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In [1]:

0y
G= 22 O;jlog E_z]
ij

G & X? 13, Taylor2RE
)C2 3 x2 3
I+x)log(l+x)=14+x)(x— > + O0(x7) =x+7 + O0(x7)
DERESNBROARICEL > T, EWMCHEFZALUT B EVSERICHE>TWVS:
a (a—2)? (a—A)3
2alog; —2(a—/1)+T+0<T
Zi,/ O; = Zi,i E; £D,a-1=0; — E; OMMNEZ 3 ZCICERE L.

211 RELHEOAH

1 safediv(x, y) = iszero(x) ? x : Xx/y
2 safemult(x, y) = iszero(x) ? x : x*y
3
4 v function chisq(A)
5 r, c = size(A)
6 n = sum(A)
7 M = vec(sum(A, dims=2))
8 N = vec(sum(A, dims=1))
9 sum(safediv((A[1,j] - M[1I*N[j1/n)"2, M[1]*N[j1/n) for i in 1:r, j in 1l:c)
10 end
11
12 v function gstat(A)
13 r, ¢ = size(A)
14 n = sum(A)
15 M = vec(sum(A, dims=2))
16 N = vec(sum(A, dims=1))
17 2sum(safemult(A[1,j], log(A[1,j]) - Log(M[i]J*N[j1/n)) for 1 in 1:r, j in 1:c)
18 end
19
20 v A=|:
21 123
22 246
23 1
24 @show chisq(A)
25 @show gstat(A)
26
27 v B=[
28 181
29 216
30 1
31 @show chisq(B)
32 @show gstat(B);
chisq(A) = 0.0
gstat(A) = 0.0
chisq(B) = 9.322398589065257
gstat(B) = 10.447245765410694

2.1.2 2x2DIFE DPearsonDYHREEHE D EIEH
2 X2 DREIR

A= a b
c d
MDPearson Dyt E I
2 (ad=bc)*(a+b+c+d)
T (a+b)a+ )b+ d)c+d)

ERHINS.



M In [2]: 1 using SymPy
2
3 @vars a b cd
4 v A=1T[
5 ab
6 cd
7 1
8

chisq(A).factor()

utl2]: (ad — be)* (a+b + ¢ + d)
(@a+b)a+c)(b+d)(c+d)

2.2 FEIRICH T BPearsonD it RO HERIICHT- T LS

EHE: DEIRICOVWTHIEHI TERE LIADDBERDTHEDENICEVWTD, TD/NT A —2—HT % - L TWLWB 4 51, PearsonDy?
BABX? E GHABGIREDICADBLLI n ZAS TR IHEMNIC, BHE (r— (c — 1) DA HEICHS. [

HEICE VT, AZERN IR TEETNTULSHEIROMIUIM Z B IRESHOBRICIEINIRITE 2 I TISRLE.

D3 DDIBED Z DEERIIWiks DEEH SEHND. U T T DEEDRILZ BIEMICFESRL THAELS.

2.3 3 X 4 DIFEOBYERIRERR

M In [3]:

using Distributions
using Plots

1

2

3

4 # Plots. jJIDT 7 # I ~DREE X T
5 #@show Plots.reset_defaults()
6

7

8

# legend® ¥ &8 1L
@show default(:bglegend, plot_color(default(:bg), 0.5))
9 @show default(:fglegend, plot_color(ifelse(isdark(plot_color(default(:bg))), :white, :black), 0.6));

11 using Base64
12 v displayfile(mime, file; tag="img") = open(file) do f

13 base64 = base64encode(f)

14 display("text/html", """<$(tag) src="data:$(mime);base64,$(base64)"/>""")
15 end

16

17 pyplotclf() = if backend() == Plots.PyPlotBackend(); PyPlot.clf(); end

18

19 pyplot(fmt=:svg)

default(:bglegend, plot_color(default(:bg), 0.5)) = RGBA{Float64}(1.0,1.0,1.0,0.5)
default(:fglegend, plot_color(ifelse(isdark(plot_color(default(:bg))), :white, :black), 0.6)) = RGBA{Float64}(0.0,0.
0,0.0,0.6)

Out[3]: Plots.PyPlotBackend()



M In [4]: 1 ecdf(x; Y=rand(10)) = mean(Y .= x)
2 eccdf(x; Y=rand(10)) = mean(Y .= x)
3
4 n =26
5 dist = Gamma(10, 0.5)
6 Y = rand(dist, n)
7 x = range(mean(dist)-5std(dist), mean(dist)+5std(dist), length=400)
8 plot(size=(400, 270), legend=:outertop)
9 plot!(x, eccdf.(x; Y=Y); label="eccdf of $dist, n = $n")
10 plot!(x, ccdf.(dist, x); label="ccdf of $dist", ls=:dash)
Out[4]: —— eccdf of Gamma{Float64}(a=10.0, 6=0.5), n = 64
---ccdf of Gamma{Float64}(a=10.0, 6=0.5)
1.00 |-
0.75
0.50
0.25F
0.00 b
-2 0 2 4 6 8 10 12
M In [5]: 1 equantile(p; Y=randn(100)) = quantile(Y, p)
2 ecquantile(p; Y=randn(100)) = quantile(Y, 1-p)
3
4 n =26
5 dist = Gamma(10, 0.5)
6 Y = rand(dist, n)
7 p = range(0, 1, length=200)
8 plot(size=(400, 270), legend=:outertop)
9 plot!(p, ecquantile.(p; Y=Y); label="ecquantile of $dist, n = $n")
10 plot!(p, cquantile.(dist, p); label="cquantile of $dist", ls=:dash)
Out[5]: —— ecquantile of Gamma{Float64}(a=10.0, 6=0.5), n = 64
---cquantile of Gamma{Float64}(a=10.0, 6=0.5)
100}
75F
50F
25F
1
1
00 -l 1 1 1 :
0.00 0.25 0.50 0.75 1.00
M In [6]: 1 param_indep(p, q) = p .* Q'
2 p =1[0.2, 0.3, 0.5]
3 q=1[0.1, 0.2, 0.3, 0.4]
4 P = param_1indep(p, q)
5 @show p
6 @show q
7 @show sum(P)
8 P
p =1[0.2, 0.3, 0.5]
qg=1[0.1, 0.2, 0.3, 0.4]
sum(P) = 1.0000000000000002

Out[6]: 3x4 Array{Float64,2}:
0.02 0.04 0.06 0.08
0.03 0.06 0.09 0.12
0.05 0.1 0.15 0.2



M In [7]: df_chisq(r, c) = (r-1)*(c-1)
df_chisq(P) = prod(size(P) .- 1)
@show size(P)

@show size(P) .- 1

@show df_chisq(P);

u B~ WN -

size(P) = (3, 4)
size(P) .- 1 = (2, 3)
df_chisq(P) = 6

2.3.1 BEMNREES: rc BDPoissonDHDER/DIBE

M In [8]: 1 v function plot_sim(title, PearsonChisq, G_Statistics, df, binstep)
2 chisq_dist = Chisq(df)

3 f(x) = pdf(chisq_dist, x)

4 xmax = 4df + 2

5 x = range(0, xmax, length=200)

6 bin = range(0, xmax, step=binstep)

7
8
9

P1 = plot(xlabel="x")
plot!(title=title, titlefontsize=9, legendfontsize=8, guidefontsize=8)

10 histogram! (PearsonChisq; bin=bin, norm=true, alpha=0.3, label="Pearson's Y2-statistics")
11 plot!(x, f.(x); label="pdf of Chisq(df=$(df))")

12 plot!(tickfontsize=7)

13

14 P2 = plot(xlabel="x")

15 plot!(title=title, titlefontsize=9, legendfontsize=8, guidefontsize=8)

16 histogram! (G_Statistics; bin=bin, norm=true, alpha=0.3, label="G-statistics")
17 plot!(x, f.(x); label="pdf of Chisq(df=$(df))")

18 plot!(tickfontsize=7)

19

20 P3 = plot(guidefontsize=8)

21 plot!(xlabel="ccdf of Chisq(df=$(df))", ylabel="eccdf of Pearson's Y2-statistics")
22 xx = ccdf.(chisq_dist, x)

23 yy = eccdf.(x; Y=PearsonChisq)

24 plot!(xx, yy; label="")

25 plot!([0,1], [0,1]; label="", color=:black, ls=:dot, alpha=0.5)

26 plot!(xtick=0:0.1:1, ytick=0:0.1:1, tickfontsize=7, xrotation=90)

27

28 P4 = plot(guidefontsize=8)

29 plot!(xlabel="ccdf of Chisq(df=$(df))", ylabel="eccdf of G-statistics")
30 xx = ccdf.(chisq_dist, x)

31 yy = eccdf.(x; Y=G_Statistics)

32 plot!(xx, yy; label="")

33 plot!([0,1], [0,1]; label="", color=:black, ls=:dot, alpha=0.7)

34 plot!(xtick=0:0.1:1, ytick=0:0.1:1, tickfontsize=7, xrotation=90)

35

36 a_max = 0.055

37 x0 = range(cquantile(chisq_dist, a_max), 2xmax, length=200)

38

39 P5 = plot(guidefontsize=8)

40 plot!(xlabel="ccdf of Chisq(df=$(df))", ylabel="eccdf of Pearson's x2-statistics")
41 xx = ccdf.(chisq_dist, x0)

42 yy = eccdf.(x0; Y=PearsonChisq)

43 plot!(xx, yy; label="")

44 plot! ([0, a_max], [0, a_max]; label="", color=:black, ls=:dot, alpha=0.5)
45 plot!(xtick=0:0.005:1, ytick=0:0.005:1, tickfontsize=7, xrotation=90)

46

47 P6 = plot(guidefontsize=8)

48 plot!(xlabel="ccdf of Chisq(df=$(df))", ylabel="eccdf of G-statistics")
49 xx = ccdf.(chisq_dist, x0)

50 yy = eccdf.(x0; Y=G_Statistics)

51 plot!(xx, yy; label="")

52 plot! ([0, a_max], [0, a_max]; label="", color=:black, ls=:dot, alpha=0.5)
53 plot!(xtick=0:0.005:1, ytick=0:0.005:1, tickfontsize=7, xrotation=90)

54

55 v plot(P1, P3, P5, P2, P4, P6;

56 size=(800, 500), layout=grid(2, 3; widths=[3.2/8, 2.4/8, 2.4/8])

57 )

58 end

Out[8]: plot_sim (generic function with 1 method)



M In [9]: 1 prod_Poisson(A) = product_distribution(Poisson.(vec(A)))
2
3 v function sim_Poisson(; A=100, P=param_indep([0.2, 0.3, 0.5], [0.1, 0.2, 0.3, 0.4]), L=10"5)
4 dist = prod_Poisson(A*P)
5 PearsonChisq = Array{Float64,1}(undef, L)
6 G_Statistics = Array{Float64,1}(undef, L)
7 v for 1 in 1:L
8 A = reshape(rand(dist), size(P))
9 PearsonChisq[1] = chisq(A)
10 G_Statistics[1] = gstat(A)
11 end
12 PearsonChisq, G_Statistics
13 end
14
15 v function plot_sim_Poisson(; A=100, P=param_indep([0.2, 0.3, 0.5], [0.1, 0.2, 0.3, 0.4]),
16 L=10"5, binstep=0.5
17 )
18 @show expectation = A*P
19 @show total = sum(expectation)
20 @show r, c = size(expectation)
21 @show df = df_chisq(expectation)
22 @time PearsonChisq, G_Statistics = sim_Poisson(A=A, P=P, L=L)
23 title = "$(r)x$(c) Poisson distributions (A = $(A))"
24 sleep(0.1)
25
26 plot_sim(title, PearsonChisq, G_Statistics, df, binstep)
27 end

Out[9]: plot_sim_Poisson (generic function with 1 method)

M In [10]: 1 P = param_indep([0.2, 0.3, 0.5], [0.1, 0.2, 0.3, 0.4])

Out[10]: 3x4 Array{Float64,2}:
0.02 0.04 0.06 0.08
0.03 0.06 0.09 0.12
0.05 0.1 0.15 0.2



M In [11]: 1 plot_sim_Poisson(A=50, P=P)

expectation = A * P = [1.0000000000000002 2.0000000000000004 3.0 4.000000000000001; 1.5 3.0 4.5 6.0; 2.5 5.0 7.5 10.
0]
total = sum(expectation) = 50.0
(r, c) = size(expectation) = (3, 4)
df = df_chisq(expectation) = 6
1.290666 seconds (3.10 M allocations: 149.537 MiB, 3.67% gc time)

Out[11]: 3x4 Poisson distributions (A = 50)
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M In [12]: 1 plot_sim_Poisson(A=100, P=P)

expectation = A * P = [2.0000000000000004 4.000000000000001 6.0 8.000000000000002; 3.0 6.0 9.0 12.0; 5.0 10.0 15.0 2
0.0]
total = sum(expectation) = 100.0
(r, c) = size(expectation) = (3, 4)
df = df_chisq(expectation) = 6
1.099794 seconds (3.10 M allocations: 149.537 MiB, 3.80% gc time)

Out[12]: 3x4 Poisson distributions (A = 100)
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M In [13]: 1 plot_sim_Poisson(A=200, P=P)

expectation = A * P = [4.000000000000001 8.000000000000002 12.0 16.000000000000004; 6.0 12.0 18.0 24.0; 10.0 20.0 30.
0 40.0]
total = sum(expectation) = 200.0
(r, c) = size(expectation) = (3, 4)
df = df_chisq(expectation) = 6
1.265358 seconds (3.10 M allocations: 149.537 MiB, 4.13% gc time)

Out[13]: 3x4 Poisson distributions (A = 200)
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2.3.2 BEMRESR: rc ERHDBRE

M In [14]: 1 v function sim_Multinomial(; n=100, P=param_indep([0.2, 0.3, 0.5], [0.1, 0.2, 0.3, 0.4]), L=10"5)
2 dist = Multinomial(n, vec(P))

3 PearsonChisq = Array{Float64,1}(undef, L)

4 G_Statistics = Array{Float64,1}(undef, L)

5 v for 1 in 1:L

6 A = reshape(rand(dist), size(P))

7 PearsonChisq[1] = chisq(A)

8 G_Statistics[1] = gstat(A)

9

end
10 PearsonChisq, G_Statistics
11 end
12
13 v function plot_sim_Multinomial(; n=100, P=param_indep([0.2, 0.3, 0.5], [0.1, 0.2, 0.3, 0.4]),
14 L=10"5, binstep=0.5
15 )
16 @show expectation = n*P
17 @show total = sum(expectation)
18 @show r, ¢ = size(expectation)
19 @show df = df_chisq(expectation)
20 @time PearsonChisq, G_Statistics = sim_Multinomial(n=n, P=P, L=L)
21 title = "$(r)x$(c)-nomial distribution (n = $(n))"
22 sleep(0.1)
23
24 plot_sim(title, PearsonChisq, G_Statistics, df, binstep)
25 end

Out[14]: plot_sim_Multinomial (generic function with 1 method)



M In [15]: 1 plot_sim_Multinomial(n=50, P=P)

expectation = n * P = [1.0000000000000002 2.0000000000000004 3.0 4.000000000000001; 1.5 3.0 4.5 6.0; 2.5 5.0 7.5 10.
0]
total = sum(expectation) = 50.0
(r, c) = size(expectation) = (3, 4)
df = df_chisq(expectation) = 6
0.562773 seconds (3.10 M allocations: 149.536 MiB, 8.50% gc time)

Out[15]: 3x4-nomial distribution (n = 50)
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M In [16]: 1 plot_sim_Multinomial(n=100, P=P)

expectation = n * P = [2.0000000000000004 4.000000000000001 6.0 8.000000000000002; 3.0 6.0 9.0 12.0; 5.0 10.0 15.0 2
0.0]
total = sum(expectation) = 100.0
(r, c) = size(expectation) = (3, 4)
df = df_chisq(expectation) = 6
0.682386 seconds (3.10 M allocations: 149.536 MiB, 7.32% gc time)

Out[16]: 3x4-nomial distribution (n = 100)
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M In [17]: 1 plot_sim_Multinomial(n=200, P=P)

expectation = n * P = [4.000000000000001 8.000000000000002 12.0 16.000000000000004; 6.0 12.0 18.0 24.0; 10.0 20.0 30.
0 40.0]
total = sum(expectation) = 200.0
(r, c) = size(expectation) = (3, 4)
df = df_chisq(expectation) = 6
0.649971 seconds (3.10 M allocations: 149.536 MiB, 8.89% gc time)

Out[17]: 3x4-nomial distribution (n = 200)
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2.3.3 BERVRERR: r B c BHHOERSHEOBS

M In [18]: 1 v function rand_prod_Multinomial(M, q)

2 r, ¢ = length(M), length(q)

3 A = Array{Int, 2}(undef, r, c)

4 v for 1 in 1:r

5 A[i,:] = rand(Multinomial(M[1], q))
6 end

7 A

8

end
Out[18]: rand_prod_Multinomial (generic function with 1 method)

M In [19]: 1 M = [20, 30, 50]
2 q=1[0.1, 0.2, 0.3, 0.4]
3 rand_prod_Multinomial(M, q)

Out[19]: 3x4 Array{Int64,2}:

2 3 4 11
3 5 8 14
2 7 17 24



M In [20]: 1 v function sim_prod_Multinomial(; M=[20, 30, 50], g=[0.1, 0.2, 0.3, 0.4], L=10"5)
2 PearsonChisq = Array{Float64,1}(undef, L)
3 G_Statistics = Array{Float64,1}(undef, L)
4 v for 1 in 1:L
5 A = rand_prod_Multinomial(M, q)
6 PearsonChisq[l1] = chisq(A)
7 G_Statistics[1] = gstat(A)
8 end
9 PearsonChisq, G_Statistics
10 end
11
12 v function plot_sim_prod_Multinomial(; M=[20, 30, 50], g=[0.1, 0.2, 0.3, 0.4],
13 L=10"5, binstep=0.5
14 )
15 n = sum(M)
16 @show expectation = Mxq'
17 @show total = sum(expectation)
18 @show r, c = size(expectation)
19 @show df = df_chisq(expectation)
20 @time PearsonChisq, G_Statistics = sim_prod_Multinomial(M=M, g=q, L=L)
21 v if ¢ ==
22 title = "$(r) binomial distributions (n = $n)"
23 v elseif c == 3
24 title = "$(r) trinomial distributions (n = $n)"
25 v elseif c == 4
26 title = "$(r) quadranomial distributions (n = $n)"
27 v else
28 title = "$(r) $(c)-nomial distributions (n = $n)"
29 end
30 sleep(0.1)
31
32 plot_sim(title, PearsonChisq, G_Statistics, df, binstep)
33 end

Out[20]: plot_sim_prod_Multinomial (generic function with 1 method)

M In [21]: 1 plot_sim_prod_Multinomial(M=div.(M,2), g=q)

expectation =M x q' = [1.0 2.0 3.0 4.0; 1.5 3.0 4.5 6.0; 2.5 5.0 7.5 10.0]
total = sum(expectation) = 50.0
(r, c) = size(expectation) = (3, 4)
df = df_chisq(expectation) = 6
0.746881 seconds (3.20 M allocations: 172.424 MiB, 6.70% gc time)

Out[21]: 3 quadranomial distributions (n = 50)
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M In [22]: 1 plot_sim_prod_Multinomial(M=M, qg=q)

expectation = M * q' = [2.0 4.0 6.0 8.0; 3.0 6.0 9.0 12.0; 5.0 10.0 15.0 20.0]
total = sum(expectation) = 100.0
(r, c) = size(expectation) = (3, 4)
df = df_chisq(expectation) 6
0.706654 seconds (3.20 M allocations: 172.424 MiB, 6.82% gc time)

Out[22]: 3 quadranomial distributions (n = 100)
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M In [23]: 1 plot_sim_prod_Multinomial(M=2M, q=q)

expectation = M * q' = [4.0 8.0 12.0 16.0; 6.0 12.0 18.0 24.0; 10.0 20.0 30.0 40.0]
total = sum(expectation) = 200.0
(r, c) = size(expectation) = (3, 4)
df = df_chisq(expectation) 6
0.570665 seconds (3.20 M allocations: 172.424 MiB, 7.11% gc time)

Out[23]: 3 quadranomial distributions (n = 200)
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M In [24]:

Out[24]:

(r=1D(c—1) ORBEICE-L>TVWB T ZHENICHESRTES.
ZLT, /NI RnTOEREIXIGHEHAELD D, PearsonDYHRABED AN/ NI W E HFER T I 5. Pearson DR EIXBNI-HEE
TH3.

ASERRISEVEERBENNI V. IS THI5ER LD D EICH ZHDIEPEDREFTHINS K B> THEERENEZ<K BRI L EEKRLT
W3. UEDFIZEWVWT, G RAEIFERENHSZ BRI TRENKICAo>TWS.

2.4 aoki-takemura-ohp.pdf DIHS

aoki-takemura-ohp.pdf (http://www.math.kobe-u.ac.jp/crest-¢/2009-09/Lec/aoki-takemura-ohp.pdf) M p.48 D).

1 v A=[

2 21100

3 83300

4 02111

5 00011

6 00001

7 1

8

9 r, c = size(A)

10 n = sum(A)

11 M = vec(sum(A, dims=2))

12 p = M/n

13 N = vec(sum(A, dims=1))

14 qg = N/n

15 P = param_indep(p, q)

16 df = df_chisq(P)

17

18 @show chi_squared = chisq(A)
19 @show p_value = ccdf(Chisq(df), chi_squared)
20 n*P

chi_squared = chisq(A) = 25.337619047619047
p_value = ccdf(Chisq(df), chi_squared) = 0.06409042450667916

5x5 Array{Float64,2}:
1.53846 0.923077 0.769231 0.307692 0.461538
5.38462 3.23077 2.69231 1.07692 1.61538
1.92308 1.15385 0.961538 0.384615 0.576923
0.769231 0.461538 0.384615 0.153846 0.230769
0.384615 0.230769 0.192308 0.0769231 0.115385
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http://www.math.kobe-u.ac.jp/crest-c/2009-09/Lec/aoki-takemura-ohp.pdf

M In [25]: 1 plot_sim_Poisson(A=n, P=P; binstep=1)

expectation = A * P = [1.5384615384615385 0.9230769230769231 0.7692307692307693 0.3076923076923077 0.4615384615384615
6; 5.384615384615385 3.230769230769231 2.6923076923076925 1.076923076923077 1.6153846153846154; 1.9230769230769231 1.
153846153846154 0.9615384615384616 0.38461538461538464 0.576923076923077; 0.7692307692307693 0.46153846153846156 0.38
461538461538464 0.15384615384615385 0.23076923076923078; 0.38461538461538464 0.23076923076923078 0.19230769230769232
0.07692307692307693 0.11538461538461539]
total = sum(expectation) = 26.0
(r, c) = size(expectation) = (5, 5)
df = df_chisq(expectation) 16

1.932493 seconds (3.10 M allocations: 166.322 MiB, 2.53% gc time)

Out[25]: 5%5 Poisson distributions (A = 26)
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M In [26]: 1 plot_sim_Multinomial(n=n, P=P; binstep=1)

expectation = n * P = [1.5384615384615385 0.9230769230769231 0.7692307692307693 0.3076923076923077 0.4615384615384615
6; 5.384615384615385 3.230769230769231 2.6923076923076925 1.076923076923077 1.6153846153846154; 1.9230769230769231 1.
153846153846154 0.9615384615384616 0.38461538461538464 0.576923076923077; 0.7692307692307693 0.46153846153846156 0.38
461538461538464 0.15384615384615385 0.23076923076923078; 0.38461538461538464 0.23076923076923078 0.19230769230769232
0.07692307692307693 0.11538461538461539]
total = sum(expectation) = 26.0
(r, c) = size(expectation) = (5, 5)
df = df_chisq(expectation) 16

0.913220 seconds (3.10 M allocations: 166.321 MiB, 5.20% gc time)

Out[26]: 5x5-nomial distribution (n = 26)
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M In [27]: 1 plot_sim_prod_Multinomial(M=M, qg=q; binstep=1)

expectation = M * q' = [1.5384615384615385 0.9230769230769231 0.7692307692307693 0.3076923076923077 0.461538461538461
56; 5.384615384615385 3.230769230769231 2.6923076923076925 1.076923076923077 1.6153846153846154; 1.9230769230769231
1.153846153846154 0.9615384615384616 0.38461538461538464 0.576923076923077; 0.7692307692307693 0.46153846153846156 0.
38461538461538464 0.15384615384615385 0.23076923076923078; 0.38461538461538464 0.23076923076923078 0.1923076923076923
2 0.07692307692307693 0.11538461538461539]
total = sum(expectation) = 26.0
(r, c) = size(expectation) = (5, 5)
df = df_chisq(expectation) 16

0.801838 seconds (3.40 M allocations: 218.201 MiB, 5.74% gc time)

Out[27]: 5 5-nomial distributions (n = 26)
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M In [28]: 1 plot_sim_prod_Multinomial(M=N, qg=p; binstep=1)

expectation = M * q' = [1.5384615384615385 5.384615384615384 1.9230769230769231 0.7692307692307693 0.3846153846153846
4; 0.9230769230769231 3.230769230769231 1.153846153846154 0.46153846153846156 0.23076923076923078; 0.7692307692307693
2.692307692307692 0.9615384615384616 0.38461538461538464 0.19230769230769232; 0.3076923076923077 1.0769230769230769
0.38461538461538464 0.15384615384615385 0.07692307692307693; 0.46153846153846156 1.6153846153846154 0.576923076923077
0.23076923076923078 0.11538461538461539]
total = sum(expectation) = 26.0
(r, c) = size(expectation) = (5, 5)
df = df_chisq(expectation) 16

0.790298 seconds (3.40 M allocations: 218.201 MiB, 11.79% gc time)

Out[28]: 5 5-nomial distributions (n = 26)
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M In [29]: 1 plot_sim_Poisson(A=2n, P=P; binstep=1)

expectation = A * P = [3.076923076923077 1.8461538461538463 1.5384615384615385 0.6153846153846154 0.9230769230769231;
10.76923076923077 6.461538461538462 5.384615384615385 2.153846153846154 3.230769230769231; 3.8461538461538463 2.30769
2307692308 1.9230769230769231 0.7692307692307693 1.153846153846154; 1.5384615384615385 0.9230769230769231 0.769230769
2307693 0.3076923076923077 0.46153846153846156; 0.7692307692307693 0.46153846153846156 0.38461538461538464 0.15384615
384615385 0.23076923076923078]
total = sum(expectation) = 52.0
(r, c) = size(expectation) = (5, 5)
df = df_chisq(expectation) 16

2.063475 seconds (3.10 M allocations: 166.322 MiB, 2.47% gc time)

Out[29]: 5x5 Poisson distributions (A = 52)
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M In [30]: 1 plot_sim_Multinomial(n=2n, P=P; binstep=1)

expectation = n *x P = [3.076923076923077 1.8461538461538463 1.5384615384615385 0.6153846153846154 0.9230769230769231;
10.76923076923077 6.461538461538462 5.384615384615385 2.153846153846154 3.230769230769231; 3.8461538461538463 2.30769
2307692308 1.9230769230769231 0.7692307692307693 1.153846153846154; 1.5384615384615385 0.9230769230769231 0.769230769
2307693 0.3076923076923077 0.46153846153846156; 0.7692307692307693 0.46153846153846156 0.38461538461538464 0.15384615
384615385 0.23076923076923078]
total = sum(expectation) = 52.0
(r, c) = size(expectation) = (5, 5)
df = df_chisq(expectation) 16

0.787292 seconds (3.10 M allocations: 166.321 MiB, 5.53% gc time)

Oout[30]: 5x5-nomial distribution (n = 52)
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M In [31]: 1 plot_sim_prod_Multinomial(M=2M, g=q; binstep=1)

expectation = M * q' = [3.076923076923077 1.8461538461538463 1.5384615384615385 0.6153846153846154 0.923076923076923
1; 10.76923076923077 6.461538461538462 5.384615384615385 2.153846153846154 3.230769230769231; 3.8461538461538463 2.30
7692307692308 1.9230769230769231 0.7692307692307693 1.153846153846154; 1.5384615384615385 0.9230769230769231 0.769230
7692307693 0.3076923076923077 0.46153846153846156; 0.7692307692307693 0.46153846153846156 0.38461538461538464 0.15384
615384615385 0.23076923076923078]
total = sum(expectation) = 52.0
(r, c) = size(expectation) = (5, 5)
df = df_chisq(expectation) 16

0.861111 seconds (3.40 M allocations: 218.201 MiB, 9.77% gc time)

Out[31]: 5 5-nomial distributions (n = 52)
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M In [32]:

Out[32]:

M In [33]:

Out[33]:

1 plot_sim_prod_Multinomial(M=2N, qg=p; binstep=1)

expectation = M * q' = [3.076923076923077 10.769230769230768 3.8461538461538463 1.5384615384615385 0.769230769230769
3; 1.8461538461538463 6.461538461538462 2.307692307692308 0.9230769230769231 0.46153846153846156; 1.5384615384615385
5.384615384615384 1.9230769230769231 0.7692307692307693 0.38461538461538464; 0.6153846153846154 2.1538461538461537 0.
7692307692307693 0.3076923076923077 0.15384615384615385; 0.9230769230769231 3.230769230769231 1.153846153846154 0.461
53846153846156 0.23076923076923078]

total = sum(expectation) = 52.0

(r, c) = size(expectation) = (5, 5)

df = df_chisq(expectation) = 16

0.840041 seconds (3.40 M allocations: 218.201 MiB, 10.17% gc time)
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2.5 2 X2 DIFEOHERIFES
K DEHARLEERICOVWTIZIUTZ 8B E &

. EHOHERDNIETHA ZFRIRTE L GIETE & FisherD IEFEIRTE % LLE 2017-09-19~20, 2019-10-10
(https:/nbviewer.jupyter.org/gist/genkuroki/6924d68e12c87f3bbc10745ff0a183a6): 711 ZFIRTE & GIERE L Fishert& E D EF 7 Lt
#. 2019-10-10tEICmid-phR (D Fishert&E % 1&11.

o 22D BT T ORI MARE D LEER 2017-09-26, 2019-10-14
(https://nbviewer.jupyter.org/gist/genkuroki/67f03274960dca00e73d5498ead138b7): 111 — TR & GHETE & FisherfRE DM 7% Lt
B, (HBEELD)HT ZEREDLH R Drobust TH B Z & HHh 3. 2019-10-14IZmid-phR D Fishert&E % B10.

o 2x2DDEIRICH T B LEFEL 2017-09-26 (https:/nbviewer.jupyter.org/gist/genkuroki/a3034d25a429b590d96c486064e53c8b):
LEEHEOZOY b

(https://nbviewer.jupyter.or org/g|st/genkurok|/3935a24dcfcb0fa4da46a0a39551 58d8): 711 ZHIETE & GIRTE & Fishert&E U I,
Barnardi®RiE & BoschloofZEH LB L TA . BfiAH1 —|IRETHLIC e Bhbh3.

1 @show M = [10, 15]
2 @show q = [0.1, 0.9]
3 = param_indep(M/sum(M), q)

= [10, 15] = [10, 15]
=[0.1, 0.9] = [0.1, 0.9]

2x2 Array{Float64,2}:
0.04 0.36
0.06 0.54

251 n =50 DB


https://nbviewer.jupyter.org/gist/genkuroki/6924d68e12c87f3bbc10745ff0a183a6
https://nbviewer.jupyter.org/gist/genkuroki/67f03274960dca00e73d5498ead138b7
https://nbviewer.jupyter.org/gist/genkuroki/a3034d25a429b590d96c486064e53c8b
https://nbviewer.jupyter.org/gist/genkuroki/3935a24dcfcb0fa4da46a0a3955158d8

M In [34]: 1 E = round. (Int, 2Mxq")

2 display("text/html", raw"$\text{HA7F{E} = " * sympy.latex(Sym.(E)) * raw"$")
2 18

H15E =
3 27

M In [35]: 1 plot_sim_Poisson(A=50, P=P, binstep=0.2)

expectation = A * P = [2.0000000000000004 18.000000000000004; 3.0 27.0]
total = sum(expectation) = 50.0
(r, c) = size(expectation) = (2, 2)
df = df_chisq(expectation) 1
0.563940 seconds (3.10 M allocations: 137.330 MiB, 6.30% gc time)

Out[35]: 2x2 Poisson distributions (A = 50)
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M In [36]: 1 plot_sim_Multinomial(n=50, P=P, binstep=0.2)

expectation = n * P = [2.0000000000000004 18.000000000000004; 3.0 27.0]
total = sum(expectation) = 50.0
(r, c) = size(expectation) = (2, 2)
df = df_chisq(expectation) 1
0.366426 seconds (3.10 M allocations: 137.329 MiB, 12.20% gc time)

Out[36]: 2x2-nomial distribution (n = 50)
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M In [37]: 1 plot_sim_prod_Multinomial(M=2M, g=q, binstep=0.2)

expectation = M x q' = [2.0 18.0; 3.0 27.0]
total = sum(expectation) = 50.0
(r, c) = size(expectation) = (2, 2)
df = df_chisq(expectation) =1
0.353167 seconds (3.10 M allocations: 146.485 MiB, 11.12% gc time)

Out[37]: 2 binomial distributions (n = 50)
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M In [38]:

Out[38]:

M In [39]:

1 plot_sim_prod_Multinomial(M=round.(Int, sum(2M)*q), g=M/sum(M), binstep=0.2)

expectation = M x q' = [2.0 3.0; 18.0 27.0]

total = sum(expectation) = 50.0
(r, c) = size(expectation) = (2, 2)
df = df_chisq(expectation) =1

0.365518 seconds (3.10 M allocations: 146.485 MiB, 11.57% gc time)
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M In [40]:

out[40]:

M In [41]:

Out[41]:

1 plot_sim_Poisson(A=100, P=P, binstep=0.2)

expectation = A * P = [4.000000000000001 36.00000000000001; 6.0 54.0]

total = sum(expectation) = 100.0
(r, c) = size(expectation) = (2, 2)
df = df_chisq(expectation) =1

0.684127 seconds (3.10 M allocations: 137.330 MiB, 13.31% gc time)
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df = df_chisq(expectation) =1
0.352802 seconds (3.10 M

allocations: 137.329 MiB, 11.88% gc time)
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M In [42]: 1 plot_sim_prod_Multinomial(M=4M, g=q, binstep=0.2)

expectation = M * q' = [4.0 36.0; 6.0 54.0]
total = sum(expectation) = 100.0
(r, c) = size(expectation) = (2, 2)
df = df_chisq(expectation) 1
0.357124 seconds (3.10 M allocations: 146.485 MiB, 10.65% gc time)

Out[42]: 2 binomial distributions (n = 100)
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M In [43]: 1 plot_sim_prod_Multinomial(M=round.(Int, sum(4M)*q), g=M/sum(M), binstep=0.2)

expectation = M x q' = [4.0 6.0; 36.0 54.0]
total = sum(expectation) = 100.0
(r, c) = size(expectation) = (2, 2)
df = df_chisqg(expectation) 1
0.404579 seconds (3.10 M allocations: 146.485 MiB, 9.92% gc time)

Out[43]: 2 binomial distributions (n = 100)
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3 FEIRICEITBINHALELDOFE

3.1 BEIRA = [q;] ICHELDBWES
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