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Tim Hoffmann, Johannes Kellendonk, Nadja Kutz, and Nicolai Reshetikhin:
Factorization dynamics and Coxeter-Toda lattices, solv-int/9906013

It is shown that the factorization relation on simple Lie groups with standard Poisson
Lie structure restricted to Coxeter symplectic leaves gives an integrable dynamical
system. This system can be regarded as a discretization of the Toda flow. In case
of SL, the integrals of the factorization dynamics are integrals of the relativistic
Toda system. A substantial part of the paper is devoted to the study of symplectic

leaves in simple complex Lie groups, its Borel subgroups and their doubles.
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00 1.1 00000000 LieO (GL,(C), SL,(C), etc.) O Gauss DODOODODOOO
Oo00D000,20 2.,z 00000O0OO0DODO rational map OO O. []

0000 LeOOOOOOOOO
X=-X_+X,
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01.2g000000000 LiedOOODO,0000000000
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00000000,00000000 n,b,n, 00000000 p_, po,p. 0000
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(1) Xy =po(X) +ps(X), Xo=-p_(X)
(2) Xy =3po(X)+pi(X), X_=—p_(X)—3po(X).
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G 00 discrete flow z(t) — 2(t+1) OO0 O0O0O0OOOO:

(t+1) = a(t)e(®) (a(t) = 2() 7w (t)s).
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Laxx 00O O0OD0 LedODOODOOOOODOODOODOODO:

dL(t)

= (M), L(1)] = ad (M(5) L(2).
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ot +1) = 2(t)px(t) " w(t)cx(t)) = o) a()z(t)
000,000 «(t)_z)-* 00000,
r(t+1)=2t)_zt) o) o)t = 2(t)_z(t)z(t) -
000, factorization dynamics 00000000000 OOOO:
o(t+1) = Ad (z(t)1)z(t). (%)
Mit)=L(t). 000 Lax OO0O0OOOOOOOODODO:

dL(t
#:ad (L(t)+)L(t) (xx)
00O, factorization dynamics (%) 0 (xx) D00 Lax 0000000000 0OOOO
go.
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factorization dynamics 0 000000000 0O0OOOOO.

0000000000 0000 LODDO0O0O0000. (+)0 () 00,
F(grg™')=F(x) 0000 F(gLg™')=F(L)
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H(L) = %trace(Lz)
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= Ad(z(n — 1)x) Ad(z(n —2)4) - - - Ad(2(0)+)x(0).
ooo,
z(n) = Ad (z(n— 1)1 -+ 2(1)+2(0)+)2(0) = Ad ([z(0)"]+)z(0). [
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00 3.2 M(#)=[L(H)". 0000 Lax 000

dL(t)
dt
0000.00 L() 0000 L(0)O0 Lax00O0DOO000:

= [M(t), L(t)]

L(t) = Ad ([exp(tL(0)™))+) L(0).
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dx n n_.—
i L(0)"x = L(0)"z "'z,
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[F(z),z] = 0. (1)
gF(x)g~" = F(gzg™). (2)
M(z)=F(z). 000,00 Lax 000000 O:

dr(t)
W0 (M), 2(0)] (s%)
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#(t) = Ad ([exp(tF ((0)))]2 ) 2(0).
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exp(F(x)) =x (i.e. F(x) =logx)
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go.

00 4.1 0000O0DODODODOO,0 GO PoissonLieDDDDDDD,(***)DDD Lax
0000 GO0 Ad-invariant function 0 Hamiltonian O 0 0 Hamilton OO0 OO0 OO 0O
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00 4.2 factorization dynamics 00000 M(z)=[logz]l: 0000 Lax DO OO
1 2
H(z) = 5 trace ((log z)?)
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H(L) = %trace(LQ).

00000 Hamiltonian 0000000000000 O0OY [J

0o 20020 10220: 0000 42000000000000.



