERT Y+ +yi =0} IFEE 0 O n— 1 IRoGERE
ThY,C, IFZTDREORHEETH Y, dw, I FTDEKE EOHBEERZTHD. ZODREHRIZ
Y2 1E Maxwell-Boltzmann Bl & U T K< HI SN TV 5.

9.9 n— 1 RITEEALD—kDHE Maxwell-Boltzmann 8 (2)

RO CIRERE i D n— 1 ROGCERIE LD —RRAE D x; Sl DS ORBERAEHE E R 7
MIZRDZEZFEHL =
[FERD FIET, B /n D n — 1 IRJEEKIE EO—BD A D m IRITER 73 ZE N DS 52 M
m (kjﬁ@fﬁ/éﬂifﬁﬁ\?ﬁc INRTZZLERED. MR TZOMEZ HEICHEL TEL.
RIEiDFL S % TD F £85I Sk,
n—m— 1 PouBAERE S = { (Tpgr, - vn) |22+ a2 =1} OTHEESR
Tdo EEI =\ 2l + 1 CEE v, .., T, 7)56 r&n—m—1IRGH
ALERTH B D FEREDMIZ A A % &

dry A -+ Ndxy, =" Yoy Ao Adx, Adr' A dw'.

I, o r = /ai a2 CEBERTDE = \r2 =2 — - — 22 D
or'/or =r/r'~1 7LD T,

dzy A Nda, = r(r? — )22 dgy Ao Adzy, Adr A dw
BB (i=1,....m) 5 zi=x1/r (i=1,...,m) (IEEEWHT D L,
dry A ANday =" N1 =22 — o = 22) =22 g0 Adr A du
U 72232 T, BROWFR AR TR B B p(r) (2 U T,
/g(zl,...,zm)p(r)dxl---dxn

:Cfg)_l/ g(z1, . zm)(L— 27 — -+ —Z;)("*m*Q)/del---dzm. (%)
4422, <1

ne, = fil(l — 2 /)24y RDT, FIED lim,eo(l — y2/n)=3/2 = ¢ V*/2 5% ED
limy, oo /R Cp = V21 ZELL I ETE. EBE, TO UV ES S,
BLLEDFHEZWIZ/ZEE I L IZ&>T, Wi Wallis DARZEHTL 2L HTEX 5.
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(9
(9
)

(n)~1

o :/ " Lp(r) dr/ duw'
0 Sn—m— 1

THd. Lo LMMABELE LT m=0DEA%2E25L V=113 &
W, p(r)=e2/2m)2 T B I LIZE 5T, n— 1 RICHEALERE O HREIZ

() 5 -1 n/2.n/2 n/2 n/2
/ dw = (2m)"? / e /2 dr _ 2 L
gn-1 0 20/2-11(n/2)  T'(n/2) T(n/2+1)
CETREIND (dw td n— 1 IROCHEALERE S OHIBEESR). IRORKZ > 7z
/ P le 2 gy = / e_t(Qt)(S_Q)/2 dt = 25/2_1F(s/2).
0 0
BAZER% r2/2 =t rdr =dt, r* Ydr =r2rdr EEBTNIEZONANRELND. LA

&Y, [ p(r) dr IEEIC 0 — 1 YOLEABRE OWROBENZ 22 Z L bhd. L
725 T,

Jordw  (n—1 OERAERE DR
Tomord’ — (n—m — 1 UG ERE D I RR)
_Mﬁi&c DBFEIFERTH 5.

EH A EUTFO &S IZEE I NG

f) =

24422 <1
= / t;1/2 . .t:n1/2(1 —ty— e — tm)(n—m—2)/2 dty - - - dt,,
t; >0 E:’ilt <1
I'(1/2)"I'((n —m)/2)
I'(n/2) '

2DOHDEST 2 = i, LEBEMBL, BRERDOFSTROAXNZM S 72 p; >0 12 LT,

r < -Tpm n
(1) -+ T (Pms1) ::U/n P Lty e )P
F(pl + e +pm+1) t;>0, Z:’Lll ti<l

FEHHD AIEEIHT VB E R— A HBOBKRE o7 <HAKTHD. L ULLIFEL%E
B(p17'--7pm+1> C‘:E< (‘:,

B, sPms1) = B(1, - -, Dm—1,Pm + Pm+1) B, Pms1) (B)
WRALT 2 2 LMD, RNECHT 2 2 8 TE5. EB = (1 -t — - — by )u
W&o Tt, 6 u IZEBEHRTZ L

B(plv s 7pm7pm+1)
1
:/ dtl---dtm_l/ du
>0, S < -1
t{’l_l .. .tﬁlm:ll_l(l —ty == tm_l)Pm+Pm+1—1qu—1(1 _ u)pm“_l.

p=m+2Dr X I = 7m/2T(m)2 + 1) 1& m R HEAERKD KBS L.



9.10. —IENAMGLHE—FER—X N 73

IhED EOAR (B) BRI D 2 ENDNS.
AR (x) £V, NY NVIERERZEER (20, Z50)) O gL

gn(zlu s 7Zm> le e dzm = ng)_l(l - Z% - Zg@)(n*m*Q)/Q le e dzm

Thb.
&Y, o>0HLT, (VL) = Ve (2, Z0)) oReskB UL

1 m (n—m—2)/2
2
(1 o E y) dyy - - - dym

n—m-—2
2

1
ROT Y™, ) i — 0o Tm IRFTEDEBSAIZ U 72055 RN IUffE =255
ICIRT B 8. T abb,

1
—/ g(ylw"aym)dwn
Cn(\/ﬁff) \/605"71

1 I ~— ,
— (202)772 /Rm 91, -y )exp( 52 §1yz> yi---dy

22T, VoS ={(y1,...,un) ER" | yi+ - +y2 =no’ } IF¥EE /no D n—11K
THRETH Y, Co(Vio) X TOREDRAEMCTH Y, du, 1£7 OIRE LOFRIERTH
5. ZHUIYHERIZ X Maxwell-Boltzmann Rl & UT I <HIGNTEY, 28 o? 14X
I D Boltzmann EBE kT 72 LRI 5.

9.10 ZIESHEFE—BR—9 9%

0<p<1&9d. niFFEADBKETHD LT L. MREMERLE B,, W37 A—4—
n & p OZIHJMIZUEZMND LiE

P(B,, = k) = (Z)pk(l —p)"F (k=0,1,2,...,n)

MG DI L THDEEDD. FHHEpEIEZZENTN np & np(1 —p) ITRY | KK
X ElePra] = (pel + q)* £7%85. ZHBMIFINT A =R — n (ZBHU THEMZFD.
WAIZHOMREHR I Y p 2—CDFEE n 2RESTDE, (B, —np)/+/np(l —p) &
BEYEEHI AR IZ U 2D fERE R TIERI NG .

IR L E AR R A OBERIFA IO Y |

D(s+1)=sl, () =s!/(t(s—t)) LHEIZLIZTD L

t

(N CEY s ) PN
B(Oz,ﬁ)_(oz—l)!(ﬁ_l)!_( + 8 1)(

80y (M) 7 [N TIR AN Z ST EER &
Sy (") A IRA n THMNLTIRARWAS, n — oo ODREIE TR A FEHE R4 12K T 5.

a+5—2>

a—1
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BODT, INT A= — a,B >0 2R DE—FEN— X 7341 DRt 55 % B EUd

a+p—2
a—1

fap(P)dp = (a+ B — 1)( )pal(l -p)’tdp  (0<p<1)

YRIND. T of(a+ ), P (aB)/(a+ B2 (a+B+1) KAY, a,f>1 Dk

SEHMEIE p=(a—1)/(a+8-2) IZBLZDTH>/-.
WRIZa+B—-2=na—-1=k D& I, F—FEN—X DA OMEREEHREHIL

n

Jerin-r+1(p) dp = (n + 1) (k:

)p’“(l —p)""dp  (0<p<1)
ERY,EEEIZ p=(k+1)/(n+2), 28UX (E+1)(n—k+1)/(n+2)*(n+2), &
BEMEIE p = k/n 12725 52,

DL EDREEM S, ADB & n [FHEL T k B> 28 X, AW BICHEOMERIZ/ST A —
B—MWa=k+1,B=n—k+1DE—FEXN—ZDMEIIUZN>TND &AL &fHH R
ZEeDNDHND .

9.11 PoissonmEA YD

TIHSAE A5 Poisson DA EE I D .
O<pu<neZ THdEU, N, [FMLAITREE n, R p=p/n O_IHSHIHED
REWTHD LT 5!

ZDEE , n—o00 T

P(N, = k) = (1—%)”’2—?(1—%)]“ (1—%)--(1—’“;1) —>e_“'l]:—l:.

BERRAITE RSB N 23 k= 0,1,2,... 122V T

K
P(N =k) = e*ﬂ%
W29 X N IF/INT A =8 — 1 @D Poisson BAAIZHED L ED.
TIESARE IR D HERAE N, 1& n — oo T Poisson DB IZFHINEKT . ZHIEIRD X S
WIRIRI NG . AR S 72D U T p BIOFERBHEETLHLDIZUAZW. TDAHIC
& N D ORARRE D 72 ) ST ITHER /N TEEPKET DL ITEEV. 2ok
SHEARE D 72 D ICRET D REROMEIIMERZH N, TROIND. u LHEUT N
MAFITREBZR L X, N, ORED MR DL Poisson 7T & IELIND.
Poisson 73/ (S BN RFE 24 72 D IZHR W Z B[ E2 BT 2R UTE <D
nad.

82k ~np (n — 0o, p IZ—) &R 5IX, n — oo TFIME L BHHMIE p (TP U, 28U% 0 ([ZIPUERT 5.
83 S AL R /0 A DF.




9.11. Poisson 346 & H > <X 5040 75

INTG A =& — ;i D Poisson DADFEIZE SEIF L EHIZ 1 TH D

o Mk_l B
(N D) = Zke“wfu ;(k_l)!u’
e :uk_2
E[N(N —1)] = p2e Y ) p,
k=2 )

E[N?| = E[N(N = 1)] + E[N] = pi* + p,
(N D480 = BN - ?] = BIN’] — i = .
Poisson 4346 DREEREIIIRD L 51272 5

o0

Ele™N] =e# Z ’tkz' = exp(p(e” — 1)) = (exp(e” —1))".

&Y, Poisson DAEIE/NT A —Z— p IZDOWTHEMEZEODZ Wb Nd. W22,
DMREH KD 2 REST DL,
N—p

YT

VFREHE R AR BRI AE
(N —p)°
L
SEHEHE 1 OB A Z/DAMITEBRNIRE D 5
IRDOMERBEHMCTERINDMERS A% shapea =k +1>0,scaler =1 DHUY
DA ERESRDTH > 77

Y =

e Fu k
Srrra(p) dp = o du  (u>0).

SEE p=k+1, 8L k+ 1 I28Y, BSEEIE p =k 1285,

ZOZ s, BARBEOBHITERD k B2 5722 61X, BARHRH 72 D ITHEN
HL Z B B DSEYIME p OHEEMEDY shape a =k + 1, scale 1 =1 DAV BAEIZ L2035
TWBEARTILIIGEICE > TIETRICEHETH Y TORIENDOMND ®.

BN 8D 72 ) O FHRAE KR DSFEIGMEMN o D & X RREIE ¢ > 0 DA I Poisson 43
MR d & & X IFHIE T OHWZIZBIHI I NS HEDOEE N, 1337 A—&— ut O
Poisson 3D L F X HN5:

k
PN, =k)=e™ (’g‘) (k=0,1,2,3,...).

Rk a=k+1>0, AT =) 7=1/t DAV I DHDOHERBELEKBIZIIRO L S22 5:
Jrr1(p) dp = e “t(k') tdpu.
CDRHEDWEINE = (k+ 1)/t (28D, 28U (k+1)/¢2 128D, BSEIE p = k/t
225, WA k=~ ot (g >0 1E—E) DL X, t — oo TFHETBEIZEL E1T o 1TIX
U, 48R 0 1IZIRT 5.

84+ ZMBEDARTIE, N 2 BUHIfE (observed) LRI L, u % HARHE (expectated) L IR L, Th 5
EETNTNO,ELRDOL,Y =(0-E?/EDESIIHEI LR HSB.
5S4 045 D 3.
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9.12 EFRBLEFREDKRMITRERA

TR A ST T DIIE (7)) 2 35S H B NG B[ | BT 2572 LT3 .
o ElaX + Y] = aE[X] + BE[Y] ($E1E).
o f20K&5IE E[f(X)] =0 (BIHE).
o E[1] =1 (Biksfbsett).

ol INEFOWEEIPENRYDIENEZD.

WERZR X OFYAE (HIFHE) DIFEET DL IX B[|X|] <00 B2 ZELTHD. TOD
L& ux =LEX] 2 X OFIEE U <IZHIFHE L TR X O px WMFET D & &,
(X — px)? OFEHfEE X OREREIES, 0% ERDOU, DTSR oy % FEHEfRE & I
SR AR ERERICRD 2D HY R D.

LLE BX[] <00 B5IEX D r IROE—AYV MWMEETDLEN, E[X] %2 X O
FIRDE—AYREED. X D LIRDE—AY ME X OFY ux = E[X] THY, 2 kD
E—AY MIDWT E[X?] = 0% + u% BOT 0% = E[X?] - E[X]?> £%5.

MERER X T U T ox(t) = E[e™] & X OREREE RS, FrtkEud ¢ 1220V T
—RREAR U 8 S RN U DR AR MR DA 2 75D . fEREH X, Y 2
A UHERD 2RO E, X ~Y EELZ2IZTS.

X DrRELFDE—RAY MINIRTHEET D & F, FERE ox (1) 13 ¢ =0 T r [
sarggicny), oW0) = BIX (k=0,1,....r) &3,

X Y I3 HEE ARODIZ R OWREHTHD L 945, ZDE F Cauchy-Schwarz
DAEREY, B[|(X — pux)(Y — py)] L oxoy ERZDT, oxy = E[(X — px) (Y — py))]
W well-defined (280, |E[(X — px)(Y — py)]| S oxoy £%%. oxy & X & Y D5
BEIESR. pxy = oxy/(oxoy) % X & Y OMBEFRE L IER. HHERBOMSEIZ 1 IF
IZ8%.

FEABUIAZARILTD TR FIVORFE (SRS L, HBREIE TR MVDHWED
g% 0 LESLED cosh) TR ULTWD, HEREB X % F¥H0 01282 L5 Il
EVATBHIL 7 X — uy 3R NVOBEMIITH Y, E(X — ux)(Y — puy)] HSEEORBL
MTdhd L EIFET I, BRBEETHEAZ I NG RTEITLD.

WERER D X; PHALTH D EIL, iy, .0, DEWVICRRD & X

Elfi(Xi,) - fo(Xi)] = ELf1(XG)] - BI(X3)]

WAL T DL THD (fp 2HIFERERKE). X &Y W RL6IE X &Y OHtsy
B AHERRREE 0 12785 2%, W ARAZ U RV,

SORfER 22 (Q, F, p) ORI X & MERAH LIPS, WO X 12 [, X(z) p(de) ZHIEIED
P T IRHEER B L PO B ] & RDT.

STHER AR & \SRERZEM] (Q, F,p) EOEBUETTHIHE X : Q>R DI THD. R D Borel HAES
ATKRUT ux(A) = u(XHA) LEDDZLIZE>T, R EOMRAE ux WEED. ux &HEREH
X OWERDHEER., £ LE ux M Lebesgue MIEDHE f(z) L RRIND L X, f(x) ZHEREH X
DOHEREEFR L TR, R EOAHIB g(z) ICHLT X & g D&BE g(X) L EL. g(X) BHEREHIC
8%, glx) WETERREAD L F, g(X) OHIFFHEIX Elg(X)] = [pg9(z) px(dz) EEDINDG. X D%
BERE f(x) DFAET D85 Elg(X)] = [ 9(2) f(z) dx.
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Dy 13T A= — >0 Z2ROMREBTHLL L, X ~D,, Y ~Dg THY, X,V
I THBETD. ZOLE ELE X +Y ~ Doy WENET D & X, D, ORI
FEEMEEROEED.

WERZR Xy, X, AW TH DL X, oxpoix, = [y 0x, BRLT D, DRI,
¢Yp, = ¢* WKILT DI L &, D, DHERDMIIHENZROZ LIXFEETH .

10 {I8%: B8 Tauber BUEE & F D0 A

10.1 AFEHESLS D Tauber BIEIE

I 10.1. f(t) 1& t > 0 TEHEI N2 IEMEERECTH DB F 72 (BB 5 L Tv
5UHREL, a,a>0 THdLdd ZDeX

/Oxf(t)dtwaxa (x — 00)

B5IES,
a—1

f(z) ~ acx (x — 00)

MBS T 5. (2 ORERORIZHHRORDOTLZ KR 2 THH LAKE LTWS.)

FEER. 97, f PHARADTH I GEEED . f BWEFARDEBTHL L LD, LED
c>1IZ/RUT,

— [y f@t)at < fo 0 (@) dt. )
cr —x r—clz
Dk % qro! TEID &,
o fwdt [ f(t)dt Jo Fyde 5T f) de
axr® ar® < F@) o e axr® (2)
c—1 = axel T 1—c! ‘
WZIZxr—>00&dB5Z8IZL>TY
a1 < liminf ——~ fl@ ) < lim sup f(a:) < L= (3)
c— z—o0  ar® rooo AT T 1 — ¢

X5z e 1EdTBZLIz&oT
M@ S

a = liminf —+= < limsup T S
r—oo QT 00  ATYT

lim f(ai)l = q, 2FY  f(z) ~aaz® !t (z — 00).
z—00 ar®
Br <2 BHIE f(z) 2 f(2/) PRLT DI L% THFHRED] LIFATWS., FERBEDIENTED LD
295 7200121 TIEINEE] LSRR ENE LAV, HEIZADETIDLD IZIEATVS. THH
B 2OV THEAEADEE 2T LETTESLLSHAKTH .
89F(x) ~ G(z) (x — 00) IE lim, oo (F(2)/G(2)) = 1 ZFEKT 2
N [FE () dt ~ ac*z™ (z — oc0) EHNS.
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INT f PHRFAHDDBEITRTRE tfﬁmﬂmt.

I f RRFEIMOGE 2 RkE S . f BREFEAMNOEEIZIE (1),02) TRE SO E %
WU ZZFER N B NS, W AIZ, (3) T liminf & hmsup %X@D’C, ANEZSDME %
WCUZZAERMNMEOND. ZDZ LITERETNE, f BWHEFAEIMOEGE ISR T R I EERE

BIZEoND 2 e bng. 0
B a, ICRUT f(n) = an &2 TEE F(t) 2EYIEDSD 2 212 &> TROME
PELND.

% 10.2. ay, az, as, . .. FIEMEEG THRFEAD £ 2 FHEFEMLTHDE L, 0,0 >0 TH
595 ZDOLE

n
Z ag ~ an® (n — o0)
k=1
AR~
Ay ~ aan®” (n — o0)

ANE RYAL RSN 0

10.2 Laplace Z#:D Tauber B FiE
Stone-Weierstrass DZ EATUEEE 1 2 NV TCTETIRZRTD.

=8 10.3. o(y) IEPAXME [0,1] O FEEAMEIHBTHD & L, gly) IZFXE [0,1]
FDOBRET 5 c € (0,1) TOAREGETHOD ST i@&f%é%@f%é & U, MipR
glc£0) =lim~gglcte) WEAETDERETD. ZOLE MFERD > 0ITH/HLT, %
A P(y), Qy) T

||/\

P(y) = g(y) = Qy) 0§

y)dy < / 9(y)(y) dy,

/01g< o) g/@( Yolo)dy /lg<y>¢<y>dy+g

W2 TEDOPFETD.

SERR. Sl 2 i S IEAEE Q(y) DFEDAE FEIEE . (g(y) DRDVIT —g(y) %
% 2 0UE Ply) DIFAEL RINDG.) X512 g(c—0) < g(c+0) E LT L. (g(c—0) =
g(c+0) BHIE gly) DRDOVIZ g(1 —y) 2F AN L. )

o(y) FIAHTHEAEIARDOT N = [ |6(y)|dy = [, 6(y)dy LB L, N < o0 &%
%. gly) 10,1 EEREDT, 5 M >0 T |gly)| < M (0 <y<) & B It b OB
s,

EEIZe >0 2HL5.

o\
i‘i
|I/\

OLEHIX ] b oD R DM BB 2 T A B C —RRIE L X 1% &\ D EBE.
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¢ KD 6 > 0 12U, gly) 2EBT 2 EEEBEL g5(y) KDL S IED B
9(y) 0Sy<c—9),
9s(y) = { max{a(y —¢) + g(c+0),9(y)} (c—=d=Zy=<o),
9(y) (c=y <)

ZZTa=(g (c+0) g(c—=19))/6 THY, aly—c)+glc+0)=aly—(c—0))+glc—9)

ThdZliFEEt Lk ©&LY
-M=gly)Sgsly) M (0=y=s1)

BTV S. gs(y)o(y)| = Mlo(y)] (0 =y = 1) 2D limso95(y)d(y) = 9(y)o(y)
(y # ¢) 72D T Lebesgue DINHEH L Y |

1 1
tim [ astw)ot) du = [ aw)ots) dy.
ZDOZEe%ffioT,0>0%2+n/NIULT

/Og(y)cb(y)dyéfo ga(y)cb(y)dyg/o g(y)¢(y)dy+§

e EHIzLTHL.
Stone-Weierstrass DZIHAGGLUER K V| H 2L IHAEE Q(y) T

QW) -5 - 55| S5y 0=y

3N| — 3N
22T EDONEFEHLETD.
ZOEF gly) S gsy) S Q) (VS y < 1) HRILTEY,

[ @wot
< [ew) - a0 - | o+ [ atowast [ ooway
ggiN/Ol¢<y>dy+/olg< ot dy+ 5+ [ oy

1
9
3N +/0 9W)ey) y+3 3N

- / 9(y)ély) dy + <.

INTRITRIZENRINS. 0
EIE10.4. f(¢) 1F ¢t >0 CTERINIEAMEATHHBETH DL U, a,a >0 THD LRE
ERCIINAO P .

| et~ & @

0 Xz

AT

1/x a 1

/ ft)dt ~ W oD (. \0).

MIENLT D . (Y BB TR HEHIZMA T OREHZ RNiEHn5.)
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BEER. F(x) = [“e™f(t)dt LB &, RE F(z) ~ a/z® (x \,0) &V, k=0,1,2,...
WX LT,

F((k+1)z) = /000 e (e’zt)k f(t)dt

a a 1

X ik e
" (k4 1)eae :x_ar(a)/o e (e7) T dt (2 N\0).
ZZTIROAAZ > 7=

1 1  etat
—_ = T dt > 0).
o F(a)/o ¢ (c )

U723 THER D Z THAEE p(y) (2DWT

/000 e (e f(t) dt ~ o 1 ] /000 e tple )t dt (x \0).

2 (o

FHBS I [0, 1) L0 AR B o(y) %

o(y) = (logy)*™ (0<y<1),  ¢(0)=0

LiED 2y = e IZDAREIEEE RO [0,1] LB g(y) %

T ODMMHETD. ZDL T y=ct B,
/OOO e tgle N Hdy —e < /OOO e "Ple )t dy < /OOO e tg(e™ )t dy,
| et tays [TerEee tay s [ etae ey e
—H, f) =20 THdZ kb 5

/000 e ' Ple”™) f(t)dt < /000 e gle™™) f(t)dt < /000 e Qe ™) f(t) dt

2[5y dy = [y (~logy)* tdy Ty=et LBLL, [[o(y)dy = [etoLdt =T(a) LBB. =
DIEDD Gly) = (—logy)* 1 Ik a>0 DL X [0,1] THUMATHZ I LBbI5.
BT f(t) DHAMEHSTNS.
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BOT, 2NOEE% af/(2°T(a+1)) TE-ST, 2\, 0 DMREZHD &,

/ e 'Ple”")t* 1 dt < liminf rTla+1) / e “gle™™) f(t)dt
0

\0 a 0
< lim sup M/ e Mgle ™) f(t)dt < / e Qe )t at
z\0 a 0 0
UED2DODEEDIHREAEDE, e >0 2V H6TEHENILSTED 2 LIZERTNE
RMBALT D Z LN DN5:

xO‘F(a+ 1) > —xt —xt _ - —t —t\ra—1
}:1{%7/0 e g(e )f(t)dt—/0 e ‘gle )t dt.
TREODHIRMEH 7
oo 1 o
e gle™™) f(t)dt ~ i—/ e tgle™) L dt x N\ 0).
| et an~ S [ et (+\0)

el <e @ &t <1 /x IZAMETHY, t<1/z DL X e””tg(e’ H=1¢8Y,t>1/z D
X gle™)=028DT, IS EORFMD LS ITESIEIND:

1z a 1 a1 a 1 a 1
o xaf(a)/o e O
CATRTRE ZENFRTEI N 0

FOEMEFHOFTIEZGHOED Z LIZL>TIROFERPROLND.

%10.5. f(t) &t > 0 TERI N EMEKE TR EZIFBEFAEMLTHd &L,
a,a>0ThHhdLdsd ZDLx

/Oooe_g”tf(zf)dtNi (x \,0)

xOé

AT

t N at® ate1
[t~ s~ (2 = o0)

AN AVAC RN []

B a, IZHUT f(n) =a, ZWZITEE f(t) ZHEYNTEHRT S I IZE>TELLL
724, Stieltjes M MDEMZFEHLUEL Y, IHIT y = LEWNT 2\, 0 OKIE %
y 1 OMRICESETZLIZE>T, § USKIFEEIEHLUEYT Z L IZX > TLAFORER
PEOND. (1—e®~x (2N 0) THDILIZERET X))

% 10.6. ag, a1, as, ... \FFEEMEBINTHDL U, a,a >0 THDLTDH. 2D X

lim(1 — ay” = a
lim(1 —y) Xiy

Z a+1) (n — o00)

k=
N AVAC IS (7‘3 VX B *ﬁﬁ‘ﬂjf*éfim WEPA R DEERA % RAXhn b . ) []
94 Pl ED Stone-Weierstrass D % AT BLE B % {d 5 10074 5751 Jovan Karamata (2 X 5.
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EEER. EESGIBHLUELTHE IS

2.2>0¢Ul,y=e? &BL<E, 1—y~x(z\0) BDT

— (@No0)
n=0
ZITHEED E=0,1,2

k’ +1 Ze—nx —na:

a a 1 X ik e
Nm—‘%—am/o 6t<6 t)t 1dt ([L’\O)
I TRORANZM o7z

1 1

L —erel gt 0).
oo mwA ¢ (¢>0)
U7223> T, [EEDZIHAKY p(y) 1I2DWT

— x* () (z . 0).
2 TH A B E TR
() = 0 (0=sy<e),
Tl ey
BT BEZ I oTIRMELNG P
N fnac a 1 /OO —t —t\pa—1
~—_—— e e It dt x \0).
> e o [t @\
e b n Sz FAMETHY , n S 1/ DE X e g(e™®®) =1 2DT, §< LD
RIIIRD LD ICEZIEIND:
1
Z anN%L/ to‘_ldt:i 1 _ e 1
0<n<1/z v () Jy

*al(a)  z¢T(a+1) (#0).
r=1/n &HE LELOM%Z k=0,1,

>~

ZEDRINT. ]
% 10.7. ag, a1, as, FIEMEES] TR £ ZIEBEFAEMLUTD &L, a,a >0 Th
2295 DX

EYT o ORICEXIET Y

— 00).
ZNTmx 3 NZE

o0

lim(1 — g ay" = a
y/‘l( y)* — y
I3AEEE 10.3 2 AWV 2 EEEW

95%'}&;\1 2 A

HMNBEIZR D, FOERDOFEME RV, X500 Ta, 20
ERELTONE D, K< ORLBRWES D, GO I DOV TIXER 104 OFEH 2 SE &, ZOHIEIR
Jovan Karamata (2 &£ 5.
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ANY~S

ZakN anNan (n — o0)
a+1)

AN D RVAC RSB N
EHE 10.4 D Stieltjes 2 UIZIR D@ Y 9,

Eﬁumgx) e(t) =0 (t <0) Zi2 9 AEBREFHMEETHDE L, a,a >0 T
HhdLTDH DL

o0

Fa)i= [ et~ (N0

0
ANCY~S .

a (0%
['(a+1)
ANDAVACIESS 0

p(t) ~ (t = o0)

ZOEMORINGZIGEE UT, £ U IEEM 10.4 DFEHH & 2R IZFAROEZ -5 Z
WL TIRDFERMPESLND.

%10.9. )\, = 0 FHEFAWEINBINTHL LU, a,a>0THdLT5H. ZDLZ

[e.9]

P R AL
n=1 e

ANCYES o
#n M S0}~ g

MNLT D, IS5 t=)\, DFEEEZDILIZEDT

A (F(a+ 1))1/an1/a (n = 00)

(t = o0)

a

EROEND. [

10.3 Wallis DR & W IEsX D%
NEBBUER (1—y) V2 =3 pany” (lyl < 1) TEH a, 2EDD &

a, = (—1)" (_711/2> _ 3G+ 1) nl(g +n—1)
onp| o 22n ()2 = 9w ( ) > 0.

9625 10.5 1, 28 10.6 M CHHEFENICBEBEBE TN TV D L) —RADGEIZET 2 2 Z\T
B\ B 5 DOMED B EERE LTV D TREFA S iz 7&0’@‘6
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4 DOHDFESTHTARIZ2-4---(2n) =2"n! 272, I HIZ

n+1/2
n+1

D2 a, IFEEEFRDBEIITH D, (1—y)/2> 0 jay" =1 8D TR 0.7 2 AT
22 LIZESoTIRMELNS:

1 /2n nt/2-1 1 (n = o0)
Ay = —— ~ = n D).
220\ n I'1/2)  /mn

DAL Wallis DA & FEENTWNS 97,

WEREDANHETRE —DDNNE—=VIZDODWTEHIAL &S5 . ZTD 72O EMEES] a, 1E
Wallis DA R DWHEZEH) a,, ~ 1//7n (n — 00) Zifi7z LT EARE L, pur = artn_
B ZD0EE RELY min{k,n—k} = oo IZBNT

Apy1 = Ap < Ap.

1 1 1 1 1
pn’kN;\/k‘(n—k‘) G /E(l_ﬁ)E

LBRBDT,0<a<b<1IZHLT,

lim

Z Do = lim /
" <k jnsh e a<k/n<b \/f (1-1%) Va(l—x)

TR EEE 71 (2(1 — 2)) Y2 doe DVED D RERD AL EEA A LIFENT NS, 20
O ITIFEN D B IE T D RREMER DA D & D ITHEREHBETRDINDE D
Thd:

1 /[® 2 (VT dy 2

;/0 \/ﬁ:;/o M:%arcsm\/i.
Z OWMER DA IEIHLD (2,y) = (1/2,0) THEMN 1/2 OMEA EO—ks5M% o il EIZH
FUZEDIZFEL.

Z D & 512 Wallis DA AT DL ZFE ORE N S W EE TR S . £ LT Wallis
DA REDFHEZEE) L Tauber FLOEH (R 10.7) HHHTHKD. —INR 1IRTT ¥ X L
A — 2T B WIEKIEINX T D & D R ARTIHEHI NS,

WERERI &0 TEANFRE U < IEHIFHEDY 0 THRO 28 Z FHD & 5 REMA»OH
FT D LRI VA LT A —2IZBEVT, Bk D EIZE £ > T2 IFFEORMOHEHI &
D53 A PSR BR R DRBIR TR EIX DA IR 51 LWHOIEMIDZ & THD . HIEK
FEHIDOFEIIZIZMN R ) 2R Z DWEHERKEIZR D, R 1/2 TEAIZ1L ATy 73O
QHHR T VALY A — 27 I 2B EKENOLETI X, flAGDEMRINIZPP I L
WM BEIZ R D Y. 2 2 TR EOFOmAILERICIE TN RN L I2T 5.

97K 10.2 HiXH 10.6 i TESI L /2 &+ 7D Tauber BLUER I Wallis DARD—fL7E & ARED.

98%% U < I& Frank Spitzer, Principles of Random Walk, Springer GTM 34 (1964) M2 20 fi% 2R &.
FRIZZ D pp. 225227 H7- D) 2 BT HIEZ D) — N OEBERDLDIZIETTHS.

WM T ¥ A L A — 27 O ERKIERIOFERA I B AS D B A IR, feRamai # A 8%, 20030525
UK EE [Z 0 X L0 4—2 <) ZARED L HA (2004) O 1 ZE2 S U THRLW. IRED
FHIADPZNZEDIEFIY—E2ZABMBIERTENE R LU VDT, BEEIFEIDANIZIZBETIOHTES.


http://web.econ.keio.ac.jp/staff/hattori/srw.pdf
http://web.econ.keio.ac.jp/staff/hattori/kyoritu.htm

104, x—x24+xt x84 x16 - x324... Tx "1 &§5L? 85

U2 U, BIERIRANS L AVERERAPZ IR AL LT %

#H#{ () € {£1}" |na < #{k|z1+ - +xk>0}<nb}

s o / m

o L / / p p 1 /b dx
m — e Ty AL, = — _—
n—oo 27 : . ! TJa y/x(l —x)
—1<zy,..., Tn<
na<#{ k|:c1i|- +zk>0}<nb

FyY U I ZWE, fE o+ + 2, >01F TFOTWSZ & (M—=&)IVTH->
’Cb\éﬂﬁ,m) KU, #{k |21 4+ 2, > 0} PO TWREHOEI2EKLTE
ZMna < #{ ko + -+ >0} < b IFFN TV B IFH DRI DEED o LYK
eg’< b LD/PNINWZ L ZE ﬂnt\b’Cb\é T VRN F— 7T B ERIERNE TFNT
WARFHEDEIE] 23 n — co THIERAMIZLAEZND 2L 2EHRLTWD

104 x—x24+xt—-xB4x16-x324+... Tx N1 &95&?
B F(x) %

Flo)=o—2*+2* 2% +2% -2 ... = Z(—l)kak (lx] < 1)
k=0

EEDD. ZDLE x 1T Flo) 3RS 257 JURT 2 & U7xbZDIHREDEIK
fAJ1Z 73 2 Fpap 100

IR 2 & U256, TOIPNHEIE 1/2 TRITFNIENF RN LiFg <Iicbhbnd. &
NENY A

F(2*) =2 — F(x)
MELL TV NETHD. X HICHIEFHELTAS L, 2 21 DEL T F(r) Ofti 0.5
IR N bbb, 282X
F(0.99) ~ 0.494098, F(0.999) ~ 0.500124.

Flx) &z /"1 T12 KT ZDEADMNY
BA a,, s, =

F(x)zzan$n7 Sn:a0+a1+...+an

LEDD. —MHIT
Zanx” =(1—ux) anx"
n=0 n=0

DR
Sp=aptar+---+ay,

1005524 13 = DRIEDIETE % Peter Duren, Sums for Divergent Series: A Tauberian Adventure, 2013-10
EHA T 1K) THEAZ. T &hiE G. 1. Hardy 252 ORI % 1907 41072 5 LW, BEFE T h
i$ 2 1T Fz) O 0.5 ORFAZ NS <ERICEHL TV 2 H 72 R6NE. TUT EOMEAS 1
R CIFEBRICHRICIREI L TWd 2 EAGEHI N TV 5.


https://www.uam.es/personal_pdi/ciencias/dragan/respub/Duren_Tauberian_Talk_2013-10_UAM.pdf
https://twitter.com/genkuroki/status/734774669069287424
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R icEEYT L.
LK T

F(a) = 21— ) + 2*(1 - o) + '%(1 = 21%) + -+ = (1 - ) f (o),
f@)=z+2'0+z+22+2°)+ 20+ 4+ +2) +--
=z+ (@' +2°+ 2% +2") + (20 + 2T )

EBBDT, 5,20 ThHD. DAIZEHLLE
glgl/HiF( —il/‘H% (1—x) an:ﬁ =a

EPERT 261K, 2106 (a=1) &V,

EPCRTZIETTHD. UL,

4k —1
. Sg4si4 oo+ Sy . 1444164441 1 1
lim = lim = lim — = —,
k—00 22k _ 1 k—oc0 4k — 1 k—oo 4k — 1 3
4k — 1
. 50—|—81+“'+522k71_1 . 1+4+16++4k_1 . 4—]. 2
lim = lim = hm =3
k—00 22k—1 _ 1 k—00 %4]“ —1 k—00 %4’9 —1 3

BOT, n Y0 ysp ldn— o0 TPORULAW. U2 Ta M1 T F(z) BIURL AW,

10.5 Laplace-Stieltjes Z#t

DARIEEE 10.6 HiD 72D DHEMTH 5.

(HiRL@E@ ji 0t O BRI 12 TH D LIRET .

W, B U8 lim, o F(2) =0 & limyoo F(2) =1 PERAZLLUTWB ARSI, F(r) 1
%Eﬁ%ﬁﬁ@ﬁ%b<ﬁ$KﬁﬁEﬁtW$:tﬁ%é.%@&%Fﬁﬁ@@ﬁqu
TOMEIZRZHER] ZEIRIND. LR Tk F(r) PREBEERSMAHRBIIZ>TVD &
FARE U 7R,

F(z) WHEFFERFDTHD Mo, FED o € R IZBWT, ENSLDMR F(r —
0) = limag F(z — ¢) BWFEHET D e BDnd (LICERBFEROESIT ERE KO MH»
5). I 56T Fx) 3HEGADT F(r) = F(z +0) = lim F(z + ¢) L TW S,
Fl)-F(x—0)>0 B2 EHB F Wi o TRERZZLIZAMBETHD. 420
L F(z) 3RS 2 T Fz) - F(z—0) >0 DAZT LYYy TULTWS, 2D L
D F(r) OFRER LS~ TRETH D Z 2 Bbh .

1R () HSA5ESE (6 U < I3 HH 5 EE) TH D LI lime o F(z +¢) = F(a) L TVS 2L TH
5.
1022(2) BT 21 2 S 2/ B5IE Fla) < F'(x) BRALLTVS Z L Th 5.



10.5. Laplace-Stieltjes 2 # 87

F(x) (29 % Lebesgue-Stieltjes Bi47 &
pr((a,b]) = F(b) = F(a)  (-o0Sa<b)

%729 Borel I up (—EWICHEET D) ICHETIED L L TERIND. §2DH,
Borel £& A IZ2WT

[ 1@dr@ = [ 1) ustae)
LFEE, TN % Lebesgue-Stieltjes B L TR, HIE pup(de) ODRDVIZ dF(z) &FELZ
ENLN. F(x) M e =a TERGRZILE up({a}) =0 XEMEIZERY,
F(b)—F(a):/ dF(x):/ dF (x) (a < b)
(a,b] [a,b]

MRALL T2, 2DHDESIE a=b THD o =a T F(r) PAEGER L SRILL R
ZEITHEYL E LY R L0 Borel #IEE 4 BMEED x € R IZOWT pu((—o00,2]) < 0o
27U TR R5IE F(z) = u((—o0,z]) B L F(r) (3482 BFAFERAD B E T
lim, s o F(z) =0 272U CEY, p=pp PWEILL TN,

X[ [a,b] (a < b) ZB1F % Riemann-Stieltjes #4531 [a, b] D53 El

a=x0< T <Ty<-+<xy =D, ¢ € [xiq1, 4]
ZHY .
[ Hwar@) = im 3 s ) - Fo)
CRETG, T CHDOMBE AR < T SHETH S, f(a) A b IS

/ f)ar) = [ e

MWHAZLL TS,
DRTIEISIZ F0)=0 LIKETS.
p MY (0,00) ED Borel fllEED & &

=W 1 O Laplace 2 L IF.R. £ 1) —f%iZ
| et utao
% f(z)p(dr) @ Laplace 21 & FE3.
ER 10.10. p WWEBREIE (1((0,0)) < 00) D& F
M) = [Tt <o (520

p BERMETREWGETH>TE, M(0) < 0o BHIXe % u(dr) WARHEZEH DD
T, JEIRHIFE D Laplace Z#1 123 2 D L < WERHIE D Laplace DG E 12w
THIEDDNSE. XI5 e u(de)/M(o) DHERAEZEDD Z b, % < ORTEMN
MERMEDGEIZRETD I LHOND. N
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8 10.11. p, v 1% (0,00) LD Borel fHIED & &, +3RKER s IZDWT

/000 T u(dx) = /000 “Ty(dr) <

DAL TV RO p=v &85, T8O, +HKER s IZDWT u,v ®D Laplace &
DA RRZAEIZIER U T DFE L WA LI 2 DDHIE v i&—HT 5.

BEER. EE 10107 A T7 2 flis 5. A= [Te " pu(de) = [T e " v(dr) < oo D& ¥,
w(dx), v(dr) DTNTN%E e u(dx) /A, e=* I/(dx)/A ’C%‘&*]@‘Z.é EiZ&oT &
v IFHERJETHDLRETED. ZOLE AERED s = 0 12 L TENSOD Laplace &
I ERZMEIZIR TS, FMHES f:(0,00) = (0,1), 22—y & f(x)=y=c EED,
(0,1) FOMERHE /v %

s e
| eatan) = [ eaan)
0 0

FRO &> B FEING (BHF):

1

y* i (dy) = / v /(dy) (52 0).

S~

FRZ ff &V DE—AYVIDPTARTELY. PRIZ W=V T8O p=v THDI M
b, ]

ER10.12 (E— X Y MEEICOWT). BRKHE EOWERAEZZDE—A Y h2EIZLS
T—HENIZIEINDS M U VR X[E EOMERHAIEDGEIZILE D TIERW. 22 X
W BUERDAEIEZZDE—A Y "B 2T NS —EITHE IR, S BHEUE IE R 46 D
MERZEHBUIIRTH 2 6N b:
—(log z)2/2
Fa)do = %dg (x>0), flx)=0 (z<0).

s(y) XA 1 2R OEBEFHRH T T OMSEIXHEIC 1 LR THDLT5d. 2L 2IE

s(y) = asin(2ry) (la| £1) THdL945d. LT

g(x) do = f(2)(1+ s(log2)) da

LEL. s(r) OMEIZEIZ 1 ARRDT g(z) 20 &85, 20 g(z)dr R EORER
WIEE 2 2, SEEEE A f(o)de LAICE—AY MbEEOILERLAY. £
D7ZdIZIE k=0,1,2,... ITHLT

dx

/ 2* f(x)s(log x) dx = aFe~ 1082 25(log ) — = 0
0 T

vl

10372 2 21E p(de) = p(a)de D& F 1/ (dy) = p(—logy)y~ " dy.
104Gt one-Weierstrass @%Iﬁﬁﬁ@{m@%@ofuﬁﬁﬁf%é HEHHM DL IERIZ & 5 —HOE A a fE 72
DIFEREARE EIZERS Z S IZEEY &, #E 10.13 OFFHH & FEED HiEEfi> CIHTE 5.



10.5. Laplace-Stieltjes 2 # 89

EREIETATHD. MOERE v =ev™ LEBRT L L, s(y) AW 1 28> &Y,

ky+k2 y+k:) /2 k) d €k2/2 y2/2 d
+ = e’ /'s
N / s(y +k)dy 7 ) (y) dy

s(y) IXAHEZ 272D TIORDIX 01285, ZTNT g(x)do I FHERAEZEDTDE—
AV N BB E RO f(2)de DE—AY R ZBIZE LW EBbhro/z.
PAEDOHIE, Willium Feller, An Introduction to Probability Theory and Its Applications
Vol. 2, First Edition (1970) @ VIL3 @ p.227 DHIOF| S ELTHSH. T II2iE T2 Dk
HNE C. C. Heyde I2& 5] LFENVTHD. IHIZEDFIZIFUTOLISIZENTHS:

(1) R EOWERDHD k IRDE—AY Ny LEL L E,

= 1
ZQM:OO

n=1
BHIE, E= AV b OE & OMERDAN—RIZHRE S (Carleman DOREHE).
(2) TNE Y FNFER: BMBIRDE—A Y 2B 6/ 6N N S

I
2n—|
n=0 (2 )

DUHCERED 0 kD KT VESIE (THDBHZ 2 > 0 18 LTIORT 2 %4 5 1F),
E—AY Nbinb b & ORERMEN — KR IE X N2 (556 i XV 4).

BEIDIZERDE—AY N bDWMRKEN+SNITNEE—AV NN 6E L DHE

BOMHIE—ERIZRE I NS.

S BAEHE EFADAGD E IRDE— AV N py 1F o =eVth EEREMT L 212L5T
o e(os2)/2 gy

_— l’—_
He= | N \/27r/

2
ok /2

k:y-l—lc2 (y+k)2/2 dt
> 2 2
= e~V /2 dt = /2

V2m )

CEMEI N, IKE kO 2 IR DB ORI TRHIIWEKRT LI LW bnd. (£0D
HREIE K ~ exp(kloghk — k + (1/2)logk + log V27k) &V EIZKZIW)
WEREI X D EIRDE—RAV N 1y DED BN

o k
> (#)
k=0 '

DIFALEMSETH B 2 & & ED (2) DR SFIOWHCLENETH S 2 L XM THS.
BERLIE BIX[2 Y <1+ BX2] =14 f1an ERBNETHS:

B[IX[*" = E[Lx< (X)X + BlLxz (X)X 7]
S 1+ Bllxz (X)X P S 1+ E[|XP"] = 1+ pa.
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WD 2T, NEFE (#) OWHERNER S, HD r >0 BEELT,
X - 2F
B =Y msy (e <)
k=0

WRALT D, DT enD X ORI Ele™X] (t e R) WE—A Y Mebh b —EIZ
WED LD, HERDGIET ORERBN O —FERIIRED DT, NEFRE (#) D
INHCEED 0 TRVWARLIE, E—AY NabIlk > THERD AN —BIICHRE D Z 2%
Moz, N

10.6 Laplace-Stieltjes Z#:(D Tauber & FiE
78 10.13. 1, p 1% (0,1) EOER Borel HIETHD L U,

1

1
lim y’“un(dy)Z/ v uldy)  (k=0,1,2,..)
0 0

n—oo

BRTZLTVR EETS. 20X u({y)) =0 ERBTRTDE y e (0,1) ICHNT
Tim 12, ((0,9]) = p((0, )

LR85 FRbL, AEGERFAIERDERZ D & F(y) = 1,((0,9)), Fly) = n((0,y]) &%
DBE, F PEGRICRDZTRNTOR y e (0,1) IZBNT

lim F,(y) = F(y)

n—oo
BB,

SERR. p,, p WEBRHETHD L LRED k=0 DHELY, HEEH C > 0 BEE
LT
pa((0,1)=C (n=1,2,3,...),  w(0,1))=C

YRB. REEY, TRTOSHEREK p(y) 1I2OVT

1

1
tin [ pw i) = [ pnti) k=012, 1)
DAL LTV,
FEREIZe>0 ZWoTHEET S.
€ (0,1) & pu({a}) =0 ZfiHE~ZLTVWDEL, 0 < § < min{a,1 —a} EIRETD.
p({a}) =0 &Y u(0,a) = p((0,a]) = F(a) £%%. R LOEGEE g5(y), hs(y) ZIRD
EDITEDD:

1 (y = a—09), 1 (y = a),
W)= (a—y)/d§ (a—6<y<a), hy)=<1-(y—a)/d (a<y=Za+)),
0 a<y), 0 (a+6<y)



10.6. Laplace-Stieltjes Z#10D Tauber B4 E H 91

XLIZRDEDIZEDS:

ZDEE, LLRMEIN LT WS
0=gs5(y) < g(y) = h(y) < hs(y) =1, lim g5(y) = g(y), lim hs(y) = h(y).

W Z 1T Lebesgue DYHERL & 11((0,a)) = p((0,a]) = F(a) &V

1

lim i 95(y) p(dy) = Fa),  lim i hs(y) pu(dy) = F(a).

WRIZF5 60 >0 2/NI<H>T,

/0 95(y) p(dy) — F(a)| < e, / ho(y) p(dy) — F(a)| < e 2)

L7825 EDITTE 5. Stone-Weierstrass D IHAGTAUEIRIZ & > TR % 1§ 72 9 2 JH A A
Ply) & Qy) BT B 2 LD 105

P(y) = gs(y) = g(y) = h(y) = hs(y) = Qy),
|P(y) — gs(y)| S e, Qy) —hs(y)| = (ye(0,1)).

DL X
/01 P(y) pin(dy) < p1a((0,a]) = F,(a) < 01 Q) pin(dy), 3)
/01 P(y) p(dy) — /Olga(y)u(dy)’ < Ce, (4)
OlQ(y) p(dy) — /0 1h5(y),u(dy)‘ < Ce (5)

D212 (3) T (1) VB

/0 P(y) p(dy) < liminf F,,(a) < limsup F(a) < /0 Q(y) u(dy).

n—00 n—00

LIAM, (2),(4),(5) &V e >0 2NILTBL [ Py) p(dy) & [ Qy) p(dy) 1F <5
TH Fla) ITEML. W AIC
ILm F.(a) = F(a)

EBBIENDNE. TNTRINET I LHIRI N 0

105Stone-Weierstrass DZHAGELUEEL L V), [P(y) — (95(y) —€/2)| S /2 (y € (0,1)) Zii7/= 9L HAK
B P(y) BMEIET S, Qy) (22T H AR
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#110.14. EOFEIZEWT F MMEERE y T F,(y) 2 F(y) KWGRT2 2 %2R
M, F(y) WAERRRTIE F,(y) 23 F(y) IZPORT 2 LIFRS 8. 728 21  a € (0,1),
0<e<1l—alZNUT, @Kl b F.(y) L AHEBHE F(y) %

0 0<y=a)

0 O<y=Za
Fy)=qWw—-a)e (asy<a+e) Fly = ( )
1 (asy<1)
1 (a+eZy<1),
EEDD L
1 1 a+e 1 (a + €)k+1 _ ak+1 1
k _ 1 kg _ k _ K
/Odee(y)—g/a yrdy = . , /Ode(y) a
ERBHDT
lim de :/ Y dF (y
e\0 0
&Y a PO y e (0,1) 12D b‘f lim~po F.(y) = Fly) £%%. UL»U F.(a) =0,
Fla)=1%0Ty=a TEEIRLA, 0

78 10.15. F,(x), F(z) I3AEGHHFFEHRDHEBT 2 =0 TOIZRDZEDTHD LT 5.
IDEE, FPREIBNITHUT, [[Fe™MdF,(z) (n=1,2,3,...) & [[Te?dF(z)

HIROMIIE L, . .
lim / e AF (z) = / e P ()

ML L TWB R HIE, B F PR T RTOR 2> 0 1I28WT

lim F,(z) = F(x)

n—oo
L%,

BERR. 11, 11 pn((a, b)) = Fo(b) — F(a), p((a,b]) = F(b) — F(a) (a < b) Ziii/= 9 Borel
@Jﬁ“ﬁfa@é t*«;‘é REELY, 5 0> 0IZDVWTA, = [Fe T p,(de) 2b& A=
I e p(de) \ZERDOMEI RS JE [, i % [in(de) = e py(de), fi(dz) = e~ 7" u(dx)
c‘:ﬂidbé c‘: un((O 00)) = Ap, 1((0,00)) = A 8D, pip, p DROVIZ i, 0 ZFERZDZ
EAT p, p FERPETHDEMMEL TR, TOEE BHEW y=e"I12&>T, Z
DFIFEIZEH T 2D (0,00) LOREZ (0,1) EOREICBIT S AR 1013 1IZETEDS. [

EF 10.16. B L(z) 2 2 — oo IZH 1T DIBEBNEH (slowly varying function) TH 2D &
&, AEED ¢ >0 12U T

. L(cx)
~Y f‘ p—
L(cz) ~ L(z) (x — o0), ERAY.)= lim I02) 1
MWEALLUT WS ZETHD. 2L 2K (logx)’ IFEEFKHTHD. 0

B 10.17. F(z) & 2 =2 0 IZB 17 2 Ak A HIFE I GEEAD) M TH Y, F(0)=0 %
WELTWREDTHY, a>0 THBEU, L(x) 1F z— oo ILBITIBELHHIMTH 5
L9455 I

M()\) = /OOO e M dF(z) ~ AT LAY (AN 0)



woE (z71) (z)
Mz~ x*L(x
F@~ 5030 ~ T+ 1
AN RYAC RSB
SERR. G G(2) %
xa
G(z) = (x20), G

EREDDE >0 LT

93

(x — 00)

=0 (z<0)

) a [e%e) c
—cx dG — —czx ,a—1 dr =
A e dGl) ma+n[:€ CoMTT

MKALT D, 2DOHDEFEST z=t/c LBV
c>00D&E M\ OEREZEEIZET DMREELY,

M(cA) oA L(cIA!

—Q o0
el dt = ¢
@LA

) —a > —cx
MO ~ Ao L) ~c _/o e “dG(x) (AN 0).

X512 M\ OEHLY,

= st o= =45

kgoweaw(gggy):iémecwgm) (c> 0).

Wz

U7z ->T, i 10.15 & V),
F(z/\) () = &

oy ~ W=y @20
YR85, Fabb )
F(z/)\) ~ Af(A)”) (AN 0).
r=11BI \N%2 2! TEIHRDZLIZLHT,
Flz) ~ M(z™) x*L(z) (2 — 00)

Tla+1) T(a+1)

11 ff§k: Taylor DEEDEEFADMEA

-
—

“1d Taylor DEMDEL D FEHIDWTHIHT S,

(B0 =(Taylor FEBHOrh )+ (AT ) OFADARE Taylor DEBE 5.
DHiIT

ZDORONFIFIFEIZH L.



94 11. f+8%: Taylor DEEDEEHAD S

11.1 FBERFRIBEE Taylor DEHER
B R I N RIRIE % £ D Taylor OE BRI

+ /z f’(m) dxy

ZHAICHD R UHWD 2 IZ& > CHBIABETH % 100, FHE Zhic

[ fan) de
ﬂ@:fmyhﬂ@lfmrh[@mlmﬁ@gm}

ZZCHEIMOMHEZ S 97201

/: dxy / [ (w2) day = / (/x f"(xg)dxg) dz,

WD RELEE W T X561

(X APNC IR

Plaz) = @)+ [ ) da
ERATD L
£@) = f(a) + f'(a) / dey + 1"(a / dy / drs + / dy / dirs / " ) dus,
SIZFEIUEEZ S S — iV RT &
f(x) = fla) + f(a) / des 4 f"(a) / oy / ey + f"(a / da, / dz, / “dvs + R,
Ry = / d; / dz, / dzs / " O (xy) day.

PAEDFHE % #t F DU IR IR DESL T 2 Z 3005

,_.

n—

Tp—1
f(z) f(k /dxl/ dzy - - / dzy + Ry,

0

Tn—2
R, :/ / drxy - - / dx,,_ 1/ f(")(:vn)da:n.

R, ZRIRBE LIS PLEDOEHE TIIRED OMIENE L Mo T,

W

YOER I T AW D B RN

T 1 T 1

107 1) 12 / a:l/ ds f"(2) = / /f(xg)dx2> doy £S5 FEEE TS X, Z0%

FEOHPEPBEEDFT S 2 IR TEMICHFE L L2 MEL TVWDBDOTHN HOWEEL B NFL
NE LA,



11.1. B FEARIED Taylor O xEH 95

FIREUADZIRFENIUAT O X D IZJEFIZ (IRZIZ—D EOAXZMS Z L I2L>T)
RGIEREIND:

/dxl—x—a,
T _ 2
/dxl/dx2 /(wl—a)dx1:($ 2@)’
(g —a)? r—a)?
/d$1/d$2/dx3 /a—(12)d1’1:( 3!)7

Te—1 x1—a)k ! x—a)k
/d.Tl/ CZ.TQ / d.ﬁlﬁk / (1k — 1))| dxl = %

r>a D& E ZOFBERERIE K IRITLHARDEKRED k! 50 1 #FKL TS

o k=10D&E FADMEIFED {z1]aSm Sz} ODRIIIED.
o k=20 ¥ FREDDMEIZIEN (a,a), (z,a), (v, z) ZFFOEM _FL=MF
{(zr,22) [aSas = a1 S}

DM, §20HbIELFOHE (v —a)? D¥EDTHD. LRIl RD2MAIE, 20 < 2y
BT (21, 10) DAEONTHATENDTHS. T AL ERE RS 72
C:‘i T § T %(ﬁf:‘—é— (1'1,1'2) C:Ob\f%ﬂt‘ﬁﬁbﬁﬁﬂﬁb\b‘@b‘

o k=3DL X FIXFEDDMEIXITER (a,a,a),(z,a,a),(z,2,a), (v, z,2) &FDOUHEAK
{(361,332,373) | a=x3S w9 STy §SC}

DIRTE, TRDOHINFROEE (x —a)® D 3! 2D 1ITRD. 3 5D 1IRDH
HIE, 23 S 2y S oy 21727 (21,29, 03) DAIZDVWTHEASTEINOLTHD. LA
RE2ERDEKEZ2ED720121F 25 £ 29 < 27 OUNDIEFZIZHA TS FTRXNTD
a < 2y, 29,05 < 2 IZDWTHED ULARITIURN TR, 21, 29, 25 DIEEUL 3 fHZRD
TZTNHDAENRFGFDREEL 3 ED HD.

o WDk DHAELYULLEAKTH D, FRFH OHIETE
(a,a,a,...,a),(x,a,a,...,a),(2,2,0,...,a),..,(T, 2,2, ...,1)
ZRFD kRO HUAR 108
{(z1,29,..0) [a<ap S ... San<my S}

DIEFEIZE D . 21, 29, ..., 2, DARFGORENL k! 3B RO TEIRFED O kIR
TENETRDAETE (v —a)* D K 53D 11128 S,

108 5 gy, =T, DUIEAROD k IEHR % k YE B (simplex) & IR,



96 11. fl#%: Taylor DEHDFEHH DA

LU EICE > T Taylor RADERDDEHICERNRONSERGARICA oL 205,
1 D k BIOBIRED OFERIE & IRTCSLSRDOEED k! 730D 112785 DTHEHT k! 238
Hd.

UEDFED:

x Tn—2 Tn—1
R, = /dxl . / dxn_l/ f(”)(xn) dx,,.

INEFESFRIERID Taylor DFEEBEFERZ & 129 5.

AR ROEDIZEZTE LW, n BOEEK ) (2) &2 n BZFXRESTHIL f(z) A
LNBIETTHD. UL, BOEHREERTNUX 2 1220V T n—1IRUTFTDHEMEL D
ZLITRD. TORER, LROL D BAANELND:

f(I) = Qo —l—cu(x— a) +a2(x _a>2+"'+an_1(x— a)n—l YR,

ZIT R, FEDXDIZEEINZ fO(2) & n BIBREALAZEDTHD. ZORD
Ml% k=0,1,...n—1HMALTCar=a EBFIEXR, »ORKDIIHIL0IZRDDT,
f®(a) = Klay, D505, 805 ap = fW(a)/k! TH 5.

PAEDFHROHSIE, BRI f(z) = D02 an(r — a)F EBWTHHLZ D K U
LCTa=a BT LIZEDT ap ZIRETDHIKLEUED, BIARE R, ORI
25> TS DT Taylor AEELD AN B0 2 5 72 F v THE U R,

Z D & D IZRIRIER & D Taylor OFEHIE Tn BEOEKE ) (2) &2 n BIBIRESTH
FH LD flz) WEOENDIETE] LWIIEFICE LB RERLNLREIRFLNDD
Thd. N

11.2 FRIEOIEIMED LA S DOFLH & Taylor B D EAH!
FIRE R, " n—00 TOIWZIERTEIHLIE

=1
kgk_ ZL'—CL

MEANLT D, TNEHE f Dz =a 2B} D Taylor R & FE 109,

FIRHEHDOKEZX %2 ENSFHEIT 2 72OIIFRD LS I2FiE L. £ R >0 2H-
T,z OFLEFHZ |2 —a| S RICRETD. LT, HD M, >0 T |[fW(2)| £ M,
(lJt —a| S R) ZWi723TEDEEMITIED. TDLE

Tn—2 Tn—1
Az, 1/ dz,,

&85 DT, M,R"/n! — 0 72 51X Taylor B [z —a| £ R IZEWT f(z) IZ—HRIK
5. BIREDBARNZLZDE D &Y & FREDMNED LS OFHl (R) DS5AHE <
ﬁb%é

92 = 0 1281} 2 Taylor JERH % Maclaurin JEFH L FERZ L 235 5.

_ M, |z — a|™ < M,R" R)

[ Bl = n! - nl

di[fl




11.2. FIRHEOMIHED L2 5 DFHM & Taylor EH D 2 A& 97

72 & Z1E M, RN n OFEREFEE 22 513 Taylor BBIFINK T 2 (A"R™ /n! — 0).
ZTDIEMNH, e, cosx, sinx D Taylor BEAMNED X D74 a, 2 IZDWTEHEIZIHT B
ZEMEGIHENDOEND:

& % L 2 . % L a2k
e :Zm, cosa::Z(—l) oLk smx:Z(—l) ohr D)

M, DI j()iﬁ)# 'n! LA URRE DL E I Taylor EHIE [ —a| <1 T f(x) IZPERT
5. 22 fla)=1+2) DL Z,

fP@) =ala=1)-(a—n+1)(1+2)*"

BROT, ZD f D x=0TODTaylor JBRIE |z| <1 TPHKT D Z & b»nd. FERIZLT
f(z) =log(l+ ) ® x =0 TO Taylor BRI |z| <1 THRHRT DI L300 5.

[o.¢] o k
(1+@a:§:(2)ﬁ (Jz| <1),  log(l+z)= }: klx (|z| < 1).
k=0 =1

IROD Taylor BHHE & <flibNd:
= z*
—log(1 — x) Z? (|z] < 1).
INZiRL AKX

Li, (x Zk— (Jz) <1, r=1,2,3,..))
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