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0. Introduction

Fock space representations of Wakimoto type for non-twisted affine Lie algebras are constructed
in [W], [FeFrl], [FeFr2], and [Kur|. (There are in fact many other references by physicists.) In
this note, Fock space representations for twisted affine Lie algebras are researched.

Section 1 shall be devoted to the definition of a twisted affine Lie algebra g associated to a
finite dimensional simple Lie algebra g and its diagram automorphism ¢. In Section 2, we shall
explain a finite dimensional counterpart of Fock space representations, which is a realization
of g by first order differential operators on an open cell in the flag variety of g. Fock space
representations are constructed by replacing the differential operators by Bosonic fields which
is defined in Section 3. In Section 4, we shall construct Fock space representations of the
twisted affine Lie algebras. The main result is Theorem 4.7. We shall also deduce several
corollaries from this theorem. In particular, we shall explain how to prove the Kac-Kazhdan
conjecture [KK] for the Kac-Moody Lie algebras of affine type (in twiseted cases as well as in
non-twisted ones).

1. Twisted affine Lie algebras

Let g be a finite dimensional simple Lie algebra of type X, over C and h" its dual Coxeter
number. Denote its triangular decomposition by g = n_®hdn, , where b is a Cartan subalgebra
of g and ny are maximal nilpotent subalgebras of g. Let o be a diagram automorphism of g.
The order N of g is 1, 2, or 3. (N =2 for X, = A,, D,, Eg and N = 3 for X,, = D,.) Denote

the eigenspace decomposition of g with respect to o by g = @~;" gs, where we put
gi={Xecg|loX)=exp(ELL)X}  for i€ Z

For any vector subspace V' of g, denote V Ng; by V;. For example, ny ; = nyNg; and h; = hNyg,.
Then gy becomes a simple Lie algebra and b is its Cartan subalgebra.

Let us define the affine Lie algebra g associated to the pair (g,0). When N = 1, g is called
a non-twisted affine Lie algebra. In the other cases (N = 2,3), g is called a twisted one. In
the following, we shall mainly consider the twisted cases. Put R; := t/NC[t,t~']. Define the
subalgebra Lg of the loop algebra g ® C[tl/N, t‘l/N] by

N—1
Lg:= D ¢, ® Ry,
=0
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which is called a twisted loop Lie algebra. For any subalgebra a of g stable under the action
of o, put La := @Y ' a; ® R;. Let d be a derivation t% acting on Lg. Then Lg @ Cd possesses
a natural semidirect Lie algebra structure. As a vector space, we define g by

g:=LgdCK ®Cd.
Its Lie algebra structure is defined by

(X @t Y @t"] =[X,Y] """ + (X|Y)mpnoK,
d, X @t" =mX et
K € center of g,

where (.|.) is a non-degenerate symmetric bilinear form on g defined by
traceg(ad X adY) = 2nY(X|Y)  for X,Y €g.

Then g is a central extension of Lg @ Cd and is isomorphic to the Kac-Moody Lie algebra of
type XV ([Kac] Chapter 8).

2. Finite dimensional counter part

Put b_ := n_ @ b (the lower Borel subalgebra of g). Let G be a connected and simply
connected Lie group with Lie algebra g, B_ the Lie subgroup corresponding to b_, and U, the
one corresponding to n,. The flag variety is defined by F' := B_\G and its origin is defined by
0:= B_\B_. Then the U,-orbit o U, is a Zariski open cell in F' and is isomorphic to U, as a
right homogeneous G-space. Moreover the exponential map from n, to U, is an isomorphism
of algebraic varieties. Thus o U, is naturally isomorphic to n, as an algebraic variety. Let A\ be
a Lie algebra character of b_ (i.e. a Lie algebra homomorphism from b_ into C). In general,
such a A is a trivial extension of an element of h*, where h* denotes the dual vector space of
h. Define the actions L and R of g on the structure ring C[B_U,| of B_U, by

C1 flexp(—sX)a)

f(zexp(sX)) forx € B_U; and X € g.
s=0

Put M :={feC[B_U,| | LY)f =—-AY)f for Y € b_}. Then, since R(X) preserves M}
for X € g, we obtain a natural left g-module structure on M3. The action of R(X) on Mj}

shall be denoted by R)(X). Let vy be a unique function in M} which takes the constant value
1 on U,. Then v, is a highest weight vector of Mj.

Remark 2.1. In fact, M; is isomorphic to the contragredient dual representation of the lowest
weight left Verma module of g. Namely, for any g-module V' which possesses a highest weight
vector v with weight X\, there is a unique g-homomorphism from My into V which sends vy to
v.

M3 is a free CloU,]|-module of rank one: My = CloU,|vy. The structure ring Clo U]
is isomorphic to a polynomial ring generated by dimn, variables. Hence oU, ~ Cdimn+,
For X € g the operator Ry(X) can be represented by a first order differential operator with
coefficients in the polynomial ring. This is a finite dimensional counterpart of Fock space



representations of Wakimoto type. Fock space representations shall be constructed by replacing
differential operators by operators of Bosonic fields.
For any o € b, we put

N ={Xen .| [HX|=aH)X for HE€ b},
Api={aeby|niia# 0}

Then, for o € A, ; we can write ny; , = Ce,;,, because dimn, ;, = 1 (see [Kac]). Since
N—1

n.=@& @ n;,,, wecan define a coordinate system x = (z;,) on ny by
1=0 a€A+7i

N-1
X=> > zaX)e, for X en,.

=0 OCEA_»'_’Z'

Recall that we have the natural isomorphism oU ~ n,. We obtain a coordinate system (also
denoted by =) on oU,. Under the coordinate system, for X € g the operator Ry(X) can be
written in the following form:

0
(21) RA(X) = ZRl’a(X,x)aT +Epz,a(X7$))\(Hl,a)7
where {H;, | a=1,...,dimb;} is a basis of h; and the summations run over i =0,..., N — 1,

OéGA_i_’Z', azl,,dlth

3. Bosonic fields and Fock spaces

Let k be a complex number. Define the associative algebra A with 1 by the following conditions:
e A is generated by the following set:

A= {xi,a[_m]’6i,a[m]7pi,a[m] | ‘
i=0,---,N—-1, acAy;, a=1,---,dimb;, meZ+  };

e Then A is a quotient of the tensor algebra generated by A. The relations of A are
generated by the following ones:

[5i7a[m]7 xjﬂ[n]] - 6i,j5a,,86m+n,07
[pi,a[mij,b[nH = K(Hi,a’Hj,b)m5m+n,0>
(other commutators) = 0.

Denote by O the subalgebra of A generated by the set of all x; o[m]’s.

Remark 3.1. If k # 0, then the center of A is equal to the subalgebra generated by {poq[0] |
a =1,---,dimbo}. But k = 0 implies that the center of A is generated by the set of all

Dialm]’s.
In order to define a triangular decomposition of A, we put

A=Az alm], 0ia[n], pialm] € A|m > 0,n>0},
Y

, p
A_=A{z;4lm],0ia[n],pialn] € Al m <0,n <0},
AO = {pO,a[O] | a = 1, cee ,dlm bo}
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Let A, be the subalgebra of A generated by A4 and Ay the one generated by Ag. Each of them
is isomorphic to polynomial rings: AL ~ C[AL], Ay ~ C[Ay]. It follows that A ® Ay @ A,
can be identified with the polynomial ring C[A] generated by A as an algebra. Moreover we
have the following isomorphism of vector spaces:

CAl=A- A A - A, a_Ray®as — a_apa;.

This isomorphism defines a triangular decomposition of A and is called normal product. The
normal product of a € C[A] shall be denoted by .a..

For A € b, let I, be the left ideal generated by A, and { pp,—A(Hp,)l | a=1,---,dimby }.
The Fock space F) with highest weight A is defined by

F)\ = ./4/[)\
Denoting the vector 1 mod I in Fy by |\), we obtain the following:
Fr=AN), AN =0, poaf0]|N) = A(Hoa)|N).

These relations characterize the left A-module structure of F, if x # 0.

In fact the algebra A is too small to realize in it the twisted affine Lie algebra g. It is
necessary to extend A. Let A be an extension of A and O an associated extension of O. But,
if A is too large, then we can not calculate a certain 2-cocycle w (see bellow) of the twisted
loop algebra Lg with coefficients in O. An appropriate extension A shall be defined as follows.

Let © be the C-derivation © acting on A which is characterized by

O(a[m]) :== malm] for a[m| = x;4[m], 0ia[m], pialml.
Putting Ajm] := {a € A| ©(a) = ma}, we have a gradation of A:

A= EBl Alm], A[m]A[n] C Alm + n].

meﬁl

Generally, for any vector subspace V of A, we shall denote V' N .A[m| by V[m]. (For example,
O[m] = ONA[m]|.) Since © preserves and acts on O, it follows that O = @ Ly O[m]. Define
mEN

the decreasing filtration A’ [m] of A[m] by

A m] = @ A_[m — | AgAL[l] for ne LZ.

>n

The completion of A[m] with respect to this filtration shall be denoted by A [m]:

—

Alm] = prollim A[m]/ A" [m].

Put A := D A [m]. Then A is dense in A under the linear topology induced by the filtration.
Since the multiplication map from A[m]®@A[n] into A[m+n] is continuous, the algebra structure
of A is naturally extended to that of A. Denote by O the closure of O in A. The action of
A on F, can be continuously extended to that of A.

The derivation © on A is naturally extended to that on A’. We shall consider the algebra
generated by A and ©. More precisely, let A [©] be the associative algebra with 1 defined by
the following conditions:

—

e A[O] is isomorphic to A ® C[O)] as a vector space;
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e Oa=aO+ma foraeAlm], ie [0,d=06(a).

Put £ := (A, ¢),where A € b and ¢ € C. Then there exists a unique extension of the action
of A on F, to that of A[O] with the property ©|\) = ¢/A). When we regard Fy as a left
A [©]-module, we denote it by Fe = F).. We shall construct a Lie algebra homomorphism
from the twisted affine Lie algebra g into A [O] so that we shall obtain a representation of g
in J—"g.

As formal Laurent series in z, we define Bosonic fields z; (%), §;4(2), pia(2) by

Tio(2) = X 2 Mxiam],
mEZf%

dia(2) = X 277G, o [ml,
mEZ-f—ﬁ

pi,a(z) = E ) Zimilpi,a[m]-
mEZ-I—ﬁ

Let each of ay(z), . .., a,(z) be one of the Bosonic fields x; o (2), 0;.a(2), Pia(2), 0%ia(2), 00;0(2),

Opia(z), -+, where O denotes 2. Put a(z1,...,2,) = la1(21) - an(2,):. Then a(z,...,z) is

o~

well-defined as a formal Laurent series with coefficients in A .

4. Fock space representations

Let U = @,,U[m] and V = @,, V[m] be graded vector spaces, where m runs over +Z. We
define the restricted hom set Home (U, V') by

Home(U, V)[m] := {f € Home(U, V) | f(Uln]) € Vm +n] for n € +7},
Home(U, V) := @ Home (U, V) [m].
Let a = @,, a[m] be a graded Lie algebra and V' a graded left a-module. The exterior product

AP a possesses the induced natural gradation. We can define a cochain complex (6',6[) as
follows:

C? .= Home (AP a, V),
)Ly ) == 2 (1)l e b))

1<i<p+1 o R ~
+ 3 (_1)Z+Jf([li,lj]7ll7"'7li7"'7lj7"'7lp+1)7
1<i<j<p+1

where f € CP, I; € a, and the hats ~ means eliminations. We shall denote the p-th coboundary,
cocycle, and cohomology group of this complex by BP(a,V), ZP(a,V), and HP(a,V) respec-
tively. We call HP(a, V') the restricted Lie algebra cohomology of a with coefficients in V.

Recall that we have the realization (2.1) of g by first order differential operators with
polynomial coefficients. For X € g;, we define X (z) by

X(z) = lza Rio(X;2(2))0ia(2). + % Pia(X5x(2))pia(2).

We can expand X (z) in the following form:

Xz)= ¥ zZ"FXet") for X€g,

m€Z+%



where we obtain 7(X ®t™) € A’ We also set 7(d) := ©. Thus we obtain a linear map 7 from
Lg @ Cd into A[©]. For a,b € Lg & Cd, define w(a,b) € A by

w(a,b) == [w(a), 7(b)] — 7([a,b]),

where the bracket [a, b] in the left-hand side is the commutator in the Lie algebra Lg & Cd not
in g. The Wick theorem proves w(a, b) € O . Therefore we can define the left (Lg®Cd)-module
structure on O by

Lg®Cd)x O = O, (a,b)— [7(a),b].
Since Lg @& Cd and O have natural %Z—gradations, we can consider the restricted Lie algebra

cohomology H'(Lg & CQ,@). Moreover w is a 2-cocycle in Z(Lg & Cd,@) and defines a
cohomology class [w] € H*(Lg® Cd, ©). The standard 2-cocycle ¢, of Lg @ Cd, which gives a
realization of g, is defined by

C2(X ® tm7 Y ® tn) = (K’ - hv)(X|Y)m5m+n,07
co(d, X ®@t™):=0.

Then ¢, defines a cohomology class [cs] in H2(Lg & Cd, O).
Lemma 4.1. The values of w and cy coincide on N*(Lb, @ Cd).
The proof is followed from the Wick theorem. []

Lemma 4.2. Consider the canonical inclusions Ly — Lby — Lg and the canonical projection
O — C. Then they induce canonical isomorphisms bellow:

HP(Lg® Cd,0) ~ HP(Lb, ® Cd, 0 ) ~ H?(Lh & Cd, C).

The standard spectral sequence technique shows this lemma. (The detail of non-twisted case
can be found in [Kur].) [] -
For ¢ € (hp ® Cd)* we can define the algebra automorphism 7¢ of A [©] by

Te(P0.al0]) = poal0] +&(Hoa),  7e(0) := O +£(d).
Then, putting fe := 7. o™ — 7, we have f; € Z'(Lg & Cd, (’A)) and

fe(l) = &(1) for lehydCd=hHh® 16 Cd,
f()) =0 for 1€ (Lby ®Cd),

where (Lby @ Cd)’ is the derived Lie subalgebra of Lb, & Cd. In general, the derived Lie
subalgebra of a is defined by a’ := [a,a] Note that (Lb, & Cd)/(Lb, & Cd)’ is canonically
isomorphic to hy @ Cd. Denote by g¢ the restriction of f; on Lb, & Cd. Then f; and g, give
the cohomology classes [f¢] € H'(Lg @ Cd,®) and [g¢] € H'(Lb, & Cd, O).

Lemma 4.3. The map € — [fe] is an isomorphism from (ho ® Cd)* onto H'(Lg ® Cd, O).
Lemma 4.4. The map € — [ge] is an isomorphism from (ho ® Cd)* onto H'(Lb, @ Cd, O).
The above two lemmas are deduced from Lemma 4.2. []

Ln+

Lemma 4.5. H'(Ln,,0)~0 " =C, where oM = {acO |[7Lng),a] =0}
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The similar method of the poof of Lemma 4.2 shows that the inclusion 0 — Ln, and the
projection @ — C induce an isomorphism from H°(Ln,,O) onto H H°(0,C)=C. []

Lemma 4.6. There exists a unique I' € %@(Lg P (Cd,z’)\) which satisfies the following
conditions:

(4.1) co =w+dl,
I'=0 on Lby @ Cd.

Proof. FExistence. 1t follows from Lemmas 4.1 and 4.2 that w and ¢, give a same cohomology
class in H*(Lg & Cd, © ). Namely there exists [ € ﬁar/nC(Lg @ Cd, O) such that ¢, = w + dI.
But Lemma 4.1 and the definition of ¢, imply that dI' = 0 on /\Q(LbJr @® Cd). Therefore the
restriction of T' on A?(Lb; @ Cd) becomes a 1- 1-cocycle in Zl(L[Lr @ Cd, (9) By Lemma 4.4
we can choose some & € (hy & Cd)* and a € O so that T' = ge + da on \*(Lby @ Cd). Put
[':=T — fe — da. Then T satisfies (4.1) and (4.2).

Uniqueness. Assume that T € ﬁC\);l(c(Lg @ Cd,0) is also satisfies (4.1) and (4.2) and put
u:=I"—T. Then u satisfies (i) du = 0 and (ii) v = 0 on Lb, & Cd. By (i) and Lemma 4.3 we
can take some & € (ho®Cd)* and a € O so that u = fe +da. The definition of f¢ implies that
fe = 0 on Ln,. Therefore it follows from (ii) that da = 0 on Ln,. Since Lemma 4.5 implies
a € C and hence da = 0. This and (ii) imply that fe = 0 on Lb; @ Cd. Then £ = 0 and hence
fe = 0. We have just proved u = 0. []

Using the linear map I" in the theorem, we define the linear map m:g — A [©] by

(1) :=7() + (1) for [ € Lgeo Cd,
n(K):=r—h".

From (4.1) we can immediately obtain the following main result of this article.

Theorem 4.7. The linear map 7 is a Lie algebra homomorphism from g into :4\[@] Hence
the Fock space F¢ can be regarded as a left g-module with level k — hY.

We call the g-modules F¢ Fock space representations of the twisted affine Lie algebra.
Recall that g can be regarded as a Kac-Moody Lie algebra of affine type. Its Cartan

subalgebra is equal to Lh & Cd @ CK. A pair of kK € C and £ € (Lh ® Cd)* can be identified
with a weight of g. Namely the corresponding weight in (Lh & Cd & CK)* is defined by

ar &(a) (fora e Lha Cd), Kw—k
Then (4.2) deduces the following result.

Corollary 4.8. For k € C and § € Lh @ Cd, the Fock space representation F¢ of g possesses
a highest weight (k — hY,§).

It is easy to calculate the formal character of the Fock spaces. Thus we obtain the following.

Corollary 4.9. The formal character of F¢ is equal to that of the left Verma module Mg of
g with the same highest weight. Hence, if the pair of k and £ is enough generic, then Fe is
isomorphic to M.



Let us consider the case of x = 0, in which the level of a Fock space representation is
critical, i.e. level = —hY. If kK = 0, then the center of A is very large (Remark 3.1). Hence we
can find many singular vectors with the following forms:

pil,al[ml] “Pinram [mM] ’£>7 my < - <Smy < 07

where [€) is a highest vector of F¢. Denote by F, the quotient space of F¢ divided by the
g-submodule generated by the singular vectors mentioned above. Note that there is another
construction of F¢. Namely, if we start without p; ,[m]’s, then we shall obtain F¢ using the
construction similar to that of F¢. Anyway a simple g module £, with highest weight (—h",¢)
is isomorphic to some subquotient of F¢. If £ is enough generic, then F is isomorphic to L.
Making the above argument precise (cf. [H]), we can obtain the following result.

Corollary 4.10. The Kac-Kazhdan conjecture [KK] is true for the Kac-Moody Lie algebras
of affine type (in twisted cases as well as in non-twisted ones).
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