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1.1. BEFIDAD ¢; DZIEDA 5

#f& (Stirling D)  Stirling DARIE AT ¥ IEBUZ DWW THI > THIUIBLFD & 5 24
RIRTAESDIGGEHING. FEB, v =n+ Vny = n(l +y/v/n) IZ& B EBRBED 2 FETT
%L

nl=In+1)= / e a"dr = n”e_”\/ﬁ/ e V(14 y/v/n)" dy
0 —Vn
&R,

log(e V™ (1 +y/vn)") = —/ny +nlog(1l + y/vn)
= —vny+n(y/vn—y>/(2n) 4+ O (1/(nv/n)))
=-y*/2+ 0 (1/v/n)

BDT,n—o00 &FdHL?

/ e_‘/ﬁy(l +y/vn)"dy — / e V)2 dy = V2.

N
ZWTIRD Stirling D ARG S 7z

1
n! =n"e "V2mn(1l + o(1)), logn! =nlogn —n+ 3 logn + log V27 + o(1).

1.1 BEHESHD ¢ OZELH

=057 =195 1EOMIEAITTRE i PR ¢ THOLNDIRNEZEZZ
5.0=(q,...,q¢) EBEAPFLIFRZ LTS, TDLDBRTE n HFRVIKEL L
ORI BEUZRBIEE b &ELS (k 1THEELEETHD). TOL RE i »WEUZEE
ki/n (CNERBRDMEILRIILIZTDE) n — 00 TEDEDITIRDES & HANRLD.

ZAE, B 30 (BATHTE L) & n 115278 XD i ODEHMPHZEIEDONT (]
BRI n — oo TEDEDITHRDEED M PARNDELZ L E>TLW.

KEBOBEANZE >Tn— 00 Thi/n— q EREIM, BTHFMHNESHEEREZEZEZ DT
REFDMED SN DDA L UTEHDLNLIERNED I S IZHET 20 %M
D720, BTSSR E2E 25 2 125> T Boltzmann AF1ELN5E 2 &%
AT 5.

B2IE IS REN D g = (qu, ..., q) BEREIZEEL, BERDM (ky/n, ... k. /n)
DHERNA#EZ, TDn— oo TOMTEFANRD ZLIZRS.

n EOMZEAITTIRE ¢ Yk BRSNS MERIT, Y khi=nDL ¥

n!
mqlfl g ()

2R DL X 012785 (ZIHS ).
pi=0,>0  pi=1Y IRETS. n BIOMAITTRE ¢ BWRESNZEE ki/n HEIE
p IR E X RERDAAIXIFEIE p ITRDEEDZLIZTS.

Se VY1 +y/yn)" IXy <0 T n 2 DWTHFRN, y >0 T n ICOWTHFBDTHD Z L5
BB DM EFEHT X 2. Lebesgue DINAUEHL & (X IXARZDY, DB TEEHTH .
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1.2 BTN HYAXBKRKEIL LIZEZTDZELHOEHIEE)

n— oo D& IR AHENIEIE p; ITRDMEENED LS ITIRDES &R 72\, £ 2
Tn—o0ooDEX L 72BN

k; = np; + O(logn) = np; (1 1O <log”)) (%)

n

72U TC0D EREL, EOMER (x) RED LS ITRDZFES &AL D . ZOHRED
£ & T log(ki/n) =logp; + O((logn)/n) MKILT 5 Z & ITHEEE L
Stirling DR E >0 ki=n &V

T

logn! =nlogn —n+ O(logn) = Zkilogn— Zki—l—O(logn),

i—1 i=1
log k;! = k;log k; — k; + O(log k;) = k;log k; — k; + O(logn),
log qf" = k;logq;.

IND % EOMER (x) OFBITRAT DL b OBIEF ¥ VLT 5B, X 5IT (++) A
FHLEIBENG:
|

n.
o (mqf a %'fr) = —nz (log— — log qz) +O(logn)

= —ani(logpi —log g;) + O(log n)
=1

= —anZ log q_ + O(logn).

i=1

FRRD R % K4 RKFEEE AW ZER LV RVOFHETETTLE I L ETES (55 1.7H).

1.3 Kullback-Leibler [ k& HX T hOE—DES
F12 ik RIX

D(pllq) = sz log—
EBELEMRODESIZEZIEINS:
n! ke k
log | ————=&" - ¢, ) = —nD(pllg) + O(logn).
kK
FEISRRERAG |y /n PNEIE p, 1272 B HEROREE Bk LT\ 3 2 L ICEEE &, D(llg)

% Kullback-Leibler [§RE (7N 7 - 51 75 —{F#&E) U <& Kullback-Leibler
divergence & .53, Kullback-Leibler f§¥R&D —1 £%

S(pllg) = —D(pllq) = sz log—

4Taylor JEBH log(1 +2) = o — 22/2 + 23/3 — 2% /4 + - - - JZ ‘).




1.4. Kullback-Leibler & #{ & D FAM:E 7

EEFSIYMOE—LMERZEIZTS. MDY PO —IIAEWNIZ n PREIRELE XD
[REEMI DD ¢; DL SRERDAVIEIE p; EBRDHELRORNEDO n 5D 1) THD.
K% BL D BT DA RIFIRODE Y

(n [E DI FRIT TRER 24 MNIRIE py 128D HER) = exp(—nD(p||q) + O(logn)).

ELUE D(pllg) >0 B5IE n 2 +2IZKRELFTUEX Ologn) DIHIE nD(p||lq) DIE & I
BUTHHTEDREIZRDDT, ZOMRIX exp(—nD(pllq)) DEBATIFIFIRE>T VD
EFEZTEW.

1.4 Kullback-Leibler [ RE D EAME

Kullback-Leibler 1§58 & D(p|lq) = >_i_, pilog(pi/q;) \FBE f(x) = zloga ZHWT,
D(pllg) = >i_y f(pi/@)as £RDOINDDT, D(pllg) D p = (p1,...,pr) PEERE LT
DOMEZFNRD ZOIITHE f(z) = vlogr OMEEZFANNIEE . f/(2) = logz + 1,
() =1/2 >0 BOTEE f(x) FFITRZNTH D, WRITHE f(x) 1XTOERROK
BTTIFROHMIALNG. FHIZ fo) 2 f()+f(D(z—1)=2—-1(FF5DK L x=1

). W 2T
D(pllg) = Zf(’%) (%—1>qi=0,
=1 t

LEE5ORNE p=q (i=1,...,r) LFME.

I 5T flx) WRITRFBMTHADZ L&D, D(pllg) ® p DEHEE UTFIZHEZ N THD
ZEEbnd.

Z® & 512 Kullback-Leibler fEHE DX 0 LEIZZARY | F/IME 0 DEBRT D & L4
ffp; WREEFDA ¢ CHFEUKRDZEIFFAMETHD. WA, 94 py PWREEMDAA ¢
WHELLSRWEE Dpllg) >0 £B82DT, RERSAAPIFIE p; IZRDHERIEn — 00 T
n A DWW THREEREAIIZ 0 IR S, L7235 T, n — oo TRERDAE ki /n (ZRHEER 2
g \af <. ZRIEKREBDER O % ZR L TW 3

Kullback-Leibler {&¥R IS REEM 246 ¢; DE L THAE p; PR A & L TENEITHER
FHNZEB U » 2RO U TS, B2 5MMNERT DMERDIIE n — oo T Kullback-
Leibler fE8REDZD —n EFOFRBERED & 5 1ZHRDHES . D 212 Kullback-Leibler 1H# &
MIEADD L TEE S TOIUE, Kullback-Leibler [EHR &Y & V) K & 72 5 D441 IEAHR Y
C:Cié:/véfibiib\tb\5 ZEEDLND. DRI, HERMEIRUTHM p; WEL D5ME
N EHER%ZE 2 255020%, R U 72540 & T Kullback-Leibler & & AR/ &2 2 43
A REER S A 1 (xﬁiﬁe’?ﬁﬁ‘f@ RT) Ef < 28285 (REMERBOER, &G
EHBREIR). Z DLl % &/ Kullback-Leibler [E3REDREE L IR, n RIEFIZKE A
& X, HIRMDE & TREIZET I NS 2mIFHR U 725D £ & T Kullback-Leibler
EHREPRNDDRIZED.

XY 1 ¥ —I& Kullback-Leibler [§f& D —1 572 572D T, 45 X THAE p; B
BERIZEU MR 2 ZZDGEIZITHRU LML L THEZ Y boE—»2 &Kk KIZA
B AR A DNEA K 281285, TOF VWA ZRAER T Y hOE—DRE LW
N MRKEREE, HEIFMDOE & TREWNZEBIND DEITHEL 25408 & TH
WLy NOE—=DNHRKIZRDEDBHHETHD.



] 1. 24 H 5 Kullback-Leibler &&=\

. FHOEEAD7ZDIZEM B PAL LTS & I A WHEIZIZLTW5 &
WETD. 2O X 5t ADELTERM B WEILT DR (M SHER) 1%, &4t B
DAL T DR % 5 A DHERTESZEDEEHEIND. ZD & D IZEMA SHERIE
WEDOETERIND. 0L, HEREDOBEMN n — 00 TEDIDIIRDES NEMATE
L, R SHELENE DL D IIRDES DD S. LOHERTIIIDEZ fizldior:.

1.5 ZIHZWDIFEDEE

r=2q=qq=1—qO A4 &T] (HEUIX [THHET] )DGE2FEAL.
LA CZEMMBIE ZIHMMEIZ RS, ZDE X, pp=p,pp=1—p £EL &, Kullback-Leibler
HWREIFIKD LD ITRDINS:

1 —
D(pllq) :plogg +(1—p)log 5 _p-

L p=q THRAME 0 122D, p ¥ g MO EENNITEEN D IF L K I < A5, Kullback-
Leibler & (30 DR B ECHI 2 ROTELDT g N5 p 1 ERERIIZAE
CH<ZD. LMY p BRERIIZAEL SHERIE n — oo Texp(—nD(pllg) + O(logn)) &
WROEES. WAL, HEBD p @EUE)EE?%:H:F‘@"% &, D(pllq) WHMNBIZKEZ p
B U B MEHRITn — oo THORKTHIINZ 0 138N <. BAE2 i E X /2 ETROBEIZ
DPVWTHERELD.

B n FIEFICRIVERET D, n HOIA VEITORRRBHEED o LAEIZ
B2/l 9D ZOLIROEGIEEDEREIIRDILES DN

KEDFEAE YD, n— 0o TROEEIL ¢ 1ITEMNLS. PRIZ0Za<qDe ¥ ROEG
MNallETHdENIEMIEN — co THICEHTDIILIZRD. Z056,0 § a<q®
L X, ROEEN a UEDLGEIZHIRLTH, n BRI ITNIEERDOEEIXIFZIF ¢ IZFLL
BOTWdEEZLND.

F'EJE_ Tg<al1DEETHD. TDLE n BRI BNER D] i}: KDEIEH a LA

R DMERIT 0 1<, EOR#E i?fz@fUAb‘ a PLEIZZRDGEITHIBRU - & F1Z
?E@g?JAVﬁ FIE p TR DHER (M ESHER)BED XD ITRDFED 73)‘9:11\5 MIEIZR 5.

ZDEEIZIE ETHA U 72 Kullback-Leibler [HHREMLIZND. p=a LD FMDE &
TD D(p||q) DE/MEIX p=a TEEINDS. DRITFHEA S KREDEA LD, n — 0o
TRENMIE p=a l0EM<. g<aS1 D E ROEED o U EDHAHITHIRT 2 &,
n MRIFNEERDESIFIZIZ o IZHELLBO2TWEEEZLND.

EDKERNSLLTDRAXMNKLL TNDEZLEDLND:

-D = Sas
lim — log Z ( ) (1—¢)" " =—inf D(p|lq) = { (qllg) =0 (0=a=
TR ez ~Dialla)  (g<a<
W FDRNEATIDORARNEZEHEIFI L,

S (1)t -0t = e (-nint D0 + o)

k/nza

FBIERDEED a PAEIZRDHERTHD. n— oo DL ZHERITIE D(p|lg) 2E/MIZ%
BT B S NNTHS.
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1.6 max-plus fNEANDRR N Laplace D% & DR
EE 1 0o D a,b 1T L THE
(a,b) — max{a, b}, (a,b) —a+b

% 2725 D (LB (semiring), R (semifield) & FEIEN TV 2) & max-plus 21 & IS,
(max-plus UL BBERE X tropical mathematics X & IEE M %R D BER EIT&
B4 EER R THD. RITNRERVPEHICTES “REC DI & THDN, FAE
EHIERIZEHICTE S5 BIXEHICTERN R D2 L THD. 5IBIPEHMHICT
IR TCERRODH D2 H AT ZIEND )

KRHEUZIE, max 1& 0 LEDOFEBHDO LB U TEY, + IFHBEICHISE L THNT, —oo
WWRBEDRAIE 0 IS L TWS. TOXISIE log ZH> THifRZHS Z 2 IZL>TEH X
bN5. TRDLEL, IRDRAANKILL TV D:

1 1
lim — log(e™ + ™) = max{a, b}, lim — log(e™e™) = a + b.
n—oo N, n—o0o N

BEIZEHHETHD. HiEOARIFKDEIDIZUTHEENDOLND. a 2 b EINETD L,
b—a<0 LRZDT, -0 FHEFIZARY,

%log(e‘m + ") = %log (e (14 ")) =a+ % log (L+¢e") 5 a (n— o)

8%, INTHHEDRXNERI NI,
O —ITIRDIENL L TV B

1 T
lim — logZexp(nai + O(logn)) = max{ay,...,a,}.

n—oo N
i=1

ZD & DT exp(na; + O(logn)) D& DIk S BEOFDNED 1/n 5 TlEn — oo D
L ERKRD a; DIIDAPHNTHD . NEEFEDRNTOARNEHEE T &,

Z exp(na; + O(logn)) = exp(nmax{ay,...,a.} +o(n)) (n — 00).

=1

ZIEFEST DA D Laplace D HIEDFLTH D & AR IND.
B DOGEITIROEY . BEYRHEEDE & TIRMEILL TV

/aﬁ exp (—nf(x) + O(log n)> dz = exp (—n inf f(z) + o(n)> (n — o0).

asz=p
flx) Ma<z=zy<pf TENER/MEZES, f(z) >0 R 51,

21
nf"(xo)

2D & D RHHEEEOFE DM 51X Laplace D AR L IEIENT WS,

B
/ e @ g(x) de = e ™ (@) g(z) (14 0(1)) (n — 00).
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1.7 EOREEHEICLDIERLANIVOSTECKLIEREAHTAE

ST n— 0o TOWREET % LI FD & 512 LT, KA RBIEE (- 72 EHEE -
PO HIECHRD Z L ETE D,
G20, =12U, FEOER ab &Y b=akBELTVBEL,

‘_@_Nbi
pi= a Na
EBEL. Ik E
1 (Na) Nb Nb
lim —1 L., r | = s log &
N5 Na Og((zvbl) S(No i Zp o8’ @ (*)

INDABIFAE T > O ¥ — (Kullback-Leibler [§#&D —1 £%) TH 3. §4bb

Nal 1/(Na) 1
lim < (Na) qi\/bl . qubT) = .
N—oo \ (Nby)!- -+ (Nb,)! (pr/qu)Pr -+~ (pr/ar)Pr

KARBEETINZIHAL TAL D AKX (%) ZREIEFEEN. N 500 DEE
b (Na)! Nbi _Nb,
s (g

r Nb;
(Zlogk ZZlogk+ZNb 1ogq,>

=1 k=1

r Nb;
= Na (ZlogN—a—ZZIOg——l—ZNb long>

=1 k=1

Zl 0g 7~ ZNazlog—Jerleng
—>/ log:cdx—Z/ log:cd:c—i—zpilong'
0 i=1 70 i=1

= [zlogw — ]y — ) [wlogx —2lf' + ) pilogq; = Zpl log 2"
i=1 i=1 i
2 D E DS THEIMDWHNZ Nalog(Na) — >, Nbjlog(Na) =0 2 ALz, LAl &>
SRFEEZEHATEDIRICERTE /2.
LJ\J:O)%‘*%'E FJIRBENLTEH L ZEHRLT VD N w00 DL X

Na BIOFRITCTREDFED p; = b;/a 1275 B HEsR)Y N
( " P / ) (p1/qu)Pr -+ (pr/qr)Pr

1.8 Kullback-Leibler [ £ & 85 % O /OB R EE ORR
Z DRI Y A — b
https://twitter.com/genkuroki/status/773390919450132481

DODNEZELOELLEDTHD.


https://twitter.com/genkuroki/status/773390919450132481

1.8.  Kullback-Leibler 1% ¥ & & 25 H 43 0D v Ol fR A L oD BE 6% 11
ThHhdLdd. ZHAMHIIE TSR

qul qkr
kol k0t v

M, ki =npi+ e, pi = @+ 1/ /0, g =o0(y/n) DEZTS n— o0 TEDEKDITHRDFED H
ZHANIZD. F TR n!, k;! 12 Stirling DA

n! =n"e "V2mn(l+ O(1/n)), kil = EFie %y /2rk, (1 + O(1/n))
(X AUNC R

n! N n"e "v2mn(1 + O(1/n))
Kyl ket T kMeki 27k - - kkre~ke /27K,

DTD e ™ EFRD e F2HIE YT ki=n &V FYURIVUTHERS. n" =nk...pkr

ﬁq’fl g = (%)kl (kq/n>k \/(27m)3—j(;?1(/1n/)7%). (k) )

ZORADPUTRDFEmDIEARIZERD. ZORK (%) & & <BRDIUXZL T4 D B ER &
ML Kullback-Leibler &= D RN DS .

ZHEAMORUMBIREE ZIEHAADLIRICERDIMICE D ELZFL -OICIE
ZT; .

%7 & = 0(\/5)
% (*) C:ﬁ)\"}_*wi&b‘ 7. Z::l k’l =N C‘_). Z::l q; = Z:lei =1 J: U, Z::l g, — 0,
SV 4, =0 £,

1=

ki = np; + €4, Di =¢q; +

k’i x; g
. q< +\/ﬁqi+nqi) ¢(1+ o(1)) ng +vnx;+¢

ki i i %
IOg (ﬂ> = —(nqi + \/ﬁ]?z + 81') IOg (1 + \/:%q + ;q)

Zi € 1 x; £; 2 1
= —(ng; ite)|l——+ —+ = —
(ng; + Ve )<\/ﬁq@'+n%+2(\/ﬁ%+nqi) +0(”)>

x}
2q;

Z:l:o)/C, Z:Zl(\/ﬁﬂ?z +€z) =0 J: U,

1 2?
exp | —= E =
n! k ’ < 23 qi)
T= x (1+o(1)).

k1
—ql .. q’r
Tl k! N

=—vnz;, —e+ —+o(1)

SHEBUTIE |e;] < 1/2 (FHIZ & = O(1)) 1B
SRR (%) 12 n BRI R L FOZEAMOKTIZET 2 HERAEFTRTEENTOB LEZT I,
TEEIZIE 6] £ 1/2 BN,
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RN
codky—y = = dry---dr,._1 x (1+0(1)).
Ve g 1
S k=10 x=0() THdILIIFEREEL ZOMRILZHDHEN n BRIV E
FIZERIGIER DA TEMTE D Z L 22K U TWD (ZIES A O DGR E ).

n!
mcﬁl ce gy dky -

KLBEHREDEY Kullback-Leibler I§#&E 21525 72021, (x) DMAD N % > T,
k; = np; + o(n) = np;(1 4+ o(1))

#RAUT o(n) DIEZFHTNIEE . & =np; +o(n) =npi(1 +0o(1)) D& F

bg(kgn)h::—0n5+000)bg(git%ﬂln)::—m%bg%-%dn)

THD logn = o(n) DT

n! d Di
log <—k‘1' " _,q@ — =0y pilog 2+ on) = ~nD(pll) + ofn).
' r i=1 !

Z 27T D(pl|q) & Kullback-Leibler ¥ &TdH 5.

KL EHREE ZBEPHORMBREEOE R ©LET>74Y k =np; &5 1E Kullback-
Leibler [H#& & (x) DAL DA T

() ()

q1 qr

DORNED —1/n 51— TD. k; = np; + o(n) DEHEITIE, Kullback-Leibler [F#f & 1% Z
DHRF DD —1/n f5D n — co TOMRIZ—EHT . TU TLHEDMDLIRICIER D

I & DL DEREHECR D E ZORFNEB/ONDEZDTH o772, UL >TEHES %
WAL 2 IR GTIE R 0 A6 D FRER B - DD —1 %

T2
1 i

256

1Z Kullback-Leibler [§ &2 513518139 Th 5. Kullback-Leibler [E#HE D(pl|q) &
pi=q DEIR/ME 0 IZRZ2DTH>72. TDFT nD(p|lq) % Taylor EFE L 7Z45 5D
2 IRDIERGY I & % T3 A7 % AT B 2 YR ITIE R 43 76 O Tl 3% 5 B AR D 48 B B 73 D W 4%
D -1 FEPFOND. TOILEERLED. 9 Y 2 =0 LHIBRETIT nD(p|lq)
Wpi=q +xi/y/n ERALUT, 2; ZHIZDWTHEMET S &

nD(pllg) = 3 (ngi + i) log (1 ! ﬁq)
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=S v (=g o ()
—Z( n:cl—i——Q—l—o(l))

ZITY =025k,

1 22

nD(plla) = 5 35+ olL)

ZDZEMNOLEDPHDLIRTIER DI DL p; 7260 ¢ 72HITENE X
Kullback-Leibler &¥R &M Taylor BHID 3 IR EDIHZ AT 2 Z L ITHY T2 0D
N5,

Pearson Dh 4 2 F/IFZFHEE OBEFR ZHEOMGITHITD

i ((i DIEBOBLHME) — (0 OIEBOMIFE))? Z (ki — ng;)”
(i DIRB D) - ngi

=1 =1

% Pearson D W1 2 FHEFHR L IER. ZAUT k; = ng; +v/na; +o(y/n) ZRA LU TEHT
5,

— (ki — ng;)* —~ 1z}

; ng; B ; di o).
WZIZ n BRIV é: ¥, Pearson D1 2 Ffialt & ISZHD M 2 5l D 2RI IER 3/
UMD oy BB Y a?/q TIRBI NG, LI 25 E0T 2 LRt IERS
AT DR FE B DR B BGR 1S exp (—(1/2) D01 23 /qi) DIEZ L TWBDTHo 72
ZDZeMH, n BWRKEINVE X, Pearson DA 2 Tl RIT T A 2 /-HMAITELIT U 72
MWD EeWOND. LIS (r HAR) %09 D ZIRTTIERL AR DO MR RIS
S i =0TEHRIND r— 1 IRTLODBEZFFDODT, TDHAA 2R/ MOBEHEX r—1
225,

AR (A1 2%%#5&‘:) Zyy ooy Zg WSREHETERIDAGTIZ U 7208 D ST S HER AT H B &
T3, K40 Z; IZDO\T f(Z )@ﬁﬂﬁm

e—z?/2
Nox
EERDIND. ZDL SMERLMY =577 123 MU DML E EHE s DAAZ
TS A ZR/OMICE T DHHEIZIRO K S ITERDOINS:

e—y/2ys/2—1

E[f(Y)] = /000 f(y)W dy.

E[f(Y)] = const./ f ( zf) e i w2y d,
Re =1
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= const. / f(’[“2)6_7£/27~5_1 d/r = const. / f(y)e_y/zyS/Q—l dy
0 0

2DOHDFEST =" 22 BE M % r LKA LOMDITESZEA . BREOHM
FERED s — 1 FIZHHBITLDDT ro~! ORTAH S, BRI EOBAS 2 FET L, HTRAEE
% const. IZHEVIAATZ. 3DHDEFEST y=1r2 LB\, EHAT const. IZE2MERDKER
FIRN1IZR2 0D KNS HEMIZRES.

A = [a;] \FEHHE»TRNTIED s IRENMMTHTH S & U, TOHITH % A~ = [b]
EELIEIZTD. (Xy,..., X,) I (s IRITDE ZFFD) MERE LR

exp (—% Zij:l bijxixj)
det(2mA)

B ORBD —2 3G 2 HoRZH

Y = b XiX;
i,j=1
LEME s DA ZR/OMICUEND. 8L, ADRTH s DZRTERSD ORER
BERBOEHHBER D OO -2 FICHINY 2BEZRILEHE s DA1(1 ZFIH
WKL D, ZOZENE A 2R/OMIE—ROZIGTIERIMIANIET D (kb ) FAH
BIWERDHTHDLEZDILNTED.

EDOY BWEHHE s O Z/HMIZUZBS BEHIZLANO@E Y . AREIZ EMEFES
FMTHOMERBTH . EXNFMTH A EHDERTH U = [uy] EXATE D =
diag(ay, ..., a,) IC&>T A=UDU ' =UDUT ££bINS. A DEAME a; IFTART
ERDT VD = diag(y/ay,...,/a,), C =UVD &5k, A=CCT L%8%. TDL ¥
At = (C o BOT

Y =) b;X,X;=X"A7X = (CT'X)T(CT'X).
i,j=1
ZIT X FMERBH X, 28 i MR LT BFNRT MV THS. T48DL, MEREHDH|N
JNVZ=Z]% Z=C"'X LEDD L,

Y=2"2=> 7.
i=1
Z; T2 DN T~ W IEH DAL 2N 22 RmENE Y PEHHE s DA 2
FTNAAIZUEZND ZEDRDND. TDDITIE Z; 725 D5 B0 8T 51 S BALTFIZ 72
522 BETATHS. Z oD NEATHIORERIE E[ZZT] THY, X, I=H
DI EAITFNIE E[XXT] = A= CCT 2DT

E[22"] = E[(CT'X)(C7' X)) = ¢ EXXT)(CT) = et () = B,

INTRIREZENITARTORINSE. ]
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1.9 Poisson 4376 & Kullback-Leibler (¥ 2 D E{%
Z DA EIESHR [0] D p.80 125 2 HT Y V4 & (> = BB ORI TE 244112 B
ERS
https://twitter.com/genkuroki/status/775549559405555713

PIBED Y A — FONBEFELHDELZEDTHD.
Poisson 0% A >0 ThdET5. MEREH K HB/)8F A—XK— )\ D Poisson 412 L
WD L, k=0,1,2,... 10T 2 K =k OMERMN

)\k
-\
M

EBOTVBIETHD. RO 112825 2 LiE

P(K =k) =

ZP =k) —e’)‘zﬁze”\e)‘zl
k=0 k=0
EHEMND 5D . Poisson 43 4H 13— ?ﬁ MR & UT/EONS. 0<qg<1ITXd D IH

SAADOMER n!/(K!(n — k) - ¢"(1 — q) R g=MnERATDL,

n(n_l)..l.{!(n—k—%l) (%)’“ (1_%)“: <1_%)n2_1: x Ay,

(1—0/m)(1—1/n)- (1 (k- 1)/n)
TEYAL e

A, = (n — o0)

ERDB. INT, “HA M IE ng= AN —ECDFEFET n— oo 95 & Poisson 46 IZUH
T2 Z Wb orz. Poisson BAADMER P(K = k) IXBARET k BOA XY ST
LHERTH 2 LRI NS . Poisson 2 DIIFHE E[K] &0 E[K?] — E[K]? 13RO &
IIZEHRINS:

Zk:PK k) ‘AZkk' =

':6—/\)\2 A:)\Q

[e.o]

= e et = )\,

E[K(K —

E[K? - EIK)? = E[K]+ )\ = X = E[K] = \.

Poisson 3D E— A ¥ MR E[e!™ 13RO & S IZFHEING:
K] 7)\Zetk e — A1)

312 Poisson 0 IE/NT A =R — N IZDOWTHEHARZFE DS W22, fubRREH LD |
K\ /85 A —%— X\ @ Poisson SH 12 UM HRERTHD L X, (K, — \)/VA IE

SIS MR X, Y BZNTNIST A= — Ax, A\y D Poisson DAHIZLZNH & & X +V 138
T A—=H"— Ax + Ay D Poisson FFIZU7ZMD.
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A — oo CTHEMEEMIDAAIZU DD HERERIZHINKT S, UL ->T, M RHERE
26 Ky, MTNTH/NT A—8— )\; O Poisson FEIZ L7205 & &,

— (K5 — i)
ZAA—i)

=1

N 2B 2RRICKRE S TOMBTHRBE s DA 2T HMIZU 72035 MERLLUZ 554X
KID. 0, =K, 2BINEREHNU, B, =\ 2HGEREMBNTLS L, ORI

*(0; — E;)?
Z( EZ-)

=1

EEZIEIN, &< Pearson DA A ZFHFIEL U THDOND AR A IVIZERD.

Poisson 2D H/OMBIREIEE  Poisson 734 O HUMERREFLD Stirling DEF % {fi > /2 H
PRGOS Z 3L £ 5. f(2) & R FOFEHEAFEGHRBTHD L TD. K, IF
INT A—H&— X\ @ Poisson I LRI MRERTHD LU, Xy = (Ky—\)/VA &8
. 2ok ¥

)\A-l-\/x;te—)\

i (B A M
E[f(XA)]ZeA;f<W)H: ) f(x)m

2€Ls_5/VX
- Y W) NHVAZEA (1 + O(1/0)))
veze WA (A VAZ)PVATe AT for(A 4 V)
B TR 1roa/n) 1
E xeg;/ﬁf(x) (1 : ﬁ) ) \/27r(1 +2/V\) VA
S Y 20E0UVY)
2€Ls_\/VX \/27T(1 +2/V)

S

(9] €7x2/2

3 DHDE ST Stirling DX %ZfH>72. 5 DHDFEST

2

— (A VAz)log (1+i) +VAz=—-(A+VAz) (i—$—+0(%ﬁ)> +Vz

VA V2
B ? 1y a? 1
= — /\ZE—FE—ZL“ +\/X‘T+O(ﬁ)__7+o(ﬁ)
o/,

Poisson ZHmMNOEEAAN ¢ >0, ¢ =1 LRETD. ZLHDMIIB T DHERIZE

n! ko k q
e g’ = nl =
e =ntL




1.9. Poisson 234 & Kullback-Leibler & & DR 17

LEFD. EEZU, K OB <HRIE Y ko= n ICHIBRINTNS. La->T,
Ni=ng £ L,
ki | ki [ K
T g, (143) _ . n N
n}_Il k! n"e—”il_[l ¢ k;! n"e—”H ¢ k!

ZOXRFDOEDKFE/NT A —F — \; = ng; D Poisson ZAADHERD XD % L T\5.
ZDIZEND, ZIHSAMIIINLZ Poisson 2D Z >0 ki =n CTHIFLZELEDIZZ -
TWbZebnd.

B D Poisson 0HH 5 KL IBHREDKIEAN  HJHO Poisson 23455 & Kullback-Leibler
TEHRED [HKIEH] DHTERDIZLZHAL LS. /8T A—&— )\ D Poisson 737 DFfERIZ
Stirling DAXZEHY 5 &,
e (o
k' kkeh\/27k(1 + O(1/k))

A 2k
ZDEDANERIZES. ZOARDAHLDEND DD T DIED X E X

—k
log <<§) ek_’\) = —k:log§ +k—\

ZUHiF & A & Kullback-Leibler [EHEDZIHDIEEZ LTS, IHIZTNHULRZADS
E2IZF 272D, k=np, \=ng ZIRALT

k
—klogx—i-k—)\: -n (plogg—(p—q))
q

EEET XL, HIADOFEIID F1Z Kullback-Leibler [ #H & DK IEDOE O XMB N TN
%. plog(p/q) 1& p=q TRMNIBESLZND, TIN5 p—q ZEIW2EERIE p=q¢ T
INZ 72 % . Poisson 7348 D HUMBFREMIX —klog(k —\) +k — X D k= X\ Z&1F % Taylor
J& B
k 1 (k=XN? 1 (k=X? 1 (k—\)?

_M%X+k_A:_L2<A) +z3(A2)_34(A3)
= ZIRDEFETTY iM% THIEE. KD IEMEISRRD &, 20D Taylor BHHIZ k =
A VAz ZRALT, AN > oo DIifEEZEZS. k=A+ VA z D& X

k 7
—k:logx+k—)\—>—5 (A — 00).

ZDZENS k=A+VAz DEX k/N=1+z/V\, dk =V Xdz &)

Ak AN 1/k o
e dk = (—) p I OWR) o e (S o)
k! A V2rk V2r

ERBILEDOMB. T T Poisson 724 D HULMEBFREH L, Poisson 2065515
KL B EDKIAD Taylor JEfl % —IREF TTHZEL %2 T2 LIl >THELNDZ L
Nomno7z. —klog(k/A) +k =X D k =\ IZ81F 2 Taylor JRFD —IRDIHIZE DN D
(k= XN2/ A& 0 =(8BHER =k F=(IFER) =)\ <L
(k—X)?  ((BBER) — (WFER))?  (0-FE)?
A (BAfF 20 B E

EREIFOHARETLISAD AKX AIVTEIT . Poisson 34 DHMEREHEN S, B 2B
RKEREE (O—E)?/EIECMIZEHEHE 1 OB A ZFHHEIMHED 2D D.
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B D Poisson D DIEHN S KL IEHREAN  HIHD Poisson 7746 H> 6 Kullback-Leibler
EDKIENG HNZD T, HED Poisson 7346 DFEH 6 Kullback-Leibler [ EZ D&
DONELND. O Poisson D IZEET 5 EHE LV

im1 kll — /\@ 27'(]{31 ’

1=

r —k; r
logH ((%) eki—/v) - Z (k: logl)\€ +k; — )\)
i=1 v

=1
- Di
= —HZ (piloga — (i — %)) .
i=1 ¢

DRI =Y g ERET B L

r —k;
logH<(%) eki= ’) :—anllog—
i=1 7 qi;

£33 H & 5 ¥ Kullback-Leibler fE#E D —n f5DF % LT\ 5. Kullback-Leibler &%
EIXZTHD A DWERD n — co TOWHEEEHNSBEONDIDTH o7, TDI L% [£IH
3463 Poisson D% Y0 ki=n EWDRGETHIRTE ZLIZE>TRONS Z L]
ZHWTRY ZLHTES. Poisson DM EZHNMAOREREY , ¢, >0, > ¢ =1,
No=ng, Y ki=n&9Td&,

nl L n! H AR
_— . T = e v_ 2
g = | il

=1

r k’/)\ —ki oki—Xi
= V2mn(1 4+ O(1/n)) H\/m1+0(1//€))

Stirling DARZE Wz, ZORXNERIZERD. X6k =np; B &,

r

e - LI T (%)
Eyle okttt " \/(27m)’“_1 [T, pi i

=1

L7n->T,
TL' k1 k- . Di
log (mql gk ) = —nizlpi log Z + O(logn).
£331Z Kullback-Leibler f§#H& D(pl|lq) = >_i_, pilog(pi/q;) HBAT=.

B D Poisson D DIEN S ZIEDHEDHODIEBREEN FOREEZZTDFE 5] IHk<.

r /{3//\ —ki gki—Xi

n! kot %
—_—q " =+2mn(l1+ O(1
TR N L +00/n) H V2rk(1+ O(1/k;))’
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log((ki/ i) ek =) = —k;log(ki/Ni) + ki — Ay = —

X,

ki = N + VA w = ng + gz, T =

I LNt g2
v by by — SR T) )

——q
yl-o k0 (2m) g,

Z D& DT Poisson D& #EH U CEZHAMADOFMEREHZ Hd I ETED.

UEDES>BAFE2TDL, LIS LY H Poisson 7D ANERNRDHTH S &
INZRATHKRSD. LHDAMAIIEED Poisson 2D Z > ki =n &V RETHIPRT
5ZLiIZ&oTHELNS.

2 FHEHMEREBOEAD S Boltzmann FFA

ST E KRB DA (B Kullback-Leibler [H#E O FH, {ZAMHENTY A E—0DJF
) 75 Boltzmann R ¥ TRl SN DHEAHRIIHEOND Z L 2 AL 2.

2.1 [EIREDERTE

REMPHED ¢ = (q1,...,q) ODZHLHFDOHRTIZRD.
n BIOMNTEAITIZE D TELD i IZDWTREE @ DU 7ZEE ki /n PIRIE p ITELW
X, RBRAAANFEIE p=(p1,...,pr) CFULKRDEEDZLIZT D, TOMHRIZIDONT

(n EICRERDAMIEIE p (128 51HE) = exp(—nD(p|lq) + O(logn)) (n — 00)
WAL TS DTH o7~
ROMEZH A5 34 p=(p1,...,pr) (T s (HDZM
S fupime, (V=125 (*)
i=1

IR, ZZU, R OXRZ MVES (1,1, (fur, s for) (W =1,...,8) I&—IT
THDERELTEL. REAMNZOFRMEZ R 54 p \IFIFFELWEEITHIBR U
72l X REBOMAOMERD ML n — oo TEDXDITHRDEED H?

72 ZIE R i DT RIVF =D E; DIGEIT

i Eipi=U
i=1

YD Sl (DB TR X —DRBITTIENEE U ITE L A2 TVE L1055
) R %, SR 1 — 00 TED S IZIRB 5> 77
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e ZIE, A a0%E->Ti ODHBHZSL, BEL%E B, RV AEH6R 5L %,

zr: Eip; = U

EWVD R (TRDE 1B 7Y DBESORBRIPEIIEMNFIE U R HIZHEL L Z>TWD
BEVIEM) 2B U &, BERDM n— 0o TEDE D ITHRD TS 7
UED2DODFITIE s=1Thd. HEOFMEEZHEEIXs>1 L8R5,

2.2 Boltzmann FFDEH

G (x) DB L TORBAMORIM FHERIE n — 0o T, S S pi = 1 &5M
(x) DE & T Kullback-Leibler 168 & D(p|lq) = i, pilog(pi/q:) P E/MEIZE D 5340
p=(p1,....p) WEHFTEHILIIRD.

Z DEMAT S B/MERTE % fi# < 72D 1Z Lagrange D R EFEEZF B 5. (Kullback-
Leibler I8 &S p 12DV T FICHBEMABRBCTH o722 L 2 BOHT D) TD2DIC

L= Zpi log% + <)‘ - 1) (sz - 1) + Zﬁu <Z fu,z’pi - Cu)
i=1 ¢ i=1 v=1 i=1

EBEL. ZITA-1, B WRERKRTHD. REFEYL p, T L 2O LRI T
RTOIWEHRD WD HER

T

oL
“oN E pi — 1, (1)
E — =1,... 2
a/BU . lflllpl l/ (V ? 78)7 ()
(9L Pi 5 .
0= =log— 4+ A+ L fui 1=1,...,r 3
opy =08 g AT B ) (3)

ERIFIEEC. (3) &V,
_GXp< A— Zﬁufuz) qi

ZRE (1) IRATS L,

Z::exzzzze—z;ﬂmﬁm%7 ]%::%Q—ELJmﬁw% ()
a@é:aﬁm#é.:@zziﬁm WEMEIEND., ZDEDITp & Z = X
B, ZHDEBIZE>TWD. B, 2Bk (4) 2 2 IRATDI I LIZE>THREIND
exp (—>.0_, Bufvi) % Boltzmann ? CIERZ L1295 . Boltzmann [K1 I3 REEM 310
g &M E OB p; WENZIFRBLZ0EFTBRL TS, ZDOLSIZLTRDS
NN TG p, B R ZALDHREIERZ LIZT 5.

S (%) DSRAL LU TV B E ITHIBR U 72358 ORBRAD T, n — oo TR ETRD -5
p=(p1,...,p) VOEM (BN S KBOEIE D). n BNEKRE IR IZ T/
ZHANGHEDOEEZ LTS E L TEN.
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f:ZZCiSZL fl,i:Ei7 Cle, 6125 0)&:%,
1 . - , EﬂogZ
L= — 7ﬁE2 . — 7ﬁE7, . 75E _
pl—Ze qi, Z—Ze q;, ZZEG =

INHDRRNIE ¢ ZHDPENTTANTELWGE ITIFHET 17125 1) % Boltzmann [ 1
ZRHWMERDAAOBRIZ—HL TWD.

7 =AM T SN T Y B E— S(pllg) = —Dlle) = —X2i-, pilog(pi/ai)
DHIDERERD XD log(pi/@i) = =201 Bufoi—log Z, 3 ipi =1, foili = ¢
B2ODT

S(pllg) = Zﬁyc,,—i-logZ

f:c‘f_ilis:l, fl,i:Eia Cle, 5126 DR1
S(pllg) = BU + log Z.
BHIRIWVF—F % F=-31llogZ LEETDL,

S(pllg) = B(U = F)

Z DAL, Boltzmann EHMNE ENTWARWRZRITIE, SEHTFEEZR > TWD AGE
EOTBHIREADRRZA S ?.

2.3 BoHANEREDBEISEREDIEHELHREIEONDE &

REM DA PEREEH (r) THEZAONTWD5E %%KJ: 5. ZOHEIZTIE n (b
DIESTRIT DFERAG 5 N D BRI AT DOMERE LB EMNIFIE p(z) TR DHERDNBD 1/n
f5ld n— 00 T

S(lla) = ~Dpllg) = — / p(2) 1og%dx
R EEZDND. 9 plr) 1T F O %M % RS

/fl,(x)p(a:) dz = ¢, (r=1,...,s).

R & FRRIZ LT, 2ORMEDE LT D(pllg) 2HB/INIT DIEREEHE p(r) 2RKDD
LMD EDITRD I bNd:

1 s .
p(x) = - >0=1Bufu( )q(:c),

Z:i/gﬁx1mﬂ@hmym’
alog Z — 1ﬁufu ) —
o5, /fl, q(z)dx = c,.
Z D& DB DA R R G D % E i B DB Dk L IS8, OB DLEIZ
TBER B DI R B SR L ITIEND.
728 ZIENF ORI TN THRBESAHEICEEN TN D
9Boltzmann M 1 IR 2B RZMHATH LB TED.
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ZIEHDM: 0<0<1DEE —B=logh—log(l—0) B L, k=01,...,n IZDNT

—Bk 1 1
B L A S . _ (L _

Z D E & R S RBDOEADOBRIZ DN TIIN 4.3 £ 28 &

%Iﬁﬁﬁ 91 20, 9r>07 232191:1 "C%étb, _61:10g01_10g0r C\f_j:3\< <‘.’.,
ki+--+k =nD&X

Phi.... kpzziﬁ%gﬁ?.nﬁ»ze_zﬁhﬁwm ..... b
|
Qier,... ey = k)l'n—kr'rin’ 7 Tnleg
IERD
p(z) = e (/G _ 6_(1/(2"2))932+(u/02)$’ 7 /20, fo—3

V2 Z
p=00=10DHEFIIONTIEE24HE SR TRU. IEH 0 OMERE KNI p(r)
(FF p &R o® ZIREL /2L ST, $48DS [ p(r)de =1,

&/xM@d$=u, /QQM@dI=02+ﬁ
R R

EWVWIHEMEDOE T, T b —

PERKIZE S plz) & UTEMNIT b,

Gamma 9f: 2> 0120V T
—z/7T na—1 —z/7+(a—1)logx
e Ty e
pu— p— 2 pr— aF .
7T () 7 ’ 7T(a)

Gamma 7046 DMERE K p(x) & [pp(x)de =1,

~—

p(x

/Ooa:p(x) dr = ¢y, /oo(log x)p(x)de = cy
0 0
EWVWHEMFDELTTY hOE—

S = = [ plo)logp(a) ds

BEKRIZAS p(r) & UTHBMT SN2, UTERETH .

FE_fEBeta®Df: >0\ T

1 o1 e(afl)long(a+ﬁ) log(1+x)

p@%:BmJDﬂ+xWW:: 7 !

Z = B(a, B).
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BEE n Ot 2% 1//n TRT=ILLEED: HHE n Ot 50 DOHEREZIL
1 2\ —(n+1)/2 T 9
p(t)dt = — (1 + %) dt, cn =vV/nB(1/2,n/2) = \/(7(17_'_(1”)//2))
Tho/. plx)de =p(v/nzx)d(y/nz), f=Mn+1)/2 LB &
1 1 e~ Blog(1+z?)

p<x):Z(1+x2)(n+1)/2 = 7 , Z =B(1/2,n/2).

E—FEBeta®Dfi: O<z<1iZ2OWT

Iafl(l _ x)ﬁfl ela—1)logz+(8—1) log(1—x)

p(r) = Bad) Z . Z=DB(a,p).

Poisson 97:
e—A)\k 6—(10g)\)qu e

b=y =z

2.4 EEIFHRDHEDOELHH

HleUTs=1, filz)=2%c1=1,q(x) =1 DEHRIZEDIBREINZEFRLTALD 10
Z DA EORERIE, n BIOMNZGATOREFRG 5 1072 o ORBRIIIFHE (274 +22)/n
ZDWT

n
EWVWDFMEEHUZEE, n— 00 Ta ORERIDMANE D RENERDD Z LIZEHELW.
FORAZE[HS &
(910gZ 1

x :—e’ﬁxz, Z:/esz de = /772,
p(z) . Vp 95 — 28~

WAIZ B=1/2, Z =\2r, p(x) = e 2)\2r £ 8%, THBbDE n— 0o THRLND N
FERE R DA RS,

ZOFERIE R WOEED 2FH n DR EFLETD n— 1 RouEKH LD —H3 10
D 1 IRTTH D ZEFNDH I n — oo THHEEEHDAIZPRTE I L 2ERL TS, ¢
BHOBIRDRADPEILL TN D:

,x2/2
lim/ 1) fh, (d :/ e .
n—00 ﬁsn71f< 1)M( ) Rf( ) \/%
T \/ﬁSn—l Liﬁ/ﬁ%qﬂ/btj—ééﬁﬁé\/ﬁ@n—l?ﬁzﬁ;ﬁkﬁ
(21, ., 70) ER" |2+ 422 =n)

ZROU, pp 1FTDEDO—FRERZAETHY, f(z1) O zy WEBRE LD (24,...,2,) D
BeThd. ZOMEOAXNIERDLEHOWESDOFATCERICHIATES L
U\L@uﬁrﬁ{ﬂ%%m&, TR AARIZE T D MDOMERSHE N ED KD B2 /-

WCHARIZEDND 7’3%@%@?3& e
Wg(z) =1 BZDTIDHEIT q(z) IFHEREEHBUZ RSB0, UL, UROFHEORGRIEE L.

WROME 2 ) — h D Maxwell Boltzmann HIDHilZ T DEHMLFRIPENTH L.
http://www.math.tohoku.ac. jp/ kuroki/LaTeX/20160501StirlingFormula.pdf
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3 ZIEDHDIBE D Sanov DEE

Z I3 A1 D6 D Sanov DEHD F5R 2 MR N THEE ICFEH L THE < 2 81275,
Stirling DAR I ZHEHRNG U WIEHZ BN 5. ZOHiOEHIZ 71 J5H [12] TfiF
HINTWDATHE REWIZRECEDTHD. TOT AT IZIEBE IR DRI A
H5.

3.1 Sanov DEED IR
RS (1,21} EOREAMISKOESE P L 8L

P:{p:(pla"'7pr>€RT’plv"'aprzoa p1++pr:1}

Plxr—1RTOHBARTHS. 22X r=30DE PIFE=ZMAKIZRS.

W0 ¢ = (q1,...,¢) € P 2ERIZWOTEET D, MELH X1, Xy, ... 1ZES
{1,2,...,r} IZMEZFOMWERLLSITH Y, ML THRSH ¢ = (q1,...,q) (CUER>TH
L5LIRETD. ¢=(q1,...,q,) 2 BEFAD T LIES.

BEH AITHUTZOIROMEBE #A L EE, &M AW IN5MEEEZ P(A) £&ES
ZLIZTD. (BTERME ADEETD B DM EMHERE P(B|A) 2 EL)

BaDi=1,...,riZRUTX,..., X, IZ&EEND i OMEEDS k; 81275 2RI

!
P(#{k:172,---77”0’XkZi}:kiforeachz’:l,...,r) - 'qfl...qfr

kil k
25, WEER (ky, ... k) OMAERIEE =0,1,...,n, ki + -+ k =n &H/2L TV
FUENT B, ZDED B (ky, ... k) ST D (k/n, ... k/n) EOEEE P, C P
LELZLIZTS:

pn:{ (k_’f_) ] k—01,...m, kl+...+krzn}.

n n

DL X P, ODDMEBIE (n+ 1) AFIZARD. (#P, < (n+ 1) 2B THHICHAT
%) X1,..., X, \ZHIETD P, DT P, = (ki/n,--- ,k,/n) ZRBDH & IER. RERD A
P, \& P, I EFOMERERTH D,

R3O (p, q) € P? DEE D(pl|lq) ZIRD &L D IZED B:

r

D(pllg) =Y _ pi log%.

i=1 !
pi X q; M0 IZERBDEGEITIE 0log0 =0, —log0 =00 EWHKEKEDE L TEZEDTH
<. D(p|lg) % Kullback-Leibler [§#3RE % U < |& Kullback-Leibler ¥ 1 /X\—2 T~ X
EIES.

EIH 3.1 (Sanov). LA LOFEDE L TUTFAEILL TS 12
(1) AW P ORBHESESIE

1
lim inf — 1 = — inf :
im in - ogP(P, € A) 2 ;QAD(]OHQ)

2]im inf, lim sup (ZDWCH 9 HillZ iR 2 BV TH W .
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(2) AWM P OHAEEZLIX

1
limsup —log P(P, € A) = — inf D(pl|q).
pe

n—oo 1
(3) P OIS A ORKOMAAN A 25055

1
lim —log P(P, € A) = — inf D(p||q).
pEA

n—oo M

ZDEDITRHBRDMD n — oo TOWHEZEH) L Kullback-Leibler [§#& D(pl|lq) @ inf T
sk I NG, ]

B3.2(ZHEAHDBE). r=2¢ L, qu=q¢ =1—q¢,p=p,p=1—-p &H L&,

P 1—p
D(pllq) = plog=+ (1 —p) log .

ZHEp=qDEEIHRARME 0 128D, p M g MHEEND & ZNDOMHEIXRAT 5.
05a<b<1THBEL, A= (a,b) = (a 5 b TTOREKME) £BL. ZDr X

Pren= ¥ (3)da-a

a<k/n<b
BODT
X —D(bllq) (b<q),
. n e .
i s 3 b(k)q’fu—q) ‘=~ it D(olla) = { ~Diglle) =0 (a<q<b).
ashins —D(al|q) (¢ <a)
2%, ZH Sanov DEHBOIEHHZIGCHDORE B HRGETH 5. [
3.2 Sanov DO EXEDEERRD i
R DFfRED L T Stirling DARDOR DY IZfibb.
fRE 3.3, FFEDFEI k11T LT
l_! kl*k
K=
SR (2 kDX
|
%:4k+nw+ayuzzwk
I<SEDr X
l_! — ]' > 1 — kl*k
K+ D(1+2) k= kb '
INTRIRIZENRIN. l

BEAPFE > THEHEITE A MEBEOHSEETH o THRER. UL, BT OGEIZIE A
RO EEGE ERET D I ENEEIIRL S5 L.
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IRDOFEDZEI T E A0E Sanov OFEHDIEIIZS U\, IXOFHEDGEFIZ X Stirling D

NRZFDHZN.

HE3A4. EED peP, IZHLT

1
(n+1)r

FEER. p= (p1,...,pr) = (ki/n, ... k./n) € P, DL ¥

e "Pwlle) < P(P,=p) < e~ nD@ll9)

—nD(p||q) = z}ﬂ%@+§:kau

|
ﬂww@_% 7 ) — n by oy
e =1 P(P,=p)= ———g" ... g".
p’fl...pqlgr’ ( p) l{:l!---krlql ar

W22, Z DM DFEGRIZIR L FETH S

1 n!
< ki ook <
iy Sl it Pl
ENSDOFHED S (GMOARER) ZLHEAMOKHE Y HHTH S, (FHAMIZEITS
RN 1 TR THD I L 2ERLUTVDITEETR.) UT TR SO (ZHD A%
R) ZAHL &,
L=0,1,....n, 4+ -+, =n EIRETD. ZDO&E p=k/nRDT

n! I n! L 3
cophr < Lok
A ]%:kﬂ”mW1 pt (%)

MHEE L TWBIETTHS. &ﬁab ZIEDAIZ B WO THERD R KIZ R B DIFRRER D A1
(B DBENE ;/n) BWEEFDE (SOBEE p = ki/n) IZHEULBDZLEIENLTHS.
ERE 33 &Y,

|
_ : ° kl ll k [ ll k1 l-—k klfll kr—I1 .
wme) g kel > bR ke sl kel —

SEH I N2 DA, ZHEEH LY
nl

Z n! ! ! : k k
1— I 1. S n+1r— ... s
T ll!...lr!p1 Pr ( ) kl!...kr!pl Pr
14 r=n

W% (n+1)" TEHIE T2 5 DOFMNELND. []

EE3.5. LEDKRD—HSIEATDO LS ITIRIND.
fn) & £(0) =0 %572 IEEDEEL n OEFIEINEKHTHD & U,

f)l=f)f(2)-- f(n),  fO)!=1
LEDD. INE fBERLIERILIITE. JOL SIEADEK k1 IZHLT
f(0)!

(k).

v

(k).
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o = Dk +2)-- (1) 2 ()

ERV ISk DET
o 1 S 1
KU fU+0f(I+2)- f(k) — f(R)
ki € Zzo pi = f(ki)/f(n) &BL &, [ €Zzg DEF,

) )
T fO S

= F(R)

BERDIE
(B) _ f)t )t ot
a0 TS IS A es
2 f(/ﬁ) "'f(/fr)l’“_kT . f(kl)kl—ll - f(kr>kT—zr —1
fn) DA E IR ORI X HI2AE B 2 EMNTES L EDNG, .

3.3 Sanov OEIEDIERA

EIE 3.1 DR, T 5D (1) 2RTD. A IZERES {1,2,...,r) LOMHERSGS
RDZER P (ZAUd r — 1 IRTTHURIZ R D) ORI EAETH L LT, S, P =PNQ"
P OHTHETHD. AlX P ORI EELZDTHAES p, € P,NA T

lim D(p,||q) = inf D(p||q)
n—oo peEA

eALTEDOING. LEDRIT

1
P(P,eA)= Y P(P,=p)ZP(Pi=p,) 2 ¢~ D(nlla)

pEPRNA

BBEDOAESTHE 34 D F»oDFHii&flio7. Tkl
-#@PGQGME—D@M@—%bQW+U
ERDIEDPDMND. ULENR>T,n—00 83252 8I2L5T,

1
liminf —log P(P, € A) =2 — in£D(p||q).
pe

n—oo N
2T (1) BEE X A

B O DOFHE (2) Z2/RTD. A IRERES {1,2,...,r} LOMEEIMLRIRDZER P O
EREOHNEATHDLTDH. DL X

P(P,e A)= > PP < Y PO < (g 4 1y e iea DOl
pEPRNA pEPRNA
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BADAREESTHEILD ELSLOFiz{H>7-. vkl

1 T

_ < _ 3 _

Llog P(Py € A) = — inf D(pllq) + ~log(n +1)
ERDBIEVDND. LR >T,n—=00 &35Z28I2&-T,

: 1 .
hﬁgmﬂ%H&EAhing@m-
ZNT (2) MEEH I N7z

(B)&mTO. ADHK%E BLESE, BOMAZE C t&EE, ACC LkETS.
BCcAcCC &Y —infyep D(pllg) £ —infyea D(pllg) £ —infpec D(pllg). C »° B OFAE
THdI L D(pllg) »' p DEREHBMTH D &LV, —inf,cc D(p|lg) = —infpen D(pl|q).
W ZIZ —inf,ep D(pllg) = —infpea D(pllq) = —infyec D(pllq). UZ>T (1),(2) 25
(3) BEPND.

INTREH 31 DHEHI N, B

SER 3.6. DA EDGIHTIXHER IZEIT 5 Stirling DEAIARZ H>TWARW, GEHTAER
WA > 7ZFRIZIRD — DT ThHh 5.

(1) EMSDOFHMD 72 DIZIROFEE % > /=
pi 20, prt-tp=10D&Z

n!
mp’fl...pfr§l (ki € Zsg, ky+ - + &y = ).
CNRBEAEIZHVT THERIZ 1T THD I L) 2EKLTNS. ThE &k
TEAHRE, % b 252N L TRU EFAENSIEEREY 11243
P |
n! ko o .
2. Tl kPP =i+ +p) =1
k1 +kp=n

MH, I2ZHICR/OND.

(2) T DFHID 72D ITIRDFFE % F - 7=
kzezzm k1++k7“:n7p2:kl/n 0)}:'%7

n! n!

ll!---lr!plllinpijémpllﬂ"'pfr (l; €Zsp, h+---+1,=n)

ZHUFZTHA A IZB T [HEREPRKIZERDDIEAHANREAIMICEFELL LD L
ITHDIL] ZEKRLULTHD. TOARFERIIIRDZ UDAER (K, 1 DORNELRIZ
FOTFTIZHRNLLTWD) S 226Il/B6N5:

— 2 kR (k1€ Zxy).

D
N k -
(E_ﬂ):ﬂ...ﬁﬁ...@2kil*kl...kir—kr.]{;frll...kfr—lr:1,

(Eiﬂ) k! ]{;T' klll k,i, =
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BAED 2 D DFERIFZIED G IZ DOV TH D TORUSLRHA > T WD IETDHWNTH D, /2o
T2 ENZ T DOFEEDNSZIHSAAIRD Sanov DEHILFEHINDEDTH 5.

fldH 3.4 DFERA % #1272 ¥ > T Kullback-Leibler [EfHRENH TR D & Z A F TDHiR %
M RE S .

ki € Zzo, k14 -+ k. =n,p;=ki/n EIRETSD. ED(2) % [; EIDOWTREL LTS
ZkliZ&oT

...
e AR

n! n!
1= Z plf"'pff§(“+1)Tmp’fl“'pfr-
INOWA%E (n+1)" TH>THLNDLAERL LD (1) 2HbED L

1 < n!
(n+1)" = k! k

|p]f1"'pr <1

2195, ¢ €20, 1+ +q =1 ThHd2 L, ZTORERNLKE P ... phr TEI-T,
gt BB

1 qllﬁq’rlfr< n! qk1 kr<q]1€1qr
(n+ 1) phrecophr = Kyl k! 1 T ke

ki =np; &Y, ZOKRTY TIZ Kullback-Leibler & #i &

Di
D(pllg) = > pilog =

=1 4
MWHZTW5:
k1 k p1 pr\ T
Q]_ qrr QI QT
log = log <(—) x (—) ) = —nD(p||lq).
Pk ) i
UL72D3> T |
1 —nD(pllg) < n k1 kr < ,—nD(pllq)
(n-'—l)re = kl!"'kT!Q1 Q’r’ :6 .
COREAVHE A DKERTH o2, TUTZORERZHNTEZIHELAD n — 0o T
DT ZFANNIXZ7ZH I Sanov DER (EHL3.1) BWMESNEDTH /=, [

4 SanovDE®BAFE->/AH/ ZAHILDHDEH

IO EETOFE FI M. 22X P IFARES {1,2,...,r} EOWEN A
p=(pi,...,pr) BEROELETHD LU, BEMS g = (q1,...,q) € P ZEREIZH->T
[T 2. n FOMZAFTORE, IRFE i AU ZEEE kb b ELL L REE AU ZH
B ki/n THB. RBROH P, = (ky/n, ... k/n) 1& P IR OMERZHIZ RS 1,

UH A anDHD & S ITHIT Z LITEDHERIIZZ T B L8R HERAB L WS, BRI P, DR n
[BIDMSIERAT 2 XV E T Z L ITHERIICELT 2D T, P, IfERERZ L ARIND.
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4.1 PEEHETRILF—OHARE
E=(B,....E)eR ThHdEL
Elz"':Ea<Ea+1§"'éEr—b<Er—b+1:"':Er

MWD q,q > 0 THBERELTEL (HETHRKBONBNMER %2 RIS S 7=
ODIE). B b %RE i OTRILF—LIERY. 3 € R ICHUTHA p(B) =
(P1(B),---,pe(B)) €P LEE Z(B) %

e_BE' .

p(B) =L 2(8) = PPy,
=1

IZEoTEDD. X5IZEK UB) = (B)s %

U8) = (E)s = 3 B =~ log 2(9)

LEDD. B ERYRE LY, e PP % Boltzmann FF L WO, p(B) % H/ ZHILDFH
I, BB Z(B) & DEEEB L MO, W U(B) 2 TRILF—DHIRFE & IES.
log Z(B) \& B IZBH 2 FICHEBMN LA THD. BERLIE

DN 1ou 20 = 2 BZ(B) — 2B
(75) ez = 20505

ThY,q=ePligg20 B L, BHIDOHDIRENS ar,a, >0 0D Ey < E, DT

Z”(B)Z<ﬁ) - Z/(B)Q = Z Efaiaj - Z EZ'CLZ‘E]‘CL]‘

1 1 1
= 5 Z(EZQ + Ef)aiaj — 5 Z QEZ'EjCLZ'CLj = 5 Z(El — Ej)Qaiaj >0

1, 1,J 1,J

R, WP RIT

8 2
<%) log Z(B) > 0
YRDEZMHETHD. Lo T, TRIF—DHfHE

%)
UW)Z—ggngW)
& B ORFHEFRDHBTH B .
RIZ U(B) DIEDORRTZFTARE S, £9 p(0) =q £V

U<O) = Z Eiq;.
i=1

RIZ B — 00 DEE
Eze_ﬁEz i e_BEl Ele_ﬁ(El_El) i e_ﬁEl (Z El i
U(B) — Zz = q — EZ@ — q EZzzal q
Zi e—ﬁ zqi e—ﬁ 1 Ez 6_6( i 1)QZ e—ﬁ 1 zi:l qZ
BXy Y INPHFERANITRINF—%2Y 20T i OHPHZEZIICELREEZ B> TR,

= El-




4.2, ST XFERDAED T ) = FIVSFE AN DI 31

BB — —c0o DL X

S EePg e PP Y B BBy e PN B I
— =FE,.

= —
Zi ef/BEi ql e*ﬁEr Zz eﬁ(Er*Ei)qi e*/jET Z::r—b-i—l qZ

MEIZE>T, E,2UZ2E & —0<Sp<Sc0ldU=Up) IC&>T—R—ImL
TWbZEWhbhd.

U(p)

4.2 FHNZIERDLHEOH/ ZAILDHEADIER

RRERIAG p = (p1,...,p,) EPAWZDWT, &fE S Eppy = U(B) DELT, n— oo D
E XM EHERDHN T ) = AV HE p(B) IR T 2 Z L &RR U2,

PAR T, BRI R EU) 0N § 2 72012, fF S0 Expy = U(B) DRDYIZ,
FRIZa>0 ZH>TUATO LS IZEM%Z1T:

¢ BZ0DLE RMUPB)—al) Ep SUP) 2ikd.

=1

¢ BE0DLE RMUPB) S Ep SUPB)+a 2T
=1
BT a>0 O HIZERORNEIZEERTH D ZEWDN5E. ZORMEDE L TOERM
NEMREZEZD-0DI2{1,2,...,1} LOEEESHRIKOES P OHES A %
. {{peP [U(B) —a <L Ep SUB)} (520),
{peP|UB) =Y Epi 2U(B)+a} (B20)

LEDD. G P, e A DB L TOSRMN XHER
P(P, € AN B)
P(P, € A)
M n— o0 THZANVGH p(B) ICEFT DI L% Sanov DEH (FHL3.1) &> TAE

HHU 72\, 2077200, FEIZ e >0 2T, P OWNES B 2 IROEDIZEDS:

B={peP]|llp—pB) <c}

22T+ & Euclid /)VATHB. Bl p(B) D e BlhiifEThd. LEDEEDE LT,
n — oo CHRUANT SHERDAMN A ) = Va4 p(B) ICEFT DL E2EKRT D

P(P, € B|P, € A) =

(BCP)

P(P, e B|P,cA)—»1 (n— ) (*)

ERTIENUTFTOHETHS.
Kullback-Leibler f§# & D(p|lq) DEFHE%E P OWMRHES C I

IXCM)IE%D@M)
EHEER LU TH K. Sanov DEH LY, P DI EE C OBEZOBEN C 2&0 L X

P(P, € C) = exp(—nD(C||q) + o(n)).



32 4. Sanov DEHZMio 7/~ ) = IV DEH

LETEDZ P DWHES A, B, ANB OBKEOHAIZZENEN A, B, ANB #&0. X
52 B0 A TCOMES B =A~BHAKTHD. PRI

P(P, € B|P, € A) = % — exp(—n(D(B|lg) — D(Alq)) + o(n)).

N n =00 TOWWHRTZZ L LHETHD (x) RIAMBTH 3.

BLLEEM pe ADBET p=pB) 2 D(pllg) WH—DRNSRIZRZRLIE B =
AN B OFEIZ p(B) BEENBZNZ L &Y, D(B|q) > D(Allq) = D(p(B)|lq) &%V,
n—o00 CPP,EB'|P,cA) =0 &RDIELVbnd.

D(p|lq) & p DEE L UT FIIEZENTHY, A X P ONFRESBZDT, &k pe A
DEL L TD D(pllg) 78 p=p(B) THRIMNIZZZZ5IE p=p(B) ITHe—DIH/NRUIZHED. D

WM pe ADE LT D(pllg) 7% p=p(B) THRINIHZD Z &% REIE (%) DIFHHIHE
T2 . UTFCEDILZIFLLD.

50 =NV p(B) 1
S En(8) = U(B)
=1

Zi 72U TWDDT, p(f)e A THD. IHIT1°

(8) - ‘ o e BE:
Blla) = sz log o ;pz(ﬁ)l g Z(5)
= me(—m —log Z(8)) = ~BU(B) ~ log Z(p). (%)

NG pe ADEELTD D(pllg) PERIMETHD Z 2R ULV. §RDL pe A
D& X D(pllg) = D(p(B)|lq) %82 Z L EmRUZ.

peEALETSD. ZOLI ADEHLY, FZ0DLX Y Ep SUQP) &Y,
BSODEEYT Ep,2U(B) L825DT, OFFICELTIC

BZEiPi < BUB). (#)

MEZL TV, BALIHOFHELYD, >0 & UP) <Y, Eig ERMETHY, <0
LUB) > Big FEMETHS. £H A ZERTDEIIIHVE a > 0 XATFDH
A IEBEAR LR,

Kullback-Leibler 1&#t& D(p||q) IFATD KD IZER I ND:

Divlla) = szlog Zpllg< o > Z pz)+zpilogp’(ﬂ)
=1

=1

—BE;

= D(pllp(8 +szlogz<5) D(pllp(5 +sz —BE; —log Z(B))

D(pl[p(8)) — B Z E;p; —log Z(B).

=1

AT h Y — S(pllq) = —D(pllg) ZAVTAREEXET L S(pllg) = BU(B) +log Z(B) 1275
ZOFOARITEINEE R >TOD AT EBEIRADEDES .




4.2, ST XFERDAED T ) = FIVSFE AN DI 33

W2, RER (#) & A ) =)V 4 D Kullback-Leibler [E#E D(p(3)||q) DFRR (%) &
Kullback-Leibler I8 EmMNEIZ 0 M ETHD Z L &V,

D(pllg) =2 D(pllp(B)) — BU(B) —log Z(B) = D(pllp(8)) + D(p(B)llg) = D(p(B)llg)-

INTERMEEp e ADE LT D(pllg) 1 p=p(B) TRUNIARZZ Lhbho7-. EEED (x)
ASEERH X 7z

R A1 (FFX (#) IE2WTQ). ML EOFGRIFABRICAEX (#) OREZT ’ﬁ’)‘(
Gat 1D XARTIE B 1A EE D Boltzmann G D W % Bkd 5. €D
Ci B>0L2DDTARERX (#) 1

(ZRNVF—DFHE) = Ep < U(B)

EREWT D, ZOMDOERMTH ) = JIVAAAWNREMN T 5 Z L2 DWTIRHIR [10] D
55 9-2-1 fi (p.319) &Y &.

B =RV ERICEONG Z L 2R T202, S Ep ~ U(B) &
WO FRWERMEZIRET 2 MBI R, AEX (#) 2IETHEZITTIN. ZORIZONT
5L TAYMLTEKL.

FHALHITEAELU @Y, U0) XEEMOMTOZ R F—DHFHE Y| Eiq (24
5. TLTPE>0%2KE<TDEUP) BBNTRINVF—HEN min{E,, ..., E} ITENE,
B<0ZNILTDEUP) FRREFNF—HA max{F,...,E.} IZEMN<. =0
TREBIXBU/NT 2OV F — KRB (FLEREE) [TIE) D<K & D IZA Y, B = —co TIREBIZERK
ITRIF—REIZIFD O &KDITRS.

ﬁ%ﬁ?KBWTBﬁ%ﬁEEQﬁﬁT%UJ3cmi%ﬁ%WVﬁmbﬁ—Oi%
ﬁhﬁﬁ@ﬁv%ﬁbfmé BA BB THBGEITIE BIFAICERD 5. TOHE

IR B HMUONIRE S B DEIZRS. %ﬁmﬁwm %Lmﬁﬁwﬁ*TMé N
TML T, A DR E IR E MR AL ) @SR TH D EARIND.

A2 BESOTODDIFIRD LD BRI THD LEZOLND.

rEEOEMES N =LY h2EIUT, i OHPAZLGESREZ B, XVANELXT — A%
Z25. (B <0DGEIE B RV AL 22T NIEFY Y TIVTRD.) i DENH
éﬁﬁ?‘f 3¢ THDLETD. TDESBT =L 1D DEROMFHER Uy = > ;_, Eig;

W25, REOFEAED EDEID BT — L% < SAEDREIX1IEHZY DE éé@ﬂéi’j
fllE Uy (Z3Eft <.

FTU>Uy THE2LIRETD. T—L%2SIAMEYELUT (BEBIE n HET D).
T—=UL10H 7Y DBEEOFEMHEN U KiiETRO- 7248 61F, IKfE2 &SR LU THET
En BADT—LE2PYEEDLINETD. TOLIIZLTT—A1EHDZYDDESD
SEIGMEN T — A BEERDIHFRHETH D Uy DRIV U ML EICAR S 5RE2E SRS O
21kD2. 20X O —o% i OENHAEE p & (n PREIBRLI)EDLD
BAEIZ 72 2 Al REMEMS RN Z B D A

T—AL 1B 72D DESDEYIMEN Uy 2 S it i‘%ﬁ%é FEZTD &S BRIAED
LHERIZTMNEDT, =L 1EH ) OBEOFIHEIXIZE U (T2 U LVIFAD
DURSBEBUYE) IZR>TUED REERE N ZA D,



34 4. Sanov DEHZMio 7/~ ) = IV DEH

ZTDLED i DHPHZEEG p 23E T L, U BNEDHD BITXHRTDH /) =H)5
i pi(B) \EL LD ATREMED S E N E WD DR Z DHEICE W THEEMIZE B A LGFHL 2 2
EThd.

IDGEWIRU > Uy BDT <0 &85, $ROLLLELRL IFHMEZESIRETI L
WZ&oT, VY= LHKDODEEMAEI Y EEVEES 2RO D L, MIET DM iRE XD
fEIZR>TUED LRI N 5.

MR D IEDMEDRI 2 ED 3121, U < Uy THD EARE L, BER S IXRR- %
BERUT, 7—AL10HBZYD OEEOFEN U U TR I IZTEEV. 2Dk
X, T—AL 1B DELOEED Uy 2 SBENNITEEND 1T EZD & S BRI E
UCRTERIZTNEDT, F—A1[EH7-Y) DESOEYIEIXIFIE U 1285 A[GEMENE <,
i DEPHEZEGIE U WIS D7 =7V pi(B) 1ISEL R D AREME A E. Z 0
BlZIZ U< Uy ZDT B>0 &), MEEIZEDHEIZRS.

DFY, KHZEESRLUT, F—AEBKROAHEL ) EMVWEE 25D L5129 5 Lift
SHEEIXIEDIEIZ R 2 L INDEDTHS.

DA EDFEH % GLDIE N ) = AN D AEDOB R THE S ZAEX (#) ORIV ED LD ICH
RTHLNDOND LS. EOEREE 1.5 HORBOFFOMBOEE L L THh L.
BISHEHITIR TTHET] Or—22F->T0dEeEZLNS. N

4.3 FEDHDEZHEPHLNH/ ZAILDHEDHICR>TWVWSB I &
DL EDKERIZRD LS I DHND.

IR 4.2 (R T RBOTER, R SBRER). REMIHIE ¢= (¢1,...,¢) EP T
HdLTD. X1, X, .. NFPYLTHD ¢ \ZUND {1,2,...,r} (EEZ R OHERZHT
ThdLTd. X1, Xo,..., X, DFIZEEND i D% k LEE, P, = (ki/n, ..., k./n)
EHEL. P 3N MOES P IEZRDMWREBICKRS. B, e RIFEL1HiO®E) £ 45,
E\<U<E, ThdelL,BeR, p(B)=mB),....p.(B) € P, Z(B) BLAFDEMTE
H5:

T

e g,

n() = Gt 20)= e P —sos Z(5) = Y- Bn(5) = U.

p(B) BN/ ZALBTHERR. 0<a<oco LU, HEDES Ay C P %

A — {peP|U—-as) i Ep;sU} (820),
" UpeP|USYL EmSU+a} (B20)

CREDD. ZDOEEY T  Epi(f)=U7RDT p(B) € Ay THS. FREIZ e >0 2HY,
p(B) D Ay (B D ¢ ifE%E B.(p(B)) £&EL. Z2DLE n— o0 T

P(P, € B:(p(B)))
P(PHGAU>

TROLBEBN P, 1d n — oo TH ) ZHIVAH p(B) 12 (HER) KT 3. [

P(P, € B.(p(8))|P € Au) = Sl




43. FEOEHEMMEE ) ZANDHEOHNIZZ>TWS I & 35

Bl 4.3. HER 0 1IN 2 —BDO _HA PR 1/2 O_HA A2 BEMH LT 256
DI ZHNHGEE UTHRIZEDND Z 23U & 5. ZOHNTEEM DA —HED
HTRNGEDA ) = AN OERZHNIR>TND.

ARRES {0,1,...,r} ITMEZFEOMEREE X IFHER 1/2 12059 2 TR ZIHAAE I
U722 LIRET S

HX:@:(D%; (i=0,1,...,7).

X1, Xo, .. AIMSIT X LRIUDH 2R OMERLEHOINTHELTDH. X1, Xy,..., X, DHF
ZEEND | OMEE k & EX, P, = (ko/n,ki/n, ... k. /n) &BL &, P X {0,1,...,7}
LRSS IMEE R OMERERICR S, KREOFEM LY, & &M 241F12n — oo
&4 5L, Py i FRFRAR IS AAIE <.

E, =i OBEIIH ) ZHNDHIMNI B2 HELTALD. TOL X, HEEBIT
ZIHEM XY

m-Se-$ ) (7 () -5

i=0 =0

LBDHDT, 51 = AN

-5 (e ()(5) ()

EHENAEIZRD. DFY

™\ yi r—i _ e’
R M R
ZDE X,
—B(,—B r—1
_Zl<6) — re (6 2T+ 1)
BOT, “TRI)VF—DOHAFHE" 1%
B i _=Z'(B) reB B

CHER 0 IZHIRT 2 ZHAMIIH TS i OMFHMEIZRS.

R 1/2 1Z3HGT 2 RFRR ZIHDIZ DOV TIE A VIRITORRZ2HUET 2 90
BNESDS. ANV ERITZEEIRIZZDMEEN 1/2 THIRNEERD. TDLH4 D
A V% r R TROEZEE ¢ LR ZEE i/r 2308327 4% n BEDIELZ
EUED. 722U n IEZEFITREIVE TS, GERRICIEFROE 2B ¢ &R 7ZEIE ifr
MZNTN n HTOHEHRINT VD, TOEEKRE RD ERDENLL TV T3 17

-, AN N7z A _ v ~
(KD EG i/r OFIIMHE) = Z P 0. (%)

1=0

RO (59) TATE D, 0 23 1/2 BOEEN TV SHERIE n — oo T O WLEMNL. ZITIERTDO LS B
BT —ANEU GG ELTNS.



36 5. ff$%: Kullback-Leibler & &2 % A A

ZDEE p=ki/n 2bIXED LD 24El ’@ofb\é?ﬁ%‘l‘élsbf%“b\f:%573\‘?
FW% ﬁp-@mm,w@)i%feéﬂﬁ?é#ﬁﬁﬁ FIFELLB->TWV3
BEMEDE W] EWVWS DA, B 4.2 2T < EDFE ﬁ%btt%Q%ﬁ 2R 5.
Lfﬁﬁbtﬁ/ ANIH p(B) (HEHR 0 TR T & I M) &, €842 KV,

(RS2 [EH @ DIFHE) = 2)@ E:EMNU rf
=0
i p= (po,p1,...,pr) \CHIBRU 72358 DRERDAE P, 2 n — co TERM < %I
BoTWd., ZOFKMEED (x) LEfETHD. KOHDEEM 0 128D &0 D E&M4THi
B % A UEHER 0 1206 2 IEAMA SRR A & UL THRIZEDNS.
fEam. ROMDMEERD 1/2 ORYR A V% r [AFITTROLZBEEZHZD L%
T2 XAKEDEL, r B RO I 2B KEICRERINZ) A NEESZE2TD. TOD
LEEULEZTORBRKIIBNT r [FROHZEEDOFYIED 0 IZB>TVBRLIES, 7
DY ANZIEHEDE TROBDZHERN 0 O _HSHEDOLENE-> TS ] hDLDIZ
RATLESZ LIRS, l

EE 44043 DFmE AT LIFFHAPIZLTOL I BRI DB LTWE Z &
Nhnd. REMDE ¢ TROND E \IZBET2 0 2 ANV HEDKE L TW5S EARE

5%
—BoFEi . r
€ qo,i —BoE;
i = 2 , Z e e BO ? i0-
q 74 0 ;:1 4i,0

ZIZTq; 20,3 q:=1 FE,....,BE, € R ORKE B, L&EKE E, 1822,
q,q >0 THDENETD. 2D X ZOREMADMMHE B 25128357 =7
734 p(B) EREMDAEFECIED T ) Z NV EILES:

e—(50+ﬁ)Eiq0 ) r r
i(B) = ——— Z0Z(B) = Z —BEig, = ~(Bo+B)E:
pi(B) 7028 0Z(B) oge q ge o

TIED AR TS OB ARG TN TOWBEIDTH 43D E DB I ENHENLTEDT
H5. MOBBRINABEIZEEZNDIHERDHEIZOWVTERBEDZ EDRLTD. [

5 {4#%: Kullback-Leibler (83 RE I 2 F1ZER

Cover-Thomas [3] IXEHRHEMICEHTDIEHGCERETH L. FHREL TV bOE——
EIZEAT B FE LW 2 5 A2 D AIE T DA Z ST IE LV, LR TIEEIZZOHRE
=2 U A5, Kullback-Leibler [HHREDY [HH#E] O LS 2MEEZF->TVWd I L a2 X
R 2 REXRZHED.

5.1 2{&F: Jensen DAFER
BRE F(X) BB B[f(X)] A 362 WEH EB| - | 3L FO&M 2 i LT3 & 1K
E9d5:

180 28 1/2 oD L, n 73%*7&& XZDEIBRVANVWELONDIHERIZIFIZ O IZERDIN, TD LD
aﬁaﬁﬁﬁibfbiot IZDOWTHEZFEZITWD.




5.2. NBHAEFEAEL TDIGH 37
(1) #HE: BRI f(X), g(X) &8 o, B ITRL T,
Elaf(X) + Bg(X)] = aE[f(X)] + BE[g(X)].
(2) HFAME: f(X) = g(X) PEIZHIL LU TWS R 5IE E[f(X)] 2 E[g(X)).
(3) BiMEALSAE: E[1] =

BRALS E B LD B o IZHUT Ela] =a &R ZERDONE. ZDOED7% B[]
EHIRHENER O IR, 22 2 p; 20,30 p=1 DL X, E[f(X)] =320, flz)ps 1&
HIRHENBE T H 2. M p(x) 20, [P p(x)de =1 D& X, E[f(X)] = [° f(z)p(x) dx
EHARHEPHBTH B .

IO ELUTOAFERDNELZL TS (Jensen DFRFER):

o f(X) MEITMASIE Bf(X)] < f(BX]).
o f(X) WMITESE E[f(X)] 2 f(E[X]).
DR CRIZEDAZTAIL &>, BEIE —f(X) CHE2ERTNSELNG.

AIE DA, B f(X) IF RIS TH D EREL, p= E[X] £BL. ZDLF EiTmz
BREL f(X) D X =p TO “BEY % a(X —p) + f(p) £FEL &,

fX) = a(X —p) + f(p)
Y72 5DT,
Elf(X)] = Ela(X — p) + f(p)] = a(E[X] — p) + f(p) = f(E[X]).

2 DHDE S CHIMFEINEEO BTN 2 F\V, 2 ODH D% S TE OB & kb4 %
o 7= 19, 0

FERS5.1. LOGEHN S, f(X) B EITHEFZNZSIE, X ODED = Blf(X)] IZH8EFHL
TWARWRY (IF& A EHEFIZ F(X) =p PEILUTHRWERY), F5 %24 EROERVA
SR LTS Z EBDND. [

5.2 WHEMAZFNREZODIGA
IRDOARFERILZ & 21K [3], p.31, Theorem 2.7.1 (Log sum inequality) (ZZEWTH 5.

HEAMAEFER 0 AED a;, b; ITHL T,

A n n
— 2 = ) — )
Zallog AlogB A ;al, B ;bl.
FEDWRALY a;/b; WHWZTRTELWZ LIFAMETHD. WOEDEDIZ 0log0 =0,
alog(a/0) = oo EMRL TH L.

YEf(X)] =Y, flxi)p; DHBED Jensen DAEFERIE r (2B 2 BFAMRMNIETIEAT S 2B TE
208, MAFHEINERE D N2 1) % > TEAEIH T 2 DB AE AL T S HEEHR DN D TN EES.




38 5. ff$%: Kullback-Leibler & &2 % A A

SEER. a; > 0, b; > 0 DEEDAZFHTIVUEFHTH L. (—MHOGEIZT DEE D
B LTI NG f(z) = sloge B, f(2) = loga + 1, f'(z) = 1/a BOT
flx) iz >0 THRIZEBZENTHS. TN Jensen DAFEXRZHEHAL KD, TDEDIC
G—b/B EBL. ZOL X

é;aibg% b all()gb Z% ( )
a; - biai A A A
>f<2% >= (E;EE):f(E):EIOgE‘

i=

flx) ORBOIEL YD FEESDWWALT D Z L a;/b; WHWIZTRTHELNZ EAFEETH
52 EEbnb. [

ZDORERZMAITHT p, ¢ PWIEATENTNOMRAMN 1 DL X

D(pllq) = szlogq— > 110g— =0

=1

MF 515 (Kullback-Leibler fEREDIEEM). I 517, £E {1,2,...,r} DHE
{1,2,...,r} =AU UA,

C:-j&jbf, {Al,...,AS} L@Eﬁ%ﬁ%ﬁpz<pl,,ljs), Qj:(Ql,...,QS) 7@?

Pi=>"p, Q=) a

i€A; i€A;

CEDD L, WNERAEFEALY

D(pllq) = Zszlog— > ZPlog— = D(P||Q).

j=11i€A;

g7, MEDIER%E SN 5 & Kullback-Leibler IR E 13/ < 425,

5.3 Kullback-Leibler (83 k2T L' (A LA SHI A LN &
£4 {1,2,...,r} FLOWEERDIG p= (p1,...,pr), ¢= (q1,---,q) DHWEZD L' fEEE

lp—all % )
P — allz: :2|pi_%|
CREDD. MR p IZBT O MERZ :
=> i (Ac{12....})
iea

L&EL L,

lp—qllr =2(p(A) —q(4)), A={ie{l,2,....;r}|pZa} (#)



5.4. Pithagorian theorem 39
L HIX
P — gl = Z;(pi —q)+ ZA:(% —pi) = p(A) — q(A) + q(A°) — p(A)
p= Pyt
=p(A) —q(A) + (1 = ¢(A)) — (1 = p(A)) = 2(p(A) — q(A)).
UEDRFEZLATFIZBWTEDOEEHNS.
KLIBHR=ET L' [EfZ= EASEIZALNB T &
D) 2 llp —all} (¥
ZDOREXZGEHL 720,

r=2 DIFED (x) DFEAA. 0<a<1,0<b<1DEF

a
> 2(a —b)?
T—p =20

alog% + (1 —a)log

ERZDIEERBIEEL. TOEOIZEANSELZG KR E f(b) £FL:

1—a

1-5b

f(b) :alog%—l—(l—a)log —2(a —b)%

a 1l—a

fO =gty -0 =0-0q (b(l—l—b>_4)‘

b(1—a)<1/4 &Y, 1/(b(1—0b)—4202%3. WRIZ f(b) DFFEIE b—a OFFEIZE
LW 34805 f(b) ik b<a THEHFARDU, b>a THRIFHEMNTS. ULa2>T f(p)=0

BOT fb) 20 L2 ENDMND. 0
—fEDIZED (x) DFEAR. G A 1T (#) D@D THD e L, £E {1,2,...,r} OHHE
{A A} EOWERDMA P = (a,1 —a), Q = (b,1 —b) & a = p(A), b = q(A) &&

5. 20k IHIERDOEHZ 51D & Kullback-Leibler [HfEAV/NI <25 Z & (26 5.2 i)

)
D(plla) = D(PIQ) 2 2a — ) = 2p(A) ~ a(A) = 5 Ip — allfn

ZIZT2OHDAESTLETIHUZ r = 2 OBEORERE MO, BIRIZ (#) 272, [

5.4 Pithagorian theorem

P:{p:(pl,...,pr)ERgo lpr+-+p =1} BE P 2ES {1,2,...,r} LOfE
RN EIRKOEEGLEART. Pl r—1RTCHEATHD.
IROALERIL [3], p.367, Theorem 11.6.1 12 5.



40 6. ft&%: Cramér DEH

Pythagorian theorem F (& P OMEAHDIEETHDL L, e PNE THDLT5.

p = (pi,....0}) € EWX D(pllg) 2 E ETHR/IMET D p THDLTD:

D(p"llg) = min D(pllg).

Dk E
D(pllg) 2 D(pllp") + D(p*ll)  (p € E).
ZDOAER L Kullback-Leibler [HHREDIEEMEL Y, D(pllq) — D|lq) B5IE p — p*
ERBIENENND.
Pythegorian theorem DEEER. p* & p %l D EAR D Kullback-Leibler 1E#R & DA D
P 2B 2R E RNIEZ DOARERDGHINS.
teRIZHLT

p(t) = P1(t),....p:@#) =tp+ (1 =)p",  pi(t) =tpi + (1 —t)p;,

0 = Dl0) = > (tpi-+ (1~ ) og LEEZ

EHL. ZDLkx
- tp; + (1 —1)p;

ft) = Z ((pi —p;)log " + (pi —pi‘))

: tpi + (1 —1)p;

= Z(pz —p;)log p

2DOHDEST Y pi=>_ pi=1, RdIL%ffor.
p(0)=p € E,p(l)=pe E THY, EIZMES-DT pit) e E (0=t < 1), pr ik

D(pllq) # E ETH/MET S p 7Z272DT, f/(0) =20 &&5. PRI

r

P\ pi v
0= (0)=> (n —pi)log —Zpilog(q ) szlog

=1 =1

pl * >k
—szlog——szlog—*—szlog = D(pllg) — D(pllp*) — D(p"[|q)-

INTRUEOAFERDRI N

6 {I£%: Cramér OFEE

SEEE I EREEMIO R A R 2 55 D8 D IR O D TR ARG ZBiE A H H NFFEE L
TAL W, HENIHET 15D formulation & O % BB IZ 725 & 5 7% A X A )V T Cramér
DEMDIEHHDOBING % T Z & Th .



6.1. Cramér DEHDEE & EiE 41

6.1 Cramér DEEDRTE & Fik
H IZ Y% R OMERETHD & U, TOFEE%E

LELSH OE— AV MR
Z(B) = Ele”"M].
FEDEZFOXM ECTHROEA2 R D LIRETD. U(B) RIKDEDIZEDD:
E[He ] &
Z(B) op

Hy, Hy ST A HERERGET H L WU LS 8 5IE, Z(8) B2 3 BIKH
LB,

UB) = log Z(3).

ON oz = 2 2'(3)2(8) — Z'(8)°
(aﬁ) log 2(8) =~ 55U(6) = L
Z'B)2(5) ~ Z'(B) = SEI(H: — Hy)e 00 +1] 2 0

E732DT, log Z(B) I FITIMAREKEIZAZY , UB) IFHIFBARBIZZ S, K2, U(0) =
Ug=E[H) £5BY, 200X UB)SUy LRY, BX0DLEUPB) 2TV, LB,
log Z(3) @ Legendre 24 S(u) £ZD —1£% D(u) ZIRD XD ITEDD:

S(u) = inf (Bu+ log Z(8)),

D(w) = ~S(u) = sup(~Bu~log Z(8)  (u € R).

S(u) 13w (ZBT 2 — KB (R TSI BE) OIEDOE R ZE D FRTESR I N2
BODT, S(u) 1T EIZMNAREBUZAS. Ou—log Z(0) =0 DT
SW<0, D20 (ueR)

LR85, IHIT Z(B) WERZHKEIZEWT,

0

ﬁ(ﬂuﬂogZ(ﬁ)) u—U(p)
BOT,UP)=u 8D f=pu) WFEIET DR 5IE,

S(u) = Blu)u+log Z(B(u),  S(U(B)) = BU(B) +log Z(5)

BB, HREOEZODIDED R B = Bu) WEIZHND LRETD. IN6DOAXEKY
S(u) XA/ ZALBHEOENTY NOE—ISHIEL, D) = —S(u) 135 7 ZAILDHED
Kullback-Leibler 1§82 (2069 25 Z & 03005 . Rz

S(U(0)) =0,  DU(0)) =
0pEsREm DO AR E TlL, W, MR ﬁ%ﬁH@% AV NEEEE M(t) = Eletf] L EHT DD, 2Tk
REt L Oz ABL<TD20DICt = - LBX, M NFICB T2 0EERLFAUES Z2(8) 2E—
x/htw&z )R> 7z
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ERBDT, S(u) & uw=U(0) =E[H] TRARHE 024V, D(u) XEMTRIME 0 12
K%, Su) (HULIE D) iF v = U(0) = E[H] THEHREWA (U IZHEFRIH) U,
uw S U(0) = E[H] THFHEM (€ U < ZHEFABAD) §5.

UB) IEHFHBAREEDT, u SUW0) = E[H & X Bu) 20 &8, u=>U0) =
EH DX ¥ Bu) <0 5%, DRITIRMBEILL TV S:

_ {infgzo(ﬁu + log Z(ﬁ)) (U é U(O) - E[H])v (#)

infs<o(fu+log Z(B)) (u=U(0)= E[H]).

D(u) IZDWTEFBRDOERREBFET D, u 25 H OFHEME U(0) = E[H] A EE LI TFDE
BTLERE U I TRZESHEE § O#HFEZLIICHIBTES.

EH 6.1 (Cramér OFEIR). LA EDOBEDE & T, Hy, Hy, ... \FIUSTF A7 SRS
THY, HEFRUDMIUERD ERETD. ZOE IUARVELL TND:

(1) F 'R OHBAEASE DI

n—oo N uclF uel

. 1 RS .
lim sup — log P (ﬁ;Hk € F) < sup S(u) = — inf D(u).
(2) G R OB EER LI

o] ¢ .
lim inf — log P (E ZH’“ € G) = sup S(u) = — inf D(u).

n—oo N P wel@ ueG

(3) AR OHBESTHY, A DB G DA F 28 A 2EA, sup,eqS(u) =
sup,ep S(u) PEILL TWD 251X

1 IS .
JingoﬁlogP (ﬁ;Hk € A) = ilelg S(u) = —;relgD(u).

D&, BEAREY (Hy + -+ Hy) /n VEA A IZEENDIMERD n — oo TOWHLEE
A ANV AHEOHEN Ty hEY—ICE T 58 S(u) (B LA = ANVAHED
Kullback-Leibler fE¥ & (238 d 28 D(u)) ® A BT 2 ER (E U IEFR) Tidik X
nd. [

6.2 Cramér OFEEDILEA
78 6.2 (Cramér DEEDABEMERD). 2B 6.1 HIDOFKEDD & TRV L T D.
(1) u ¥ H OF¥ME U(0) = E[H] B\ EX BURDBAIZE VT, ThEN
1 1<
— —Z > < > =
#%P<n;?ﬂ:u>:am (u > U(0) = E[H]),

e (%ZH < u> <S5 (usU(0) = ElH).

ZOFEREEHATSL X2, 02 U0) = E[H] T S(u) IZEFABAL, w S U0) =
E[H] T S(u) \&HFALEMY 5 Z ITERE &
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(2) HHED §> 0 IZHLT

o] 1
lim inf — log P <EZH’“ € (u—d,u—i—(S)) = S(u).

n—oo 1 1

(1) D LW S OFHIHIRAN R T A 7 TR S ITRSBITEIHI NS, (2) D 25 OFFfilE “7
J ZANGAEIZET B KEBOFIER % #> TREHI NS, N

SR, (1) O E»SOFUiZFEAL & 5. £9, w S U0) = E[H] &IRETSD. Hi+ -+
H,SnudD&I 1 THOEE 0IZRDEHEZ 1y 1vmycny EFHLE, 520D E

( ZHk ) 1H1+ +Hn<nu]

(Lot B s
[6*5(H1+---+annu)}

E 7B(H1+---+annu)}
E

A IA

— enﬂuz(ﬂ)n — (Butlog Z(B))

WZIZu<U(0)=E[H, =00t %
llogP lin<u < Bu+log Z(B)
n n i = = )
U > THG6LHID (#) &V
1 1 &
—Z _ < < =
~log P (n ;Hk < u) < gg(ﬁw log Z(B)) = S(u).

RIZ, uz2U(0) = E[H] ARELT, LEAKOHEmZITED. Hi+---+ H, Z2nu D&
X1 THOE X 0ICRDHE 1y oo EELSE, BS0DEE

( ZHk— ) 1H1+ +Hn>nu]

[1H1+ +H,>nu€
[ B(H1+++Hn— nu)}

E ,B(H1+---+annu)}
E

A 1IA

— enBuZ(ﬂ)n — (Butlog Z(B))

WAIZ w2 U0)=E[H), B<0DE X

U > THGLHID (#) &V

Liogp ( T ) < inf (9 + log Z(5)) = S(u).

k=1
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ZAIT (1) D LS DOFHMiASE X 417

(2) DTN HDOFHM %GR U & 5. (2) 1k “h /) = HIVHA BT 2 KO SRR 7 5
D, HEREH H OMRDMIE R EOMRAE u RWEDDHERDAIZL 20> T
W LT 5. HERAE 1 %
pg(de) = e udr)

’ Z(B)

LRED, ZOMRUEDOEDDMEN %N ) ZANDTHERERZLIZTD. ) =)
DHCET DR LR E ZNTN Byl ], Po( ) &EFL. MERE H DN =75

AR % Fid S—
ElHe™
“zm TV

ZhD. MFClRu=U(B), 0 >0 LIETS. 20X S(u) DEHEY,

Eg[H] =

S(u) = Pu+log Z(B).
SUTDEED ¢ >0 2HD. 1 =V AEIZET 5 KBOFHEN XY

. RS
JEI;OPB (ﬁZH’“E (u—s,u—i—a)) =1

k=1
TUT, A/ ZHND A TOMER L BEF DM TOWEDHNEZIZULTOREGRYEDH S

Z(p)

Z(ﬁ)inE[1H1+~'~+Hn€(nu—ne,nu+ns)

e—n(Butlog Z(8)—|616) p (l Z H, € (u—eu+ 5)>
n
k=1

1 = E|l nu—ne,nu+ne
Pg <EZHI€€ (U,—€,U+E)) [ Hit+Hn&( nutne)
k=1

A

efnﬁwrnlﬁ\s]

< m(Butlog 2(9)-1619) p <l ZHk € (u—0d,u+ (5)) :
"=
DEDOFEREGDOED &

P (l Z Hy e (u—6,u+ 5)) > en(Butlog ZB)=IBI) (1 4 (1)) (n — 00).
n

k=1

WD ZAZHHADIED 1/n 5D n — co TOMRZRD Z L IZk>TRERD:

liminfllogP (% ZHk € (u—d,u+ 5)) 2= Pu+log Z(B) — |Ble = S(u) — |Ble.

>0 FWNWSHTENILSTELDT,

ol 1«
lim inf — log P (ﬁZHk € (u—5,u—|—(5)) = S(u).

ZhT(2) RSN 0
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EH 6.1 DI, (1) O XSO ZFHL &>, F id R OBEHAEATHL L L,
F.={ueF|uzU(0)=EH]}, F ={ucF|uU(0)=E[H}

L. INHE R OHESEESRDT, F. ORKE u_ & F. OB/IME u, HBEAE
5. S(u) & uzU(0)=FE[H] THHFABADU, w SU0) = E[H) CHFAEINTLHDT

sup S(u) = S(uy), sup S(u) =S(u_), supS(u)=max{S(uy),S(u_)}.

ueFy ueF_ ueF

WRITHIEG.2 (1) &V,

1 1 & 1 1 &
~log P (EZH,C € F+) < ~log P (EZHk ;u+> < S(uy),

k=1 k=1
Liogp lineF_ < Ligp liﬂksu_ < S(u)
n n & ~n n & = = ’

P <l Z Hy € F) < enSlus)  enSu-) < 9ensupuer S(u),
- < =
k=1

U7 oT

limsupllogP (lZHk € F) < sup S(u).
n—oo 1 nk:l uel
T (1) BRI NI,
2) DFNSDFHIIZEEHL £ 5. G IE R OHEHAIEATHD LIRETS. FEIZ e >0
rNdE, HBDuecG T
S(v) 2 supS(u) —e¢

ueG
72T EDONEHET D, G IFFEHAEERDT, 5 §>07T (v—36v+05) CG &
ZTEDEHEND. 2O X Fi#E62 (2) &Y

1 1 1 1
liminf —log P | — H, e G| 2liminf —logP | — Hye(v—9 )
iminf —log (n; k )_ iminf ~log (n; k€ (v—20,v+ ))
= S(v) 2 supS(u) —e.
ueG

L7=R>T
1 1O
lim inf — log P (E Hy € G) 2 sup S(u).
1

n—oo Mn P UEG
INT @) B RINE.
BBIZ(3)2RTD. AIXR DEHKEETHD L, ADHEE G LEX, G OHE
FEELC ACF EIRETSE. ZOLITGCACFE RODT

1 I 1 I
sup S(u) < liminf — log P (EZH’“ € G) < liminf — log P (ﬁsz € A)
k=1

wel n—oo M =1 n—oo 1
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n—oo T

1 I 1 1o
< lim sup — log P (52}1} S A) < lim sup — log P (521%c € F) < sup S(u),

1 n—oo T 1 ueF
sup S(u) < sup S(u) < sup S(u).
ueG u€eA uck

W 21T sup,eq S(u) = sup,ep S(u) % 51E
1 1
lim — log P —ZHkGA = sup S(u).
n—oo N, n 1 uEA

INTRINREIZENTARTORINS. 0

6.3 H/ZHILDHOBERIY MOE—E&DER
q=(qu,...,q) WERES {1,....r} LOWERNGTHD LT 5:

%20, @+ +e=1

MEREH H $8bLERES {1,...,r} LOER HGO) =E cR %225, 2Dk X

T

Z(B) = Ele ] =) e g,

=1

710 =HIVarAE p(B) = (pu(B), .- -, pr(B)) &

(&G
LEHZIN,
— — - . :L - o—BEi .
WAz

S(U(B)) = pU(B) +log Z(B) = —(—BU(B) — log Z(B))
i(B)

= = D n(B)-BE: ~log Z(8)) = = 3 pi(B)log ™ = = S(p(5)la)

T4 DH, log Z(8) D Legendre 2 TE R I 7z S(u) 12 u=U(B) 2RAUZfERIE A
J ZANVHAOHEN Ty haE—Iz -7 5.

6.4 HUIDHDIHEDHE
WEREE H DR a >0, A7 =)V 7> 0 DAY IH/MEIZURD Lk

BU) = s | f@)e ™o s
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MENLT DL THD. ZDLE > —1/7 K5I

1 e 1
—(14+rB)x/T,a—1 o

_— e x*dr = ———,

F(a)T“/o (1+78)~

(I +7p)° /oo By g (1+78)*T(a+ )7t  71a
- Tla)m o - Tla)re (T+7p)ett 1470

Z(B) = Ble™"] =

> 0.

LI THLHEONDROAAZ o 7 2
/ et dy = L(s) (s,c>0).
0

CS

SU(B)) = pU(B) +1og Z(B) =

a
—a— — alog(1 .
« 55 alog(1l + 70)

ZHZUPB)=u>0¢&
trp="0 p=22

S(u):a—g—alog—ﬂl =a—aloga — (E—alogg>.
T u T T

S(u) & u=U(0) =7a TRKE 0 IZ45.
H,, H,,... bfﬁﬂﬁlﬁlﬁiﬁaﬁﬁ%%*&ﬂf@b NH EFEUBIR o, ArT—N 1 OHVY
DA UMD &, AU/ HOFEMEEY 2, Hy + -+ H, I3BIR na, A7 =)V 1

Wi 2 ARIEH Y YEHBOEEN S BRENIZL>TEGIIRINDS. UB) CETIART URB) =

—(0/0B)log Z(B) &M ZIE LV EHIZFESOND.

2H 4+ H, DF—AY MEERHIZIE H OE—A Y MEFBO n T Z(8)" = (1+78)" IZ%L
W ZHUIEIR na, ATV r DAV BHEDE—A Y MEREIZ—HT S, ZOZenS Hy+---+H,
DIAR na, A=)V 1 DHY RGNS Ze¥0ns. BENZFEICESTEETDI L E2RED.
H, K ML BHERERTHY, TNTHER o, B, AT =V 7 DIV HMHIZU NS B 5IE

0= Wlmvw LT[ v petsmety=ray) as

" T(a)L(B)rots / (/ Fe T2t — ) dt> da

- o ( . / F(D)et'T ( / 1 — ! dz) »

— W /OOO f)e T (/01 oLy 1yf1(] - U)Bltdu> dy
B(a, )

— ) < —t/Ta+p—1
Rt (e , 0

_ 1 = —t/704+8—1
= T(a 1 B)yrat? /0 f®)e "t dt

2OHDES T y=t—2 BT y 5 t ITHDEBEZEBRL, 4 ODHOESTo=tu BTz 5
u TR ERE LW L. Zn&Y) H+ K DIk a+ 8, Ar—Ib 1 OHYIBHEIZLENRD 2 Ehibhn
5. HYIHGEFRICOWTEHANEZFEOE S5,

B
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DHVIIDAHIZ U0 DT,

N S —

WZIZ0Za<bDE X

p < 1 zr: He <D 1 /nb —y/Tyna=1 g n" /b/T —nz na—1 g
a — = —— e = e X Z.
n < g L(na)rre J, Y Y (na) Jo/r

a

E

—

2DOHDEST y=nre BV, Cramér DEH LY |

. S) (b1 < ),

1 no b/T
li 21 —nz na=1 g — — <<
) (n % T(na) /a/f o a:) aS<l11LEbS(U) ’ (a/r 5 a £ b/7),

S(a) (a<a/T).

Stirling DA &Y —log'(na) = —nalogn + n(a — aloga) + o(n) HDT, ZAUTIRD
AAREFETHD (A=a/7, B=10b/T):

1 B
lim — log (/ e e yno—l dx)
n—oo 1M A
alogB—B (B < a),

= sup (alogz—2)= < aloga—a (ASa<B),
a/T<z<b/T
alogA—A (a<A).

Z DT

IZ Laplace D fiEZHMHT S Z L IZE > TEBEIIRINS.

6.5 Sanov DEENMLIRI N/ Cramér DEIBDFRIRIGETHD I &

DA O E IR TR,

9, HEOWIRE % Fio5E ZHE S 172 Cramér OEFRIZ DWW T RMEIZEHL & 5.
R" OEMENFEE (, ) LELS. X ERICEZFOMRERTHLL L, 8= (B,...,0,) €
R™ (ZB89 % B EEL & Massieu BN %

Z(B) = Ele”®0], w(B) =log Z(8)

EEDD. U(P) X BeR IZHTD NITMAKEIZRS. FE a=(a1,...,a,) € R ITHK
UTCOu=3_,00/08i, Xo=(a,X) &BL &
E[X2eBX Ele=BX)] — BE[X,e~BX)2  E[(X, — Y,)%2e#X+Y)]

%115) = G BV

1\

0.
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CITY IR X EMSIT X CEUDHEICLANIHEREHTHS. (B LH X, BERIC
RBERHIEPU(E) =0 L85 EIEEYL) pe R O S(p) 2D ESITED

% (U(B) D Legendre ZE#4):
S(p) = inf ({8,p) +¥(B)).

BeRT

(B,p) +U(B) % B TR L-MERE 0 Bk

%) o) E[X;e (X))
= ——U(B) = ——log Z(B) = ————— =: ps(B).
pi=—ggV8) = gz e 2(8) = =z = ()

ZIT X, & X OF i A THE (MEREBINHD ¢ FHOMERELH TR NI LITE
pr(B) DEESZ. ZORMEETZT B % B(p) =
EAmIC RO TN D, EEIZIE TR Y

BE&L). INTpB) = (m(B),. ..
(Bi(p),...,0.(p) &EL . (ZDTWIEMARY Fio IR

A WERESABEIZR D) ZDL X
S(p(B)) = (B,p(B)) + ¥(B),
X X@ FMSIFESAAD R EREBSITHD L U, X LR UHRSMFIZLUZDD
CIRELU, ACR £33, ZD& Z#YLREMEDE LT
i L AN
lim —log P —ZX € A| =supS(p)
Lt peA

n—oo M

S(p) = (B(p),p) +¥(B(p))-

PN T D (HEER X 17z Cramér DERE).
Sanov D EMITPLIE X /2 Cramér DM DR BGEThHhD Z L 23U £ 5.

ARES {1,2,...r} EOMERDMEARDESEZ PCR &L

P={p=0,-...0r)€R" |p1,....0, 20, p1+---+p- =1}

R Mle € RMZ2H i 721D 1 TN 0 THDEEDD. ZDOL X e, c P THh
q) €ER" ZALERIZEEL, X 3R ¢ THE ¢; ICRDMEREHTHD &

5.9=(q1,.
T5. ZOEEIZ ETHIHL ZHEE X /- Cramér DM %2 3 5 & Sanov D EHH S
bEND. TDEDIZIZZDGEI

S(p) = —Zpilog% = S(pll9)
i=1 v

ERBIEERBFIRLV. ZOEEIZIE

Z(B) =) e g => "ePFig,  W(B)=log Z(B).
=1

i=1
ZD U(B) @ Legendre ZH# X T b E— S(p||q) I8R5 &KL, ETHiA

e Mg
Z(B)

L& 51,
0 0
pi=pi(B) = _ﬁﬂiqj(ﬁ) = _861- log Z(B) =




50 6. {8k Cramér OEH
BOT, NEEENS Z &iZL>T

U(5) =log Z(5 Zpl log Z(B

- sz 5% + log q; — logpz sz 10g -

=1

DIT, EOHTHIUE S(p) (BT 5 AREHS &
S(p) = (8,p) szbg— = S(pllg)-

Z D & ST Cramér D EPLDKRILZE I % FF O MER B AN DI DR 23562 LT
Sanov DEMMNESND.

6.6 U (B)=1logd> e Vig; ®Legendre IRy hOE—
GRES {1,2,...,r} LOWEDHEEDOESEEZ PCR &L
P:{p:(pla"'apr>€RT’plv"'aprzoa p1++pr:1}

DD, RN = (q1,...,¢) EP X ¢ >0(i=1,...,7) 2L T2 LT
T5. (LFDEREIZ geP THoOTH, ¢ ZOWTRTIEDFERZRSLIFTHLL TWD.)

LD HLKEL Z(8) & Massieu BGE U (6) LR 540 p(B) = (p1(B),...,p(B)) € P
EIRDEIDIZEDS:

e—ﬁi .
O y(p) = Z(ﬁq)’

Z(B) = Ze_ﬁiqi, ¥(B) =log Z(B), pi(B) = _35,

ZZTB=(B,....0) R Thd. INLEDHAMELELOTH
U(3) IXFIHHT— %@%éﬁﬁ%bf%wt$ﬁyTy&QTﬁf%6
e=(1,....1)eR £HBL. ZDL ¥

Z(B+ Xe) = e Z(B), V(B+Ae)=V(B)—A,  p(B+ Ae) =p(B).

B2 MR p(B) 1 B D e HEDELT—ETH 5.
EEOWERDN M p= (p1,...,p,) EPIZHLT, BeR %

pi=e P (N e RIMEEER)
ko TEDD L, FITRREZZEEY p=p(f) LB
—Bi .
“Bi, — Ay —~Bi _ (g = % _
e Vg = €e'pi, Ze Zepz e pi(B) Z(3) P

W2 p(B) DEFIE P 2KIZ—T 5.
p=(p1,...,pr) ERTIIHLT g eR" O f(B) &

f(B) = (B.p) +¥(B)



6.6. U(B)=logd ., e Piq; D Legendre Z#IMHFTY Y — 51

YEDS. f(8) R TFICMAEREDT, 6L f(8) BRMEZEEO R BIE, Z DB/
T f(8) DIRIS 4%51 FFRT 01285, £(8) OIEHRS

0 0 — 0
Ef(ﬁ) = 95 ;ﬁzpi + %‘I’(ﬁ) = pi — pi(B)

)

EBB5DT, f(B) WIIMEZFED/ZODBEFRFRMIEpe P LR2Z2ILTHD. Th
PO E f(B) Idm/MEZER 72T infgepr f(B) = —00 L85,
U7Z2h35TC, U(B) D Legendre £ S(p) %

S(p) = jnf ((8,p) +¥(5))

LREDD Y, S(p) DEBIRIE P IC—HT D (ERROITOME —00 ILBDEEZS).
peP DL X p=pBp) 2727 B(p) € R ZAEEIZEND & (B(p) DHLY FHilik e i
M ONATBENZE T S A EMENDH D),

S(p) = (B(p),p) +¥(B(p))-

B=p(p) @ LDEIITp=ePirq DESITHWD &
fi=—losli =X Z(B)=¢  U(E) =)
BDT

r

bi - Di
ﬂm=§:<4%g~%)m+A=—2)M%gZSWM)
i=1 ! i=1 !

ZDEDIZ U(B) D Legendre ZHUIMITY b Y — S(p|lg) IT—T 5. S(p) & EiZ
MRKBIZ RS,
W2 S(p) D Legendre 2 #
F(p) = sup(=(8,p) + 5(p))

peEP

MUB)IL—HT DI HEBEDFHRIZE > THERLTE IS (R 2B o0
TIEHIZZ D 25). EHE g(p)

g(p) = —(B,p) + S(p)

LEDD. glp) & p LT EICMNARKETHD. g(p) D P LTORKXEMERZ X /-
. Lagrange @*ﬁ%ﬁﬂié@? 72D p & NDEE L %
ng@%%k—ﬂ<§:m—1>=— p)+5(p) (E:m—1>
i=1

LEDD. ZDEF

T

oL
G-t
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L i i
0 :—Bi—log]i—l—()\—l):—ﬁi—log]i—)\.
Ip; qi 4q;

INED, 3T pi=1 0S5 MDE LT g(p) WERKRIZEDDIE

T —

Bi .
A= ePig=208), p=ePg=""L logZ(B)=A=—F —logt
ZZ:; (6) Z(B) ) 4;

DEXTHBILNbNd. 2Dk X,

)

W(5) =g 2(9) = A= Y- pi = Yo (< low 2 ) = ~(8.5) + () = F).

THRDL S(p) D Legendre Z# F(B) 1 ¥(8) IZ—Ed 5.
LEDFERIZIKD LS IZELDOEND.

WRE6.3. ¢ = (q1,...,q) DERDPFTRTIEDOEHRTHL LD, R™ LD FITIHHARKEK
U(B) &P LD EITMBREE S(p) Z2IRDEDIZEDD:

r L r i
v(3) zlogZe Pig;, S(p):—Zpiloga.
i=1 i=1 '

INHIEHWIMFD Legendre Z#IZR > T W5, 974805

S(p) = inf ((B,p) +¥(B)),  W(B) =sup(—(B,p) + S(p))

BeR" peEP
DAL LTV D, N
EB 6.4 LOMBEOBIME. P LOE D(p) %

D(p) = Zpil()g%
i=1 ’

LEDD L, D(p) B V(B) LHEFRICFITMARKBUIZARY
D(p) = sup(—(B,p) = ¥(B)),  ¥(B) =sup(—(B,p) — D(p))

BERT pEP

DAL L TN 5. N

7 &k WEtHFEEORER?

OB R ERERE T2 O D IFARV. FRICHELTWS Z e E2ELD
EVERN. 2D — NORNREE SRR R HZOBRIZOWT, EEVHEZ ED
272012V TRATYFELANIZERESRL THEL.

2016 £ 7 H 13 H: %9, Cramér DEHD— LI T 28 7.1 Hiz 2/,

2016 £ 7 H 14 H: Mt HFOBEREIZB T2 H ) 2 WV DAEOEROH 2 BN U7
FT2HiEE N,

2016 £ 7 H 21 H: Mt HFOBEREIZB T2 H ) 2NV AOEROHHZ XD ET
728D 7.3 HirEHE N
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7.1 NRNSA=Y—|CET I 0RHBDIEEH = RE L HE

TR DINST R AG DARGE Z HERE D B % I)8T A —X — 2T D EIEd 5
IREIZESHZ S Z2I2&>T, Cramér DFEFIZEET 2 6 Hi & 12X Uiz i) K
Z9.

Hy 38T A= — \ 2 OMREMTHD L U, Hy OMEEDSAIZ R EOMERHIE 1,
TR INTWB LT 5:

E[f(Hy) = / £ () pa(d).
IRT A=K — N EROV A X (IR V) 2 FDL, Hy, BROEIINF—%EDL
TWBEEZD.
DRI Z(8,\) & T DX W(B, ) (Massieu %) ZIRD L D IZERT S

Z(B,\) = Ele”"™], (B, A) =log Z(B, ).

T HIZ R _EOHERHE (71 =FV7345)
e iy (dr)

Z(B,A)
DED DR L AFFEZ TN Po( ), ( )p= Es] | &L,

U(B,\) =log Z(B,\) & X = 00 T

U(B,A) =A@(B) +m(B),  m(B)=o(1), ni(B)=o(1), n3(B)=o(1)
CIRDTED LIET D, ZDEE
E[H)\efﬁHA] 0

(Hy)pg = T80 = —%‘I’(ﬁﬂ\) = =AW (B) + o(1))

paa(dr) =

DT

rule
o
(5) =uo)+o>u®) -0
B
O, WEREE ppy (BT D Hy ODEIE, Z =Z(B.)) £&EL &,

0 §<(HA - <H>\>ﬁ)2>ﬂ = (HY)s — ((Ha)p)* = ZB’BZZ#

0> ”
_ (%) W(B,\) = A(©"(8) + o(1))

ICEF L. (ZORANEY ¥(3,N) N B OEHEELUTRIZHARZEEDLND. LRTIE
Y(B) ETFITMTHD LRETD.) DRI

%
(5 D c:%am%&) _ve ., <1> _0 (l) S0 (o o).

A A A A

PAEREFLDD L, BERRE sy (77 =HVAAE) DE L TD Hy /A WS KDL % i
ZUTWRZeRDONnd. T8DLL, MERHE pg, OE L TD Hy/A DA N — 00 T
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V(B) BB, A BRI X, O (D5 FTOKI XD 25) I ()

u(B) = —
FREIZRD.
(B,\) & B OEBE UTFRITMARDT, (Hy)g = —Vs(B,\) 1& B ITDWTHFFA K
TIZMIZR 2 EREL DT, u(B ) —'(B) %ﬁﬁ/ﬁw\@%ﬂu:@a
V'(B) Su(0) LB F,

BThd. o) b
DR CIKEHED 2D 20 EAREL, u=u(B) =

s(u) = fu+ (P)

= (H))s,
S(U,N) = BU + W(8,\)

W(B,A) =

YEDDB.U=U(B N

EBLE, N> 00 IZBEWTU = Au+o(1)), AW(B) 4+ o(1)) &RDT,

S(U,X\) = APu+(B)+o(1)) = As(u) + o(N) (A = 00).
I 51T,
pia(dz) = g(x) dz
DY
pate) = 75
rulk, N
o) = 5 de = o) do
BOT, S(U,N) RO & > BB 3 NB:
SU(3N) = [ (B2 + log Z(5.V)poa(e) da
__ /R log (Ze(ﬁ—ﬁ») o) dr = — /R pox(x)log (pgj(g;) ) dz.

TROL S(UN) &H ) ZHVAHEOMHTY haE—Th Y, s(u) iEHY 1 A\ = oo 2
BIDH) ZANRHEOHENT Y hAY—%E (1 4 XH-YOHENFTY haY—) T

H5.
FT PH /NS U DA — 00 2B ENLDFliZRTS.
P <% < U) = E[lp,<p] £ E [1y,<pue 2]
é E[B—B(HA—)\u)] _ ekﬁuz(ﬁ’ )\) — ekﬂu-&—\ll(ﬁ,)\).
IR D E 0 IZRDEBERDOLTND. 1

ZZT 1HA§>\u 5i H)\ § AU 0)(‘_’.3? 110

DHDOAESTIE 1y, <au S lgyanne P (820 V) 200, 2 DHORES Tl
Ly, <aue PR < e AUL=A) 2 ffio 72 D 202 W(B, M) = A((B) + o(1)) &V

log P <% < u) = MBu+Y(B) +o(1)) = As(u) + o(1)).
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iz N\ THEH->T AN —>o0 &T5L

lim sup %P (E < u) < s(u).

A—00 >\

RIZTEWODFHtiZRTS. 0<e <6 LAIRETD. MERIE pg, (BT D Hy/\ DI
flE N — 00 Tu=u(f) IZEFTDHDT (“REDIEA),

H
P@»(T’\E(u—e,u+€)):e°(1)—>1 (A = o).

X512, 320 &1,

H) E [, e0mu-e putre) €70
Pﬁ(TG(U—E,U+€)): [Lre 76 ]

é Z(ﬁa )‘)_IE |:]-H,\€()\u—/\£,)\u+)\£) G—Aﬁu-l—)\ﬁe}

H
= e UMY (BN p (TA €(u—eu+ 5))

_ o~ ABuEABE—AW(B) (1) p (% € (u—cu+t 5))

174

e~ MW =Pe+o() p (% € (u—68u+ 5)) .

U= oT A= oo iZBNT

)z <% e (u . &u + 5)) z 6A(s(u)—,8€+o(1))+o(1) _ eA(s(u)—Bs)-‘ro(A)'

WADKELD 1/AED N — oo TOMIRZED Z &IZ&>T

lim inf %P (E € (u—du+ 5)) 2> s(u) — fe.

A—00 A

e>01FWVWSH6TENILSTELDT,

. Hy
— i — >
h{ggolfAP( v € (u 5,u+5)> = s(u).
PAEIZ &> T, 256 #iCTRERA U 72 Cramér D E D ARE TR 1T I6T 2 A EAN G 5N
2. X0 T, BOoHiL AMRDERERVIET I LIZEST, IMMBEILLTNDB Z D9 5:
.1 H)y
— AN =
)\h_)rgo P( /\ :u> s(u).
ZOEDICTZRINF—EE Hy /A D u=u(B) LFOMERD \ — oo TOWHEZEEIL, 7
J ZHANAAEOH LY b —5E s(u) TitikINd.
LU, 2NETEZEHE D Dol BNB0. BEENZHENFZICTENTHDE A
) ZANRAEOFRL L DBRIZE D B2 TODDRES D07
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7.2 MENZOHREBILEITEH/ AL HEDOES (1)

PUR Ol dARE N HIE [10], pp. 105-106 L[ Uikind2E D THD. 2720, Fx
i3 TEHERDRIE ] (FEROFM) 2 EE I EEDO TN DT, NREHR % T
R IESBZTEZD. TOMRZY MO —TRE<, Ty Oo¥—%2£22% 2
L85, (BHERDOFIHOIEDE & TIRREBE THERM R ES. TV b E— TR
ONETHY , T hOE—IZMERONETH S )

Hyyv XAV LR FOfEE N ITKFET 2RO I — 2 BRT DHEREHMTH
LT3 (ZHEMED ) — M TIRARL, BFED ) — N DO TEMHEROFH % KE L RW).

Us(N,V) = E[Hyy] £BL. n=N/V B—EDEXEDELETV - 00 £FTDE X,
Uo(N,V) = Vug(n) + o(V) WEALL TWD EIRET D, (Ug(N,V) = oo, ug(n) = co T
HoTHEN) V = co TREDZEH P(|Hyv/V —up(n)] £ e) — 1 (e > 0) 3L L
TWBROIX, Hyy/V O5AIE up(n) (IZHEFHTD. ULEB>T U W Uy(N,V) 56 (5
U< u DS ug(n) 2 5) BENIISHEN D F CHERDVNS < RBMEAIZAY /NS R U
& u W2 DWTHERIZRFRMBEBUZ 2 5. (WE I LB 2R P T IRARBBEL (L 722
THER) IZT R F— D BRI R 5 .)

BTy hOE— S(UN,V) T3V FX— Hyy DU BAFICRDHEROMNMEED D

S(U,N,V)=log P(Hyy =U) (U< Ug(N,V)).

S(U,N,V) & U B3 2 BN EIC RS, E<HDIRMTIETRIVF—0 U FEIZ
BRHMERIEV NRERLE P(Hyy SU) TELERIHD ([10], p. 105 D 16 2iET
Al 2HE XSO/ —MNOE 2 LEAMOREME LKL TAKL). TRV F—
B LAEBUEE n BIROD LD IZED S:
U _N
U= v n = v
MNTY Y =3 T E2m~ZL TS EET S, ([10], p. 76 D (3.2.29) A& H &)

RET7.1. HRTY A= S(U,N, V) 12U IZEUT EIZMARRETH D LIRETD. X
512 S(U,N,V) I& V — oo TEAN D28 % F5 D!

SW,NV) =V stun) +nlwn V), u=Tr 0=
& nlu,n,V) 2EDD &,
W V) =o(V),  nuwnV)=o(V) (V= o0)

Kz
1 1
lim VS(U, N,V) VlggonOgP(HN’V S U) = s(u,n)

V—o0

WAL TEY, U =Vu, d/0U =V19/0u &V,

1

Su(U,N,V) = v

(Vsu(u,n) + 1ulu,n, V) = su(u,n) + o(1). (%)
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I 51T s,(u,n) O uw IZBTLEBEEEREL THL. s(u,n) 2 (FRBEHERRXOMEIZH
UA)MENTY NOAE—BE LIESR. s(u,n) & u lZDWT RIS BRFIMKEICI RS &
RET 5. HiREKE S(u,n) 20 %

Bu,n) = s,(u,n) = Sy(U,N,V)+ o(1)
LEDD. BTAIRHOBERITIEEINLZ A=V OTF—IATULDRED (IFIF) KILL T
WBLOIRBREESATWSREEZZALNS. ]
IR [10], pp. 105-106 Di&amil K UK, 77 = ANV IFAREIC

lim P(‘HN,V é U-— E) — efﬁ(u,n)E

Voo P(Hyy < U) (%)
ERGIEICE>TEEING., ZHUIIREFAMTH D

log P(]]j(JEjvf g [;)E) = —f(u,n)E + o(1) (V = 00).

ZHUFIRD LD ITRING. FHEOEH I, 0<0 <1 223 HD 0 BFIELT,

P(Hyy =U - E)
P(Hyy = U)

log

— S(U—E,N,V)—S(U,N,V)

— —ESy(U—-0E,N,V)

T Y O oy

= —FEs,(u,n) +o(1)
= —0(u,n)E + o(1). (V — ).

2 DHODE S TEIMEDEM Z AV, 3 DHDEST (1) 2V, 4 DHDES T s,(u,n) A
B THDEWVWIINERM S /.

(x) DA TEL I N/ [Boltzmann K] (ZEAFD & D IIRI N 5.

BRLITEHTI2RVEMUTVWDE LD R RE2EZXD. HHTL2RDOY A XE—ETH
LU, BIROY A AR KICRDMRZEZ 2 5. BanOMIZEH U TKFEMER % GHE
T5. U IZREROZINVF—THY, FEIFFEHTLIRDODTIANF L5, U~ F
BB D TR F—I28 5. BIROITRIF =2 U - FE BEIZRIHERIL V KX
BeE PHyy SU—-E) TEEING. HHITDZRODZFINF =2 E IZR DRI
PHyy SU—E) IZHHIT27255. UmMoT (%) &V, I EHTDIROIRINVF =2 E
THDHERILV BRI R L FELMIZ Boltzmann K+ e PwmE 12 4 5.

UL, INTEZEZDho 25280300,

PLEDERD & V) IEHEREAMEIZE S B> TWDDEZA D MY

TR MIET S 2OICE TBRREED-2ROREFERHTIHDR] LVWHEREE
EERS BERHY ED 7.

2.4 HilZ B 1 D EHE LA OB IFIABE G 15125 1 6 Maxwell-Boltzmann
DAEOBELIZHEL V. TOEmICE TS [RRDOR] TR /n O n—1 RoeEKE Lo—
BRI (BT FANF——E L WD FEMFTERI NS HIRILEKH LO—#Ro M) THY, [iE
HI 22 R] ETDDMHD 1 IRGTEB A ERANDHZTHY |, [Byn) 135D OHHET
H2. ZTUTRIKRDRDY A X% KIS TR n — oo DIBRIZH T D, ZD%
= — A U R T iz,
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7.3 MENZOHREBILEITEH/ ZAILDHEDOEY (2)

HIEi DGR 2 PV ET.

PN, H, Hy, H™, H* R EIFTNTHERZBTH S LT 5.

A (thermal reservoir, heat bath) IZ# U CTWAHEH TR 2 E X 5. AIRDIKEZ &
DINITA=L—=% V eEHE S KFBN BEABLTESZLIZTD.

FHIDZROI AN F—% H LEE, BIROIXNF—% Hi® L HS L EHTLR
LR EADEERRORDIAINF—IE HY = H+ HiP e RDOIND LRETD.

B ETEH TR 2ADEALZBIKRDORIZENT,

P(H=FE;and HY* <U)=P(H = E) P(Hi®* S U — E)) (1)

ML LTV LRET 5.
Bap & BMRICIEH T2 RIIMER ¢, TRE IR R DTXNVF—IL E, TH?
92, H IR ¢ THE B, IZR2MWERERTHS:

P(H = E;) = ¢. (2)

FEEDFMH (FHROFE) 2E LU ZGEITIETNTOIRE | PWEMETEIHIND
EHEZ 2N, A% MIERRKE D ZEIZBRE U 72 K BV D THEELDFEL 2 E U AR,
(AN DA RS & 5 1 Boltzmann K7 D& HIZHFHAROFHIZELR L 2
RIBIE V — oo TIROWNEHFB 2572 LT D LRET S:

S™(U, V) :==1log P(Hy® S U) =Vs™(u) +o(V), u= %
STS(U V) 2By b —LIF0, u=U/V & TRIVF—EE LIEY, 55 (u) %
BOTY hOE—EELIER (C FEARE). oV) DESZD u IZ & 2EEEBGES o(V) T
HBEMETSD. ZOLE, U=Vu &Y 9/0U = (1/V)0/0u BDT, FIEDEE LV,
HEEILIIHD0TO<O0<1 2Wi7ZTEDNFELT,

log P(HI® < U — E) = §™(U — E,V) = S™(U, V) — Ea(jjU (U - 0B, V)
res 1 a res _ 9_E
= S"(U,V) EV@U <Vs (u v ) +0(V))
= =(UV) — B2 (w) 4 (1)
= ) 5y (W) toll).
TRLL, BROWERE B(u) &
881'85
By = %)

LEDD L,
PH® U~ E) = P(H® SU) e PWED (7 - o0).
M EDMRE LS %, (1),(2) 2fioTEedhd L,

P(H = E; and HY* S U) = P(HI® < U) e A Ei+e),



99

I 51T

P(HY' SU)=> P(H=FE;and Hy' SU) = P(H® S U) Y ge PPt

U7ZZIR3> T, R SHER%

P(H=FE; and H¥* < U)

. tot _
P(H=E;|H*<U)= Pl 2 1)

iy,
qie_ﬁ(u)Ei'i'O(l) qze_ﬁ(u)Ez
— Z] qje—ﬁ(u)Ej-i-O(l) — z] q]e_ﬁ(u)EJ

P(H=E; | H®<U) (V = o0).

TRDLL, BIKOZANEF—N U UFTHD2LWHFXMEDE LT, EHTIZRDI R

F— E; ThDFMA SHERDOBGR DARFRER K TOMIRIFIRD & D124 5:
qie—ﬁ(u)Ei

lim P(H = E; H<[U)= *“" |
ZDOEDIIUTHEOLNGIFEHTLZRICHTIMRS A2 HIRE S(u) DA/ ZAILDHRL
I3, BURDEHEZEE N 558 65 ND KT e PWE: % Boltzmann EF & I’

B 7.2. Hy, Hy,.. \FMIFEDHEBHEREH TCRYUBFRMEZMZTEDOTHDEL,V =
n=123...¢8& H=H +Hy+--+H, H=H,, H*® =Hy+---+ H, £5<
&, Sanov DEHE U < X Cramér DFEFIZE > T, PAEDEwRDOFRELZTE/Z LTS, Z
DI5E DEGRIIMAL R A AT DMV R U 7Z L IRE NS,

DT OFERIFMALFE DA OAITDRE D IR U & AR D KD BREALETESTE,

BB ORFEIE R K COMREZEENZ T % — R FTHE 2 S Boltzmann [ e PWE Tl
WRIXIND T ) Z AN EREBIZESND L E2RLUTWS. []

8 fi#k: thOFEEOIY hOE—IZDWT

8.1 HBHIFRIF— Massieu K & DEFE%

ARBL(E— AV MEEBEF1LS Y NEEE). RO ¢ OB & THERER X -
i X; DE—A Y MEERE My (t) 1

MX(t) _ Z etXiqi
=1

CEBIND. CNIE X =FE, t=—-8 DY IHEEK

Z(8) =) ey,

=1

WC—Ed 5. MERMOBRIEIZHEOTDHDE— AV MR (BB 137 H R &
AERIZR LB DR B> TI0, HERGROBBIFIZLIUTE— A ¥ DR DN

Kx(t) = log Mx(t)
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THERZE X DOF 2T Y MR (camulant generating function) L FFHENT W 5. H
HIZRXIVF—DEE .
F(B) = —Elog Z(B)
BIABMIZF 2L T Y MERBOERIZ B LTS, &V IEHIZITEEE 3 THZED
F(B) =log Z(B) (&Y IEMEIZIZELIE T D Boltzmann % #Ui%)

DFEMF LT Y MEEBOBEZORIGHIZRE. 2650 F(B) I& Massieu B & IFF
ENTW3., []

8.2 MW RényiTY hOE—

FEB2(EN Rényi TV hOE—). 2 DDMRDH p=(p1,...,0r), ¢ = (q1,...,q) \Z
X UT, 8 Rényi T bOE— Ss(p|lg) A3

g () e

LEEIND. WD -115%  THAITD L

B8 1-p
Ss(pllg) = N%Z;n%

9 > p@qlfﬁlogQ%/90
. -1 - _ i=1 1" 11
BDT, IHITB=1¢9dL,
0
| ((B=1)Ss(pllq)) }:mbg—z (plla)
9B | 51

RN T hOE—2HTkS. WA
&@mr=gywm@=smm.

FIXF Rényi T POV =3 TY hOE—DT VRT—A—R—ERIZR>TVD L H
ZAbNbd. qz—l DEHED Rényi TV I E—DEFE%Z K> TOIIIMA Rényi =¥ b1
E—DEHRIFHTEAZIZENMI S E-BbNS.

X Rényi T b 11 ¥ —DE # I 50 B B

r

Di - _BE; Di
Z(BSZ%CI):Z(E) %‘IZG ﬁEZqi, Ei:—loga
7 i—1 7

i=1

AR 2 HHZ ARV F— F(B:p,q) & Massieu BRI F(3;p, q) DEFH

F(B;p,q) = =6~ log Z(B; p, q),
F(B;p,q) =log Z(8;p,q) (Boltzmann 7€ U5 13 0K)

EAREIZE U TH B
(B —1)Ss(pllg) = BE(B;p,q) = —F(B;p,q) = —log Z(B; p,q).
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Rényi divergence (FHXf Rényi T> b O ¥ —0D —1 fF) DFEARMEEDE L O [11] IZHD.
(B—1)Ss(pllg) = —log Z(B;p,q) 1& B DI E LT EIZMTHS:

1\’ 22] (Bi = Ej)?e” (E+E)quJ
(%) (—log Z(8;p,q)) = — YAGIE =0

TUT, (B-1)Ss(pllg) = —log Z(B;p,q) D B =1 TDEA —log Z(1;p,q) = —log1l =0
ThdIel, (B—1)Ss(pllg) = —log Z(B;p,q) D =1 TOWBRBAMHNTY hp—
S(pll9) Ci%bb\tu\okw?r”ﬁ%%ot b,

(B—=1)Ss(pllg) = (B—1)S(pllqg).

FILISAEADERDONTH S, 0

8.3 M TsallisT hOE—

FR 8.3 (N Tsallis T bAE—). MRS H p= (p1,...,0),¢ = (q1,--,q) XU
T, Z(B;p,q) ZIRDELDIZED D!

r NG r .
Z(B;p,q) Ze b ZZZ(%> inszﬁqll g Ei:_log&-
i=1 ¢ i=1 i
B E WX 2DODMRNMG p & ¢ DFK i TEDENVERDLTWS. K =NV o4
p(B) = (p(B), .-, pe(B)) %

_ . 1—
e P, plgP

Z(Bip,q)  Z(Bip,q)

LREDD L WIRE 1 ¢ =pi(0) & p;=pi(1) ZFEITE/NTA—Z—IIHB>T VD,
ZD& X M Rényi TV bR E— Ss(pllq) 1&

pi(B) =

log Z(B;p,q)
Sp(pllg) = 1(_5 logzp% ’

LEDLIN, NIV FOE— S(pll) 1E

0 0
Swlle) =~ 75| logZ(Bip.0) =~ 55| Z(Bp.0) szlog—
B=1 B=1 4i

EROIND. 2DOHDEST Z(1;p,q) =1 2o 7z
IROFEEZ x (\ZBT D ¢ ZoEHAR L IES:

f(x) = flqz)
(I—q)z

q— 17T q7#5 Dyyf(z) 1350 0f(x)/0x (IZPIRT S,

Dy o f(x) =
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EOHMTY hBE—DAD log Z(B8;p,q) TIFEL Z(B;p,q) ZAVWERRIZBITD
BTN % ¢ EHTEIHMZ DI LI2E-5T 2, 8% Tsallis T bAE—2RD
FOIEHRIND (¢ 27D q ZBIRDATIE a &FEL):

B o ZMpg) —Zlaspg) 1= plg "
Ta<pHQ)__Dﬁ,a’5:1Z(57p>Q)__ 1_& - 1_& .
a— 1 T a 2@ O IZINRT S DT, X Tsallis =2 ¥ —IFHNT> b

—IZINERT D, TDZ &

o i/a) = pi)ai)” . r—1% o
Ta(pHQ)__; 1 — o 4, il_% 1 —a %aﬂx =zlogx.

EFEIZBHEND SNS. FHX Tsallis T hAE =3 Ty hOE—DERIZH T
% xlogr & (x—12%)/(1—a) CEIBRAELDEZLEZXS. X Tsalis T hOE—%
FIX Rényi T PO E—TIRO LS IZEKDLT L ETES:

Z(Bip,g) —1 _ exp((L— B)Ss(pllg)) —
1-5 1-5
AN Rényl T2 b O E—Z % Tsallis T hOE—IZ &> T

log Z(B;p,q) _ log(1+ (1 — B)Ts(pllg))
1-p 1-p

ERDTILETES. MM Tsallis T hOE— MM Rényi T hOE—DE WML 2 —1
Elogz=log(l+(z—1)) DENTHDLEZDILETED.

DAEDESZ, =Y o ¥ —, #Hx Rényi = b Y —, fHX Tsallis =~ b ¥ —
X ENE FEERE Z(8;p,q) MODIREYITH 5. N

Ts(pllg) =

Ss(pllg) =

FR (X Tsallis T bOE— &N Rényi TV bOE—ORR). HHXT Tsallis T2 b
0¥ — Ts(pllq) MM Rényi T b E— Ss(pllg) 1FEBHEH

Zs(pllq) = prqf g

ZHWT
Zs(pllg) — 1 log Z
iwmm:—i%¥%—n (M@Z—g%%@@.
LEDING. B>1(BLIE B < 1) OBAIREDSE Z,(pllq) OHRBEHABE (B L
BB DT, Th5 R BAMT S 2 L 1E Zy(pllg) &RME (B U< A
) F52 L LAIEIERS. X510

|
cpale) = (14 (3= D00, @) =T

BEHIL 2016 4 6 H 22 HOBRBECTTORARMEE o2 <HETETHARL.
24%% (PHX) Tsallis T hOE—DEHRDBARMEZE £ 72 <HEL TOHARW. (FH)Rényi => b
—IEARBEN D E R DONEL (AT )L F— Massieu i) RO TTD LI BREDEFZZ D Z L DB
‘fi’i%m:aff 50, (FHA)Tsallis T b E— DT & < DDA,




8.3. HMX Tsallis =¥ bt — 63

PHWMIMFOF R R LY,

/(B=1)

Zs(plla)' = es1(=T5(plla)) = exp(=Sp(pllq))-

Z DFEIRTHIX Tsallis T b B E— MM Rényi T O E—DENEH &5 & ep_y(2)
& exp(z) DIEWIES>TWD. £EHAA, ZOFEEIXTA»H

Ty(pllg) = ~Cs-1 (Zo(pll) ") . Salplla) = —log (Zs(pllg)/*~Y)
LENTHBITIEEIHBRDTH DA 0
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