RidgelERI{t & SteintEE
BEAX

2019-09-30

« ipynbhR
(https://nbviewer.jupyter.org/github/genkuroki/Statistics/blob/master/Ridge %20regularization %20and %20Stein%20estimator.ipynk
« pdfhR (https://genkuroki.github.io/documents/Statistics/Ridge %20regularization%20and%20Stein%20estimator. pdf)

RidgelEAIME EIF/INT A =2 — w OFELEERBD —1 B Lw) TDHDER/IMEL T IRALEERITIZIDTIEARL, NTA—F—
D2 I LO2FICLH T ZEEIE A||w||? ZMNZ T Lw) + A w||? OBIMEICE o TNRTA— A —DHEBEERETIHETH
3.

RidgelEBIMbL ZIERICS Y T BIBRICEA TS CLICL o T, RAREEL D B FH IR REMN NS VSteinlEEENFSNB L
ZRY.

B
v 1 E"‘X'E
1.1 R LERE C F " FREDBER
2 BEHES
v 3 RidgelEA{b & Stein¥tFE =

31 n 23 L VWSREDL S DEE

3.2 FE11E
3.3 F21F
3.4 FE31F

3.5 SteindtE=E

3.6 IANTD ujp HODIBEDFHE _FRE

3.7 IFANLE ERIDEDRER

3.8 FHICEIT THENT 221 T DSteinfEE=E

v 4 BUERIRREE
4.1 TARTD pj H0DIEE
4.2 BIBE

1 BE

UTFTIF, 9 a € R, 78 | OERDHOREREEETHE
NG) = —=e 0
\/277
YECCLIEU, g ER (= 1,...,n) EEBIKBR->TEETS. X = (X, ..., X,) ZEEHEEK

(0 = [T N&lio)
i=1

TERSNBIERDMICHOIANY MUERRZERTHZ LT3, (TS, X; 1T pyo, 781 OERDHBICRESBERERTHD,
X, BEIFRIITHBLRELLDLEL I THS.)

UTX #H>FILE .
SO TIBGES DI DRER, N5 X—F— 1 = (U1, .. fiy) BFED X = (1, ... s ) ICEAT BREETEELR

pluy) = T Nl
i=1

ZETIELTERALTITW L. UEDEARNBRETH .

1.1 FR(LERE L I RERZE DA%


https://nbviewer.jupyter.org/github/genkuroki/Statistics/blob/master/Ridge%20regularization%20and%20Stein%20estimator.ipynb
https://genkuroki.github.io/documents/Statistics/Ridge%20regularization%20and%20Stein%20estimator.pdf

ZDrE plx|p) I2& B gx) DFRDRLIRED2MEIE
/R qO)(=2log p(x|p)) dx = /R L4 <n log(27) + i(xi —m)2> dx
i=1
= /R , %) <n10g(27r) + Zn:((x,- = io) — (u; — Mio))2> dx
i=1
= /R2 q(x) <” log(27) + i((xi — i0)* = 2(u; = uio)(x; = io) + (i — ﬂi0)2)> dx
i=1
=nlog(2z) +n + i(ui — pio)*

i=1

WIS, BLB u; B X =Xy, ..., X,) OB u;(X) B51F, > FIL X ZE3H IIRILERED T D2EIF
HX) =i X), ..., 1, (X)) OZEBREDFHEEHDOM

nlog2n) +n+E lZ(ﬂi(X) — uio)?

i=1

IR 3. DRI, FPMEREZNELTEHIL(FEAFAREZ/NSCTB L)L, FHZRREZ/NE<LITBZILRAELILICH
3.

FH_FREDNEREEEOADNFEFARED/NSCARD, KDBNAHEEELEWVWS I LILES.

2 BAHER
57, BAEZERITLTAHALDS. EERBONED -2 5iF

~2log p(X|u) = =2 ) log N(X; ) = nlog(2z) + Y (X; = i)’

i=1 i=1

L33 DT, TNORIMEIZIBREE
L) = Y\ (X; — )’
i=1

OERIMLEBILICHS. ChERIMET S u; B i, = X, £ h3. CNOPRLEDRTH 2. RUEOBROFH_FREIZ, X, '
By, 8 1 ODERDHEICR S BRERGODT,

E lZ(ﬁi —ﬂio)2] = Z E|X; —po)’] =n
i=1 i=1

BB,

3 RidgelER{L L SteinittEE
UFTEn23THBLRETS.
RidgelEBIMt T N 7-1BREE R(u|1) %=

RuI2) = LGo) + Allul> = Y (X = i) +4 ),
i=1 i=1

EEDB.A>0ICIBBTYUTILX, HOREZHBEDEBEZRATBZLICHS.
R(u|A) #:/IMEd 3 p; = j; 13, BRAHET

1 A
~'=_Xi= l—aXi’ o= —-
pi=r =00 )

LEIFBIeHhhB.

EH cZzRHWVWT,



3 3 c 2 3 n
a—a(X)—E, X _;X.Z
~ C
fi=(=a00)X = (1= 75)X,
DFEH_FTRE
E [Z(ﬁi - ﬂio)zl = Y EIX; = pi0)’1 =2 ) ElaX)X:(X; — o)l + ), Ela(X)*X?]
i=1 i=1 i=1 i=1
ZRIMET D c ZRD LS.
34 n 2 3 LWSRED S DI

n23CRELEIE&D, E[1/X?] "EROEICRD ZEETRES.

E[L] __ 1 / ot L g
XZ (zﬂ)n/2 R" x2

SCT(—po) = X (v —pio)®, x> = Y 57 THB.

BEEERQOE TS n — | KTfiiEkEs ' ¢ EBS, TOEBE A, = 22"T(n/2) LES, S LO—#5%% do L EC
CIZT B, DL, SR

X =rw, (r>O,a)€S”_1)

E i = 1 “// e—(rw—ﬂo)z/z iAnrn_l dr da) — A” // e—(rw—ﬂo)z/z rn—3 dr dw
X2 (277:)11/2 n r2 (277’. n/2 n

Ctdn—3>-19%4bEn>2 LB5IFHEMNELTVS.

ko7,

3.2 118
X; \&FG pyo, DB DERDGICRKSDT

> EIX: — po)’1 = n.
i=1

3.3 $£218
ERSHICET 3BHBEHOAR

0
Ela(X)X;(X; — pip)] = E [a—Xi((X(X)Xi)]

ZE>.
0 0 X 1 2X7?
a—Xi(a(X)Xi) = CO—X,F =c (X_2 - X_4>
&0,
N o[ 1 2X? 1
; E[a(X)X;(X; — pio)] = ¢ ( Z E [;] -E [?]) =c(n—-2)E [X_2] .
3.4 /3R

aX)? = X4 YL X} = X2 BOT



n 2
> Ela(X’X}?] = Ela(X*X*] = E [%] = PE [i] .
i=1

3.5 Stein#tEE
DRI, fi; DT RBEISE

+’E [i]
X2

1
x2|

E l;(ﬁi - Mio)zl =n—2c(n—-2)E [X_lz

=n+(? —-2(n-2)0)E

hZeRMITB el

ICh3. 2D E0, HEE
- n—2
ui =1 —aX)X; = <1 — _X2 >X,~

% SteinEFE & (https://www.google.com/search?q=Stein%E6%8E%A8%ES%AE%IA%EI %87 %8F) L MER Z & IZT 3.

ZDLEIR/E5ND j1; DFH_FREDR/IMEIZ

« 1
E le —m)zl =n—(n-2)E [X—z

<n=E [Z(ﬁi - mz]
=1

ERB.

D& SICRidgelEANLIC L > TR SN TSteintEEE f; DT _RBREZIRLMER 1, = X, OFH_FJREL DT L.

3.6 IRTD pjp HODBEDTIEY_TRE

Ho = (U105 -+ > fno) = (0,...,0) DEE,
E [i] = ! / e_lezidx.
X2 Q)2 Jgn 2

1 e—lx2/2 dx = t_n/2.
Qmyn2 Jgn

U, x; OREE 1/t > 0ICLTimE LD,

W% tICDWT 1 H5 0o FTEOTSLE,

! / e_x2/2£dx= ! .
Qr)"? Jp x? n2 -1

L > T, COJBBICIE, SteintEEEDFHZHERE

E

5 1

Z(ﬂi - mo)z] =n—(n-2)°E [X_Z] =2
EBB. NI 3PRIVEE, BAMEBOTH-RRED n LOEYITNI<HBS.
3.7 ERlL e FErHinHDOBER

RIUETI, BEETI px|lw) OH > FIL X ICETBRBALED —1 &

L(w) = —log p(X|w)


https://www.google.com/search?q=Stein%E6%8E%A8%E5%AE%9A%E9%87%8F

EBIMETBINTA—8—w =W ZR®, p(x|W) EFUDNHL LTHRAT 3.
EFIDH e(w) ELEERBOBONHD —1 13
R(w) = —log p(X|w) — log ¢p(w)

ERIMETBENTXA—F2—w =w ZROT px|w) ZFRRHE L L THRAT IHEEEZMAPE (RASFERERE) CIER.
—log p(w) DIEZFABEL BT L E, COFHEIFIEANE (regularization) & HIFEINS.

EFIRH o(w) BPERAFHORDOIHE DIEAEIERIdgeERIL & I T W 3. FEaiafRhLaplace R T DEDIHBEDIERLIE
LASSOEEAfL L FFiEZNT W 3.

M ETRLIStein(EEDAIS, RAENMUT LIERROBEEZ5X B LIFR 5T, EANLICK > THFHAZRREN L DN LRT]
SNBIEENHBrERLTWVS.

Thbs, RUEDRDDICERDHE S5 X EMAPEZ B e AN I FRRENNE BB LHHBN X 3.

COESBRERE FRNHITERPEEPERIZRTI LELRAATREOBVAZICIRBVS IS AVILREBDNS. Fl
AWIFFRREZNECTBLDICHLBEMICHATIRETH 3.

3.8 FYICAEITTRWNT 3421 TDSteinit EE

i -2 i
ﬂi=<1—"2 >X,», X2 =Y x?
X i=1

ot CNIF 0 ICAITTRNT 221 TOREETHS. X, ..., X, DFHLFHrDED_EN%=E

X = % Zx X-X)?= i(x,» - X)%.
i=1 i=1

YrELIZICT .0 TIREL, B X ICETTRINT 321 7OSteinft EE2H

/31‘ =Y+<1_ %)(Xi -X)
X - X)?
CEHEIND. UTTIRINDP LD O ICAEITTHEEZ 2T TOSteiniEEEHL SEHINZ I EEHBALELS. R1 Y MIZFEMDEIC

WNEBDFHn -2 b5 n-3 ICTHBERD TBHEMEIL) ICL>THATEBZ L THS.

A =[ay] BEBRD n X n OBRITFITHBLL, Y, = 2| Xia; £HL. QLT BRITFIORRLY > TILOFBE ZRMD
RRELD,

n n

n . 9 . )
¥2=3 X2 =YX -X)>+nX =X -X) +nX .
i=1 i=1

i
i=1

FBIC, Y, IR AREERICRD, & Y, RFH Y poa;, 1 OERHTIHS.

B3TH A OB nIOTRTOHERE 1/4/nIicT5. COLE,Y, = /nX LBZDT, LOFBERBRED,
. n—1
X=-X)?= Z Y2,
i=1
Yy, ..., Y, EOTHICET S 0 IS TS 58 1 TOSteinf BRI

1—"—_23 voe(1-—"=2 \y. (=1....n-1)
pY e o (X - X)?

DFHNn -3 ICHBEBRIZY,, ...V, Pn— 1 ELIBEVHLSTHS.Y, OFEHOHETELX LTRY, BEEFALLS. 0
rFa=1-n-3)X-X)P? es<,j=1...,n—-10c& Y a;=0&D,

zn: ()?+(1 — alX; —)?)>a,-j = Z ((1 — o)X, +a}?) a; = (1 - a)y,.

i=1 i=1

ELT a4 = 1/4/n &b,



i((l_a)xi"'a)?)am =(1—a)ﬁ)?+a)?f= \/—n_)?=Yn.
i=1

CNT, Y, ..., Y, Y, OFHOSEnEERICE & 5 LD g; BRIELTVBZ L hbhB.

4 BERIRREE

n23 THDLRET D. ULETIR/ > fSteinitEE

zVLETA 771 LIHEEE

. n—2
}; = max <0,1 -0 ) Xi,
ﬁi =X +max | 0,1- n——i X; - X)
X - X)?
BEELTHIS.
UFTERAHEE j; =X, LCNSORTEEEHRRTS.

M In [1]: 1 using Distributions
2 using LinearAlgebra
3 using Printf
M In [2]: 1  mu_hat(X) = X
2 norm2(X) = dot(X,X)
3 alpha(X) = (length(X) - 2)/norm2(X)
4 mu_tilde(X) = (1 - alpha(X))#X
5  mu_check(X) = max(0, 1 - alpha(X))=X
6 alpha(X, c) = c¢/norm2(X)
7  mu_tilde_bar(X) = let M = mean(X), Y = X .- M; M .+ (1 - alpha(Y,length(X)-3))*Y end
8  mu_check_bar(X) = let M = mean(X), Y = X .- M3y M .+ max(0, 1 - alpha(Y,length(X)-3))*Y end
9  square_error(mu, mu@) = sum((mu[i] - mue[i])*2 for i in 1:length(mu))

Out[2]: square_error (generic function with 1 method)
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In [3]:

Out[3]:

In [4]:

outf4]:

In [5]:

Out[5]:

1 v function sim_stein(;

2 mud = rand(Normal(), 10),

3 niters = 1045,

4 )

5 n = length(muo)

6 square_error_mu_hat = Array{Float64, 1}(undef, niters)

7 square_error_mu_tilde = Array{Float64, 1}(undef, niters)

8 square_error_mu_check = Array{Float64, 1}(undef, niters)

9 square_error_mu_tilde_bar = Array{Float64, 1}(undef, niters)
10 square_error_mu_check_bar = Array{Float64, 1}(undef, niters)
11 v for 1 in 1:niters
12 X = rand(MvNormal(mu@, I))

13 square_error_mu_hat[1l] = square_error(mu_hat(X), mu@)

14 square_error_mu_tilde[1l] = square_error(mu_tilde(X), mu@)

15 square_error_mu_check[1l] = square_error(mu_check(X), mu@)

16 square_error_mu_tilde_bar[1] = square_error(mu_tilde_bar(X), mu@)
17 square_error_mu_check_bar[1l] = square_error(mu_check_bar(X), mu@)
18 end

19

20 v s = (

21 square_error_mu_hat,

22 square_error_mu_tilde,

23 square_error_mu_check,

24 square_error_mu_tilde_bar,

25 square_error_mu_check_bar

26 )

27

28 print_estimator(s)

29 println()

30 print_comparison(s)

31 S

32 end

sim_stein (generic function with 1 method)

v function print_estimator(s)

1

2 @printf("average
3 @printf("average
4 @printf("average
5 @printf("average
6 @printf("average
7 end
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square

errors
errors
errors
errors
errors
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mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

print_estimator (generic function with 1 method)

v function comparison(s
n = length(s)
c = zeros(n, n)

-«

-

if i 1= j

end
end
c
end
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comparison (generic function with 1 method)

)

for i in 1:n, j in 1:n

c[i,j] = mean(s[i] .< s[j])

%10.3f\n",
%10.3f\n",
%10.3f\n",
%10.3f\n",
%10.3f\n",

mean(s[1]))
mean(s[2]))
mean(s[3]))
mean(s[4]))
mean(s[5]))



M In [6]: 1 v function print_comparison(s)
2 c = comparison(s)
3 @erintf("%-12s | %-12s | %-12s | %-12s | %-12s | %-12s |\n", "count(<)/n", "mu_hat",

"mu_tilde", "mu_check", "mu_tilde_bar", "mu_check_bar")

4 println("-"A13 % ("+"%"-"A14)A5 % "|")
5 @erintf("%-12s | %12s | %12.5f | %12.5f | %12.5f | %12.5f [\n", "mu_hat", " --- ",
c[1,2], c[1,3], c[1,4], c[1,5])
6 @erintf("%-12s | %12.5f | %12s | %12.5f | %12.5f | %12.5f |[\n", "mu_tilde", c[2,1], "
-0 "s C[2,3], C[2)4]) C[215])
7 @erintf("%-12s | %12.5f | %12.5f | %12s | %12.5f | %12.5f |\n", "mu_check", c[3,1],
C[3,2], " -0 ") C[3)4]) C[3)5])
8 @erintf("%-12s | %12.5f | %12.5f | %12.5f | %12s | %12.5f |\n", "mu_tilde_bar", c[4,1],
C[4)2]) C[4)3]) " -0 ") C[4)5])
9 @erintf("%-12s | %12.5f | %12.5f | %12.5f | %12.5f | %12s |\n", "mu_check_bar", c[5,1],
C[5)2]) C[5)3]) C[5)4]) " -0 ")
10 end

Out[6]: print_comparison (generic function with 1 method)

M In [7]: 1 s = sim_stein();

average of square errors of mu_hat = 10.001

average of square errors of mu_tilde = 6.033

average of square errors of mu_check = 5.915

average of square errors of mu_tilde_bar = 6.747

average of square errors of mu_check_bar = 6.644

count(<)/n | mu_hat | mu_tilde | mu_check | mu_tilde_bar | mu_check_bar |
————————————— T et T T e ] |
mu_hat | -— ] 0.11221 | 0.10871 | 0.12912 | 0.12677 |
mu_tilde | 0.88779 | -—- | 0.00019 | 0.81243 | 0.80570 |
mu_check | 0.89129 | 0.03864 | -—- | 0.83169 | 0.83037 |
mu_tilde_bar | 0.87088 | 0.18757 | 0.16831 | -—- | 0.00018 |
mu_check_bar | 0.87323 | 0.19430 | 0.16963 | 0.03386 | -—-

Bz IE, U EDFRD mu_hat DITOEIE(mMuhat DERIOEIE) S, RAHEE i OFDMIOHEEEL D HZRBENNIVEEDE
BTHZ. TOEEIFAZIVIFELV. COBBICIET Y TILHIZEERSHOT 1 X 10 ), RAHER [ JHOHEELDHTE
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o mu_hat=j = RAHEEE

o mu_tilde = ji = Stein¥tEE
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. mu_tilde_bar=ft FHOFRICHENT BSteiniEEE

« mu_check_bar /74 = D FEICHENT BSteinEEET] — a Z max(0, 1 — o) ICESHI DD
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M In [8]: 1 n=3
2 sim_stein(mu® = zeros(n));

average of square errors of mu_hat = 2.991

average of square errors of mu_tilde = 2.000

average of square errors of mu_check = 1.595

average of square errors of mu_tilde_bar = 2.991

average of square errors of mu_check_bar = 2.991

count(<)/n | mu_hat | mu_tilde | mu_check | mu_tilde_bar | mu_check_bar |
————————————— e e s ST s ST TR
mu_hat | -—- | 0.08172 | 0.00000 | 0.04344 | 0.04344 |
mu_tilde | 0.91828 | -—- | 0.00000 | 0.91828 | 0.91828 |
mu_check | 1.00000 | 0.19871 | -—- | 1.00000 | 1.00000 |
mu_tilde_bar | 0.04402 | 0.08172 | 0.00000 | -—- | 0.00000 |
mu_check_bar | 0.04402 | 0.08172 | 0.00000 | 0.00000 | -—-
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n =4

average
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n = 1000

average
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sim_stein(mu@ = zeros(n));

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

sim_stein(mu® = zeros(n));

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

sim_stein(mu® = zeros(n));

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

sim_stein(mu® = zeros(n));

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar
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mu_check
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.270
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mu_check
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mu_check
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1

1

1

1

mud = 3ones
sim_stein(m
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average
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mu_hat
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mu_check
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mue = 3 .+
sim_stein(m
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average
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count(<)/n
mu_hat
mu_tilde
mu_check
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mud = colle
sim_stein(m
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average
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count(<)/n
mu_hat
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mu_check
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(100)
ud = mud);

of
of

are
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errors
errors
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.94249
.94249

.00000
.00000

randn(100)
ud@ = mu@);
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ct(range(0, 6,
ud@ = mud);
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length=100))

mu_hat
mu_tilde
mu_check
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mu@ = collect(range(-3, 3, length=100))

sim_stein(m
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are
are
are
are
are

errors
errors
errors
errors
errors

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

I
+
I
I
I
I
I

—_— - —_— -

—_—— 4 —

100.056
90.423
90.423

3.012
2.088

mu_check

100.
91.
91.
46.
46.

042
155
155
518
518

mu_check

99.
76.
76.
76.
76.

953
137
137
562
562

mu_check

I
+
I
I
I
I
I

—_— - —_— -

—_—— 4 —

mu_tilde_bar

mu_tilde_bar

mu_tilde_bar

mu_tilde_bar

I
+
I
I
I
I
I

—_— - —_— -

—_—— 4 —

mu_check_bar

mu_check_bar

mu_check_bar

mu_check_bar



M In [17]:

M In [18]:

M In [19]:

M In [20]:

1

1

1

1

mu@ = randn
sim_stein(m

of
of
of
of
of

average
average
average
average
average

squ
squ
squ
squ
squ

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

mud@ = randn
sim_stein(m

of
of
of
of
of

average
average
average
average
average

squ
squ
squ
squ
squ

count(<)/n
mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

mu@ = randn
sim_stein(m

of
of
of
of
of

average
average
average
average
average

squ
squ
squ
squ
squ

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

mud = 10 .+
sim_stein(m

of
of
of

average
average
average
average
average

squ
squ
squ
squ
squ

(10)
ud = mud);

are
are
are
are
are

errors
errors
errors
errors
errors

(100)
ud = mud);

of
of
of
of
of

are
are
are
are
are

errors
errors
errors
errors
errors

(1000)
ud = mud);

of
of

are
are
are
are
are

errors
errors
errors
errors
errors

of
of

.00000
.00000

.00000
.00000

[N S

randn(10)
ud = mud);

are
are
are
are
are

errors
errors
errors
errors
errors

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

I
+
I
I
I
I
I

—_—— e — —_— -

—_—— 4 —

9.999
5.237
4.987
5.994
5.765

mu_check

99.
54.
54,
55.
55.

981
670
670
288
288

mu_check

1000.
501.
501.
502.
502.

082
837
837
579
579

mu_check

.996
.925
.925
.098
.038

NN O oo

mu_check

I
+
I
I
I
I
I

—_—— e — —_— -

—_—— 4 —

mu_tilde_bar

mu_tilde_bar

mu_tilde_bar

mu_tilde_bar

I
+
I
I
I
I
I

—_—— e — —_— -

—_—— 4 —

mu_check_bar

mu_check_bar

mu_check_bar

mu_check_bar



M In [21]:

M In [22]:

M

In [ ]:

1
2

1

mud = 10 .+
sim_stein(m

of
of
of
of
of

average
average
average
average
average

squ
squ
squ
squ
squ

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

mu@ = 10 .+
sim_stein(m

of
of
of
of
of

average
average
average
average
average

squ
squ
squ
squ
squ

count(<)/n
mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

randn(100)
ud = mud);

of
of

are
are
are
are
are

errors
errors
errors
errors
errors

of
of

.69028
.69028
.99957
.99957

randn(1000)
ud@ = mu@);

are
are
are
are
are

errors
errors
errors
errors
errors

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

mu_hat
mu_tilde
mu_check
mu_tilde_bar
mu_check_bar

—_——— o —

100.088
99.145
99.145
54.798
54.798

999.
990.
990.
514.
514.

873
044
044
212
212

mu_check

—_——— o —

mu_tilde_bar

—_——— o —

mu_check_bar



