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Summary

o For any symmetrizable GCM, we can introduce the
proper non-commutativity of quantum r-functions
by 7; = exp(a/aa;’).

@ Quantum g-Hirota-Miwa equations for Aill_)l-case.

@ Quantized Lax and Sato-Wilson forms of the
extended affine Weyl group action for Ail_)l-case.

o Quantized W(A:)_ 1) X W(AS_) 1)-ac’[ion
for mutually prime m and n.

@ An appropriate quantization of gPyy.
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General theory
of the quantum and
g-difference version of
t-functions
generated by the Weyl group action
for any symmetrizable GCM

We will consider the birational action of the Weyl group
(Backlund transformations).
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Want to construct quantizations of classical T-functions
of Painlevé systems (differrential and g-difference).

Difficulty. How to find the proper non-commutativity of
quantized t-functions?

My Answer.
@ parameter variable alY & simple coroot.
o classical T; & exp(fundamental weight)

o In the situation above, the appropriate definition of
quantized t; is

7; = exp(d/ 6&2’).
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Quantum Algebra: Definiton

Consider the associative algebra
(precisely the non-commutative field) generated by

@ dependent variables: f;
o parameter variables: a
@ t-variables: t;
with the relations
@ g-Serre relations of f;.
© @ commutes with a}’ and f;.
o T; commutes with 7; and f;.
o T,-a}"ri‘l = a}’ +6ij.  (1i = exp((')/aa';’))
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Quantum Algebra: g-Serre relations
[aijlijer: GCM with d;a;; = djaji, d; € Zsy.

¢: an inderminate.

gi := q%, [x], := %,
[n],! := (11,121, - -~ [nl,, H NV
k|, ™ [kl,!n - k1!

g-Serre relations: if i, j € I and i # j, then

1-a;; —de
Z(_l)k[ ka J] f;.l ij kfjfik - 0.
qi
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Quantum Algebra: Relations

l—aﬁ

1 = 4 —a;;— . .

o a;’a}’ = a'}’a/;’, a/;’fj = fja/;’,
o TT; =TT, T,'fj = ij,’,
o iVt = a¥ + 6

J J
7;'s are the exponentials of the canonical conjugate
variables of the parameter variables a;’.
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Quantum Algebra: Summary

o fi (i € I) & Chevalley generators of Ugy(n_)
o a;/ & simple coroot
o 1; & exp(fundamental weight)

fi (i € I) satisfy the g-Serre relations.
“,Y and t; commute with f;.

a’;/ commutes with a}’.

T commutes with ;.
T, ; (a' + 61])7'1 (i = eXP(a/aa’lv))

© 06 06 o0 o
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Weyl group action

Weyl group: W = (s; |i € I).

Q S? =1,

0 ajjaj = 0 = SiSj = §;Si,

0 ajjaj; =1 = s5;5;8; = 5j8;8],
0 ajjaj; =2 = (s sJ)2 (sjs s;)2,
0 ajjaj; =3 = (s sJ)3 (sjs s;)3.

[A,B], := AB — ¢BA.
(ad, fi)(x) := [fi, x] (a .», Where B = the weight of x.

Then (ad, f,)"“(f,) = [fis (ady f)*(f)] sy
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Weyl group action (Backlund transformations):
o 5:(f) == fi,
9 s5i(fy) := Z q

k=0
(aV) = a¥ - a:aV
o si(a)) = o] - ajia,
o sitw) = fri [ |7 = g [ |5,
Jjel j#i
o si(tp) :=1; (i #J).
Remark.
o T = exp(a/aa;’) & the fundamental weight A;

(k+a,-j)(a;’ -k)

i

a)
I ’l (adqﬁ)"(fj)f,.'k (i #J)
k qi

—a;;
T njeITj "o si(A) =Ai -
(@; = Zjel aj,-Aj, simple root).
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The action of s; is an algebra automorphism.
Proof. We can define the algebra automorphism §; by

~ Vy — \'% \'

s,-(ozj) = ozj - ajia;,

~ —a;j ~ o .

si(Ti)=TiI_ITj y Si(z)) =7; @+ )),
Jel

$i(fj) = f;.

Then we obtain, for x = f;, a}’,r,-,

si0) = [ 5oL

This is an algebra automorphism. O
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Useful formulas

7 = Z e ")\ ] (ad, HUNSTE (0 # ).

k=0

si(fj) = fl ifjfi_ l
If a;j = —1, then

silf) =q. Sy + @i = @ Ff)f
= [ - ) 1,.fj + &1, fifif 7
Therefore
St(fj)ft = [1 - a;/]tb'fjfi + [al\/]qlﬁf]
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Remark: quantum geometric crystal

Since f; (i € I) satisfy the Verma relations, for example,

a pa+b b _ b pat+b pa e
flfJ fl —fjfl fJ if a;jaj; = 1,
we can consider the actions of fi”,

ei(y): x — fiyxfi_”,
as quantum version of a geometric crystal.

For the definition of classical geometric crystal, see
Berenstein-Kazhdan arXiv:math/9912105,
arXiv:math/0601391.
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Quantum t-functions: Definition

Fundamental weights: (a/lY,AJ-) = ;).

Weight lattice: P := @._, ZA;, P, := Y ZsoA:.
simple roots: a; := Y aijA;

Weyl group action on P: s;(Aj) = Aj — §;ja;.

r-monomial: 7 := [l;; 7" (1 = Ties pii € Py)
(lattice) quantum 7-functions:

T(A) := w(t) for A=w(u) € WP,.

Gen Kuroki (Tohoku University) Quantum Painlevé tau-functions December 11, 2018

14/50



Quantum r-functions: Regularity

Regularity Theorem: All quantum 7-functions 7(4)
(A € WP,) are (hon-commutative) polynomials in the
dependent variables f;. O

Main theorem of arXiv:1206.3419.
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Proof of the regularity theorem

pP=DicgANiswodl:=wd+p)—p(le P,weW).
Assume A, u € P, andw € W.

L(u): highest weight simple module.
M(w o A): Verma module with highest weight w o A.
M(w o 1) c M(A).

Translation functor: T’A’(M(/l o) c M(wo A)® L(u).

Sketch of the proof: T;‘(M(w o)) = Mwo (d+ p))
implies the regularity theorem. O

Non-trivial relation between the theory of quantum
T-functions and representation theory!
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As_) -case (n 2 3)

i,j € 7/nZ

2 i=}
aj = -1 (i-j==1)
0 (otherwise)

di =1, qi = q.

We will show that the quantum lattice T-functions
satisfy the quantum g¢-Hirota-Miwa equations.
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Quantum algebra

Consider the associative algebra generated by

o dependent variables: f;

o parameter variables: alY

o t-variables: t; (i € 72/ nZ)
with the defining relations

o fizfiil — (g + g Vfifirfi + fiilfi2 = 0.

o fifi=fifi (G#ixl)

© « commutes with a}’ and f;.

0T = exp(a/aa;’).
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Weyl group action

Using the useful formulas above, we can show the
following formulas:

0 si(fix1) =[1 - Ol;/]q ix1 + [a';/]qfifiilfi_la
siifp=fi (G#ixl).

o sile)) = -a, sila] ) =a] +af,
Si(CVY) = af\.’ (j#iix1).
Tl 1 . .
o si(r) = L @ =1 (%))

l
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Extended coroot and weight lattices
Q" := D, Ze) ®L8", P:= D, ZLe: ® LAy,
Dual bases: s;’,dv «— &, A\y.
Assume le = Si\in + 6V and iy, = &;.
Q; := & — Ej41-
Ai=Ap+er+---+& (i €ZLy).
Then P = @;:01 ZA; ® Z&y, Ea =&+ + &,
P, := Z::Ol LizoA; + &3

Assume Ajr, = A+ ey (i € 7).
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Extended affine Weyl group
W= W(Af:_)l) = <S0, S1y e °9sn—1>s Si+n = Si-

w(s;) = Sit1,

W= WA ) = () < W = (T, 805045 S01).

(Do not assume " = 1.)

Assume 1 € P and B € QV.

si(d) 1= A= (e, Dai, @ = —Aig +2A; = Aiyy.
siBY) 1= BY — (B, @)/

w(Ay) := Ay, 7(&an) = &

. (V) := 6.
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Translation part of W

T; :=8;i1°**S251TSp_1Sp—2°*S; €W (l =1,..

Assmev = X" vis; € @D, Zs:.
P .

Then

T"(slf’) = 8;/ —v;6Y  TV(Y) =8V,
T"(@)) = & — (vi = vix1)6",
T"(&) = &, T'(Ag) = Ao+,
TY(A) = A, + .
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Hirota-Miwa equation (1)

A=A + &,
si(Ay) = Az + &i4a,
Si+18i(A) = Aip + Eiya,y

T = T(Aio1 + &),
si(1i) = T(Aiz1 + &iv1),
Si+18i(1;) = T(Aiz1 + €is2),s

Lemma:

Aiy1 = Aisy + & + Ei4as
Sit1(Ais1) = Ais1 + & + Eis2,
$iSis1(Ais1) = Aisg + &ig1 + Eisae

Tiv1 = T(Aiz1 + & + &it1),
Si+1(Tiv1) = T(Ai1 + & + €i42),
SiSis1(Tis1) = T(Aiz1 + &i1 + Eiz2).

[@] 147i sisin1(Tiv1) + [@]1g8i418:(T) T

=[] + @] 145i(T)sir1(Tis1)-

Gen Kuroki (Tohoku University) Quantum Painlevé tau-functions December 11, 2018 23/50



Hirota-Miwa equation (2) Proof of Lemma

Warning: 1; does not commute with §;8;+1(Tis+1).
tlelly = [ + 1]y, will =]y = —[a]]7:.
Proof of Lemma:

Ti $iSi+1(T7)

TiTiv2
=T 8 (fi+1 )
Ti+1
Ti—1Ti+1 Ti+2
-1 1 1
= 7 ([1 = @ Igfisr + [ fifirr [ —,

T, Tisl
=7 ([1- a';/]qfi+1fi + [a;/]qfifi+l)7i_1 Ti—1Ti+2s
= (=[] 1y firrfi + [@] + 1 fifirD)TicaTisae
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Thus

7 8i8iv1 (7)) = (=[] 1gfinrfi + (@] + 1y fifirDTic1Tisae
Similarly we obtain
Siv18i(T)Tiv1 = (1 = @ g fifirr + (@] Jgfin1 f)Tio1Tina
$i(T)Si+1(Tiv1) = [ifin1Tic1Tiva
g-numbers identity (or addition formula of sin):

[ + 1ylef 1, + [/ 111 - e}, ], =[] + e, ],

Therefore
[aiv+1]q‘l'i SiSi+1(Tiz1) + [a;/]qsi+1si(7i)7i+l
= [a;’ + Cl’;:_l]qsi(Ti)sHl(T i+1)-

In LHS the f;,1f;-terms are canceled. O
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Hirota-Miwa equation (3)
Apply T” to the formula of Lemma. Then we obtain

Theorem: The quantum t-functions of type Aﬁll_)l
satisfy the quantum ¢-Hirota-Miwa equations:

[8;/()’) - Sxpl(v)]q Ti(v+ &) Ti(v + & + €i41)
+l&! ) =& My Tiv + &) TV + Eis1 + Ei12)

+ [8;:_2()/) - SE/(V)]q Ti(V + 8i+1) Tl'(V + &40 + 8i) =
where

7;(v) = (A + ),
s;’(v) = T"(sE’) = 8;/ —-v;6'. O
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Lax and Sato-Wilson forms of
the affine Weyl group action

The relation between

the RLL = LLR formalism of quantum groups and

the Lax and Sato-Wilson forms of the Painlevé systems
is non-trivial.

Assume that m and n are mutually prime.
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Lax form: RLL=LLR

A(l) type R-matrix:
Dénote the m x m matrix units by E;j and

R(z) :=(q—-q Z) Z E;i®E;+(1-7z2) Z E; ® EJJ

i#j
+(@-q" Z(Eij ® Ej; + zEj; ® E;j).
i<j
Local L-matrices: fork = 1,...,n,
m m—1
Li(z) = Z airE; + Z bikE;i+1 + 2b i E 1.
i=1 i=1

Gen Kuroki (Tohoku University) Quantum Painlevé tau-functions December 11, 2018

28/50



L)' = L2 ®1, Li(2)?:=18 Li(2).

Fundamental relations:

R(z/W)Li(z)'Ly(w)? = Li(w)*Li(2)' R(z/w),
Li(2)'Liw)* = Liw)’Li(2)"  (k # ).

Equivalent to the g-commutation relations:

- -1 —_
aikbik = ¢ biraix, aikbiv1x = qbiv1 ik,
Qi ajx = ajxaix, biubjr = bjxbix, efc.

If kK # 1, then a;; and b;;x commute with a;; and bj;.
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Another form of the bidiagonal matrix L(z).

ajp = diag(alk, ooy amk),
bk o= diag(blk, coey bmk),

0 1
A(z) := Z Eijv1 +zEm = 0 " (shift matrix).
i=1 P |
Z 0]
Then
[ aix bk
Li(2) = ax + biA(2) = 2k
bm—l,k
_zbmk Amk |
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Lax form: L(z)
1. L(z) := L1(2) - -+ L,(2), the global L-operator.
a; ;= a1 - ain.
a := diag(ay,...,a,), the diagonal part of L(z).
2. L(z) := L(z)a « doubling the diagonal part of L(z).
3. L(z) := CL(z)C.
Here C = diag(cy,..., ) is uniquely characterized by
¢ =1,

L(2) = 2020 A@F + A@)A(r2) -+ - A" 2),

highest term

where &y, £, . .., ,_1 are diagonal matrices.
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L(z) = by + HA(R) + -+ + ARDAGD) - - AP 7).
t = diag(ty,...,t,) := éac L.
Then &y = * and t,L(z) = L(2)t,.
Define b; and f; by

b = diag(hy)]_, = diag((¢7" - titinfi)_
rL(z) = L(z)r.
t; and r shall be identified with parameter variables.

Assume ti,, = r 't; and fiy, = rf;.
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Example (¢Pyv case): (m,n) = (3,2).

ti (7' - Ptit2f 1
L(z) = rz t; (g7 = Qtat3f2|.
rz(q7' — Qtstsfs b4 t;

The 1, rz, z part is the highest part.

Assume L(z) = A + BA(z) + CA(2)?, A, B, C are
diagonal, and C = diag(cy, c2, c3). Then

¢i = binbit12ai4210i422,
c&1=1, ¢3=c, Cr=ci1c3, I =c1C30

C = diag(¢, &, ¢3), L(z) = CL(z)C™!, rL(z) = L(2)r-
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Lax form: M(z)

T,, := r¥/%: ; f(z) » f(rz), r-difference operator.

4. M(z) := Z(z)TZr, matrix coefficient r-difference op.

5. Assume ¢; = q'siv andr = q*%.
Then [a';/]q = (tis1/ti — tiftiv1) /(@ — q7V)

6. g := (7 = 2 )/bi = [@/1,/ ]
G,-:=g,~E,-+1,,-+E (i=1,...,n—1).
(Gn(z) := rz_lgnEln +E)
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Lax form: Weyl group action

Consider the algebra generated by the matrix elements

of L(z) (precisely of £y, ..., lu_1).
7. Algebra automorphism Weyl group action:
si(M(2)) := GM(2)G;,
(M (2)) := (A@T ) MRDART,,)™"
= A(@)L(r2)A(r" )T,
Then
si(ti) = tiy1,  Si(tiv1) = by

sibi) = biy,  silbinr) = biny = (] = 17, ) /b

l+1
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Sato-Wilson form: z-variables

8. Introduce 1y and z; by
o 79 = exp(8/88Y):  Tor = q¢"'rro, Totj = tjT0.
o z; = exp(0/de’): zir=rz, zitj= q_(sijthi-
o 79 and z; commute with 70, Zj -
9. Dy := diag(z15...,24), Z(z):=U(z)Dz, where
Uz) = E + 3 miA2)F,
uy, Uy, ... are diagonal matrices,
M(z) = UR)PT:,U(z)™.
Then
M(z) = Z(z)(qt)*T?, Z(2)™".
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Sato-Wilson form: Weyl group action

10. The Weyl group action can be extended by
siU(2)) = GiU(2)S?,  si(Dz) = (S7)7' DS,
si(t) = Si‘ltS,-, $i(Z(2)) = Gi(2)Z(2)S;,

m(A(2)) = (AT )ARART,,) ™,
(A(Z) = U(Z)9 DZs L, Z(Z))

where g = (tlz - t?+1)/l;i = [a';/]q/fi,
Sf 1= gl._lEi,i+1 — giEiv1,i + X jzii Ejj,
Si = [ + 1,Eijs1 — [@] = 11, Eiv + Zjgiin Ejj-

S& and S; are permutation matricesi & i + 1.
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11. Assume zj.,m = zj, Tj = Tj-1Zi,
and si(tg) =19 (i = 1,2). Then, fori = 1,2,

ATi- lTl+1

A A_l
$i(zi) = fizivr,  Si(ziv)) = 7z, si(T) = fi——

m(Zi) = Ziv1, 7(TP) = Tis1e

l

Because g; =[],/ f: and z,-s}’ = (s}’ + 8;7)z; implies

l T <l 0™

g ZH_I[Q' +1]q _ fiZi+1 AO -
giZi[G’;/ —l]q_1 1 o fi_lzi )
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Quantum ¢Ppy

Both canonically quantized and g-difference.
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(m, n)-case: X;(z2)
Assume that m and n are mutually prime (gcm = 1).

There exist unique diagonal matrices 51, ceey C, such
thatC1 =Cpyp =Cand, fork=1,...,n—-1,

Xi(r*'z) := CiLi(2)C}), = xi + AGF2),
X,(r"'2) 1= CuLy(2)aC;" = x, + A" '2),
X = diag(X1xy -« « » Xmk)-
Then
L(z) = X1(9)X(rz) - - X, (r"'2).

Assume Xivmk = r‘lx,-k and Xik+n = Xik-
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(m, n)-case: g-commutation relations of x;;

_ (m,n) +
Theorem. x;;xj; = q lkx,lek, qu":n €{l,¢**). O

Example. If (m,n) = 2g + 1,2) and x; := x;1,
Yi = X2, then

2
Xiyi = yiXi =t}
(—1p12

—(-Dr12
XiXisy = XigpXis  XiViru = ¢V By,
—1H12 —(-Dr-12
YiYitp = q( . Yi+pYis YiXivy = 4 =1 XitpYis

t; commutes with ¢, xj, y;. O
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Example. (m, n) =

(3,5),(5,3). xixxji = q

where qﬂ+m,v = q;n/s q,u,v+n - q,m and

421

4]

(5,3)
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Assume that 0 < m < n and mm = 1 (mod n).
Assume that 0 < 77 < nand nit = 1 (mod m).

Theorem. Define B™" and pl(l':”") by
B™" := {(umodm, pmodn) | 0 £ u < mm}.
() {q if (umod m, vmod n) € B,

ad 1 if(umodm, vmodn) ¢ B.
Then
4" = (Pl Pu-10)* € {1, 4*). O

Cor. (duality) QL'L”") — q(VZ,m)
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(m, n)-case: Weyl group action

The action of W(AS)_I) on t;, fi, etc. can be extended to
the one on x;;.

Using the duality above, we can construct the action of
WA ) x WA ) on xi.

We shall write W(A'” ) x W(A') ) as

WA ) = (7,505« s Smet)s
WA ) = (@, 100 v s Tt
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qPry-case: Weyl group action

Example (¢Py-case) (m,n) = (3,2). x;:=Xx;, Yy;i:=Xp.

si(xi) = (i + Yir)Xin1 (¥i + Xis) s

$i(Xie1) = (X + Yis)) T X (i + Xis1)s

i) = i + Xip)Yir1 (X + Yis1) ™

$i(is1) = i + Xie) " yi(xi + Yin1),

$i(Xiv2) = Xivz,  Si(Vis2) = Yis2s

si(ti) = tiv1,  Sitiv1) = tiy  Si(Ej42) = Loy

n(x;) = Xiyt,  AQY) = Yir1, #(E) = tisae

Qi 1= YisaYis1 + Yir2Xi + Xiv1Xi,

ri(x) = r' Q! yiQi,

ri(yi) = rQinxi0;",

rnt) =t, wkx)=y, @y)=xi, wt)="t.
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qPry-case: Lax form
G, := @(Gy). Then

siX(2)) = GiX(2)G, ™,
siY(2) = GY ()G,
m(X(2)) = A X(2)A(2)~!

r(X(2)Y(rz)) = X(2)Y(rz),
ry ¢ Xi42Xi+1Xi € Yi+3Yi+2Yi+1s
w: X(z) & Y(2).

These relations uniquely characterize the quantized
birational action of W(A:)_l) X W(AS_)I).
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qPry-case: discrete time evolution

U, := ri@ € translation part of W(A(ll)).

The Uy-action is the discrete time evolution of gPry
and the W(A;I))-action is its symmetry.

a; := ti[tiy and F; := xi1x; /(L1 8).

Then
_ 2
FiFiy = q°FinF,
aa; = ajai, a,-Fj = Fja,-,
Fi3 = F;, a;y3 = a;.
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Discrete time evolution of quantized gPyy.

Ui(F) = (A + q*a;_1F;_y + ¢*a;_1a;F;_F;)
X a;a; 1 Fipq

x (1 + ¢*a;F; + q*a;a; ;1\ FiFi )",
Ui(a;) = a;.

Classical case:
Kajiwara-Noumi-Yamada arXiv:nlin/0012063

1+a;1Fi1 +ai_1a;F;_F;
F; = aja;1Finq

9
1+ a;F; + a;a;1 F;F;,

a;, = a;.
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qPrv-case: symmetry

Symmetry of quantum ¢Pyy.

si(F;) = F;,

(F ) F a,-+F,- (F ) 1+a,-F,-F

Sili-1) = ri-q————, S\l = ——I'i+1,
! 11+a,‘Fi +l ai+F,- +l

= o1 —
siai) = a7, si@ix1) = iz

These formulas coincide with the ones obtained by Koji
Hasegawa arXiv:0703036, which quantizes
Kajiwara-Noumi-Yamada arXiv:nlin/0012063.

Gen Kuroki (Tohoku University) Quantum Painlevé tau-functions December 11, 2018 49 /50
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Summary

o For any symmetrizable GCM, we can introduce the
proper non-commutativity of quantum r-functions
by 7; = exp(a/aa;’).

@ Quantum g-Hirota-Miwa equations for Aill_)l-case.

@ Quantized Lax and Sato-Wilson forms of the
extended affine Weyl group action for Ail_)l-case.

o Quantized W(A:)_ 1) X W(AS_) 1)-ac’[ion
for mutually prime m and n.

@ An appropriate quantization of gPyy.
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